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The use of log linear models to summarize and describe
categorical data in the form of multiple cross-classifications became
increasingly popular in the 1970s. The work of Goodman (see
Goodman, 1972) and books by Bishop, Fienberg, and Holland (1975),
Fienberg (1980), Haberman (1978, 1979), and Upton (1978) have
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helped to make these methods more accessible to social science
researchers. Because of the flexibility of this new statistical technology,
many research problems have been fashioned so that the associated
data can be analyzed in the form of a contingency table.

During the same time period, the social network paradigm also
grew in popularity due to increasing evidence that networks could be
used to quantify structure in social relationships. We use the phrase
sociometric relation in the broad sense to refer to any set of sociological
connections or associations among a group of social actors or entities.
For a group of social actors, one can define many sociometric relations;
for example, Galaskiewicz (1979) studied three relations: flows of
money, information, or support between pairs of organizations in a
small midwestern community. The methods discussed in this chapter
are appropriate for studying each of these three relations separately.

A social network is one example of a directed graph or digraph.
A digraph is a set of g nodes and a set of directed arcs that connect
pairs of nodes (Harary, Norman, and Cartwright, 1965). Digraphs
are one of the natural mathematical representations for social
networks and have been used by sociologists since the pioneering
research of Moreno (1934). Many of the mathematical and statistical
methods for the analysis of directed graph data are rather elementary
and rarely make use of contemporary multivariate statistical analysis.
Notable exceptions to this general pattern are the work of Burt (1980),
Holland and Leinhardt (1978), and Hubert and Baker (1978). We
now describe some new methods for analyzing social networks based
on log linear models for multivariate categorical data. Drawing upon
the current interest in both categorical data and social networks, we
demonstrate the usefulness of these methods in a simple situation—
that of a single sociometric relation. These models are versions of a
general class of exponential family models for directed graphs devel-
oped by Holland and Leinhardt (1977, 1981).

Holland and Leinhardt (1981) suggest the following classifica-
tion of digraph data:

1. Univariate or single digraphs—single binary relation on a set of
nodes

2. Dynamic digraphs, changing over time, and thus involving time-
series or longitudinal data

3. Univariate digraphs with data on nodal properties or attributes
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4. Multivalued digraphs with degrees of strengths (nonbinary) for
one or more relations

5. Multivariate digraphs—more than one binary relation on a set of
nodes, possibly with information on nodal attributes

The Holland-Leinhardt p; model is appropriate for the study of
univariate digraphs with no data on nodal attributes—that is, type 1.
They also outline a generalization that deals with bivariate digraphs,
also without data on nodal attributes—that is, type 5. In this chapter,
we deal primarily with p, and extensions to it for univariate digraphs.
In addition, we develop methods for incorporating background vari-
ables that are used to categorize the nodes in the digraph into distinct
subsets—that is, type 3. Fienberg and Wasserman (1980) and Fien-
berg, Meyer, and Wasserman (1980) describe multivariate versions of
the log linear models developed in this chapter and contrast them with
the bivariate model outlined by Holland and Leinhardt and with
models used by Galaskiewicz and Marsden (1978).

The models discussed in this chapter place probability func-
tions on the links between actors in the group by specifying the
probability that a pair of actors has one of four possible dyadic
relationships. The entire network of g actors is decomposed into an
equivalent set of (‘g) dyads. To specify the probability distribution of
the network, the dyads are assumed to be independent, so that we need
merely multiply the dyad probability distributions to obtain their joint
distribution. Davis (1968) first proposed the arrangement of data on
dyads from one or two relations into a 2> (or 2*) dimensional
contingency table. The assumption of independent dyads is common to
many of the recent models for networks, although it is, at best, an
approximation to reality. But building into the models either a
dependence structure among the dyads or probability distributions on
larger subgraphs such as triads appears very difficult—in part because
some triads have dyads in common. Davis (1977) worked with triads
from single relations structured in the form of 2° dimensional tables
but did not directly address the overlap or dependence problem.

Before we investigate log linear models for analyzing social
network data, we review some necessary statistical and graph-theoretic
notation. We then present Holland and Leinhardt’s p, probability
model and show through a new representation how this model can be
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fit by using a version of iterative proportional fitting for multidimen-
sional contingency tables. We then describe several variants of p, and
extend p, to model single relations with data on nodal attributes.
Throughout this chapter, we analyze various subsets of the corporate
interlock data of Galaskiewicz (1979) and Galaskiewicz and Marsden
(1978) to illustrate the methods presented.

SOME MATHEMATICAL NOTATION

Let D, be a specific digraph on g nodes from a single binary
sociometric relation R with at most one arc connecting node ¢ to node j.
Let G denote the set of g nodes. We use the mathematical terms node to
refer to an individual actor and arc to refer to the presence of a relation
between two individual actors. The digraph D, is described by means
of a sociomatrix or adjacency matrix X with elements (X;), where

x 1 if node 7 “chooses” node j (: — j)

t

0 otherwise

Note that by convention we set the g diagonal terms (X,;,71=1,2,...,
g) to zero.

For a single arc X;;—representing the choice of actor j by actor
1—the reciprocated choice of actor i by actor j is represented by the arc
X ;. We usually label

as the dyad, or 2-subgraph, involving the pair of actors i and j. Then
Dj; is a bivariate random variable with 2> = 4 possible realizations.
These four realizations and associated labels are

D;=(1,1) (mutual)
D;=(1,0)or (0, 1) (asymmetric)
D; = (0,0) (null)

Also, we define

X=2 X, i=1,2,...,¢
J

X+j=ZXU j=12...,¢
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as the out-degree of actor : and in-degree of actor j, respectively. The
out-degree of a node is the number of arcs emanating from the node;
the in-degree is the number of arcs received by the node. A thorough
discussion of these and related network summaries can be found in
Harary, Norman, and Cartwright (1965).

