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Loglinear models are adapted for the analysis of multivariate
social networks, a set of sociometric relations among a group
of actors. Models that focus on the similarities and differences
between the relations and models that concentrate on individual
actors are discussed. This approach allows for the partitioning
of the actors into blocks or subgroups. Some ideas for com-
bining these models are described, and the various models and
computational methods are applied to the analysis of data for
a corporate interlock network of the 25 largest organizations
in Minneapolis/St. Paul and for a classic network of 18 monks
in a cloister. The computational techniques all involve varia-
tions on the standard iterative proportional-fitting algorithm
used extensively in the analysis of multidimensional contin-
gency tables.
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1. INTRODUCTION

Sociometric relations are typically defined for a set of social
actors. A social network is a construct describing these actors
and the various relations that exist among them. As used in
the social sciences, actors have been individuals, organizations,
cities, or even nation states; relations have ranged from kinship
or friendship to transfers of scarce resources to corporate board-
of-directors interlocks.

Moreno (1934) was the first social scientist to study indi-
vidual networks in a systematic manner, and he was appar-
ently the first network researcher to use mathematics. Much of
his terminology, including such phrases as ‘“sociogram,”
“sociomatrix,” and ‘“‘sociometric test,” is still in use today.
Festinger (1949) and Katz (1947, 1953, 1955) developed Mor-
eno’s ideas, focusing on matrix representations of sociometric
data, the popularity of actors, mutuality of relationships in
social groups, and even the representation of interpersonal re-
lations as a stochastic process (see Katz and Proctor 1959).
Formal graph theory, as reviewed here in Section 2, was in-
troduced to social network research by Cartwright and Harary
(1958), in an attempt to quantify the social psychological the-
ories of Heider (1958).
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Since these pioneering efforts, sociologists, social psychol-
ogists, and social anthropologists have repeatedly used the
social-network paradigm. Davis and Leinhardt (see Davis 1970)
scanned the “sociometry” literature and found nearly 900 ex-
amples of social networks from diverse small groups. Since
1970, social network analysis has grown rapidly in popularity.
Leinhardt (1977) presented a collection of 24 previously pub-
lished papers that provide an historical perspective on social
network