When discussing networks as categorical data sets, we often
work with single observations from multiple relations. For a common
set of g individuals and a family of binary relations Ry, R,, .. ., R,, we
let X, be the adjacency matrix for the digraph generated by R, with
elements (X;;,). The collection of the sociomatrices X;, X;, ..., X, is
denoted by )¢, the multivariate digraph (see Fienberg and Wasser-
man, 1980; Fienberg, Meyer, and Wasserman, 1980). In this chapter,
we restrict our attention to a single relation.

MODEL FOR DYADIC INTERACTIONS IN
A SINGLE RELATION

In the preceding section we described the basic structure for the
study of dyads with a single generator. Here we introduce an alterna-
tive notation. Consider a four-dimensional ¢ X g x 2 x 2 cross-
classification Y = (Y;,), where the subscripts : and ; refer to the two
actors in a dyad and % and / refer to the dyad state, so that

1 ifDij = (Xija in) = (ka l)

17kl = .
0 otherwise

For example, Y;;;; = 1 if D,; is a mutual dyad. We have abandoned the
X notation in favor of a notation that facilitates analysis of a
sociomatrix as a categorical data set. Holland and Leinhardt (1981)
prefer to work directly with the X’s. The relationship between the X’s
and Y’s can be expressed as follows:

Y"“ = Xl]le

i
Yo = X;(1 — Xj)

Yijor = (1 — X)X,
Yy = (1= X,) (1 = X,)

y
For a given dyad (i, j) we obtain a 2 x 2 table of counts as in
Table 1. Note that Yoo + Y01 + Yo + Yy = 1 for all ¢ # ), so
that these 2 x 2 tables contain one 1 and three 0’s. Furthermore, Y, =

Y, and thus we need only consider ¢ > 7; however, by retaining the
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TABLE 1
2 x 2 Dyadic Contingency Table

Actor j — Actor z

No Yes
No },,j Y:jOl 1- Xij
Actor { — Actor j Yes Y10 Yin Xj
1-X; X; 1

i 7!

redundant structure in Y we shall be able to provide succinct summa-
ries of important quantities for modeling and estimation. We denote a
realization of Y by y = (y,4,) and a realization of X by x = (x,;). The
marginal totals of this 2 x 2 table, Y,;, correspond to indicator
variables for X;; and X ;. Because each of these margins is either (0, 1)
or (1, 0), the interior of the table is completely determined by the
marginal totals.

Define 7, as the probability of the observation (k, /) for the
dyad (¢, j) and let p;;, = logmy, be elements of a table of log
probabilities corresponding to the Y. The Holland and Leinhardt
distribution, p,, for these data begins with the following structure:

Hijoo = >‘ij
Bjro=Aj + o + B; + 0
(1)
Hijor = Aj + o + B, + 0
B =N +p; + a4 + a; + B, + B + 260
subject to the constraints
eﬂu_,oo + eﬂqlo + el-‘.,ol + e“qn — 1 (2)

for all dyads and

ia,:iﬁj:o 3)

The parameters {a,-} measure the “‘expansiveness” or the
“productivity” of the actors, reflecting how likely an actor is to
“produce” relational ties. The parameters {Bj} measure the “populari-
ty” or the “attractiveness” of the actors, reflecting how likely an actor
is to “attract” relational ties. The {p,j} parameters are ‘“‘reciprocity’
measures and specify how likely it is that : — j if j — i—that is, the
increase in the probability that an arc exists between two actors if the
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reciprocated arc is present. The parameters {\,} are “dyadic” effects
and are present in (1) to assure that the constraints (2) hold. (Holland
and Leinhardt use a slightly different notation for these normalizing
constants.)

The p, Exponential Family of Distributions

The reciprocity effect for the dyad (z, ;) is the logarithm of a
cross-product ratio; that is,

pPi; = log (7".‘1‘117"1'1‘00)/ (7rijlo7rij01)

and we observe a single realization for each dyad. Thus the observed
cross-product ratios corresponding to the {p,-j} are either O or «; that is,
pj = 4 or p; = —o. As a consequence, Model (1) allows us to
reproduce the data perfectly but leads effectively to no information
about the {p,-j} in a statistical sense. Thus we are forced to use a reduced
number of parameters to model the reciprocity effects. The simplest
such model is

p;=p forall: # ; (4)

Equation (4), coupled with Equations (1), (2), and (3), is termed the
p1 distribution by Holland and Leinhardt (1981). We later discuss
some alternatives to Equation (4).

If we assume that the dyads {D,j} are statistically independent,
then the log likelihood function for the model p, given a realization y
is
log Lo}, 8}, N1, 0, 01y)

lOgPI‘{ u— Uu,kl—122<]—12 g}

_PZ)’UM + Za()’xﬂo + Yierr) (5)

l<j

+ ZB (y+110 + y+;11) + 0(y++10 + Vi) + Z Av

i<y
(p/2)y++n + Z Yy + ZBJy+Jl+ + 0y++1+ + Z >‘y
i<y

subject to the constraints (Equation 2) that the ., sum to 1 for each
dyad. Although the log likelihood is defined for {y,,, i < s}, it can be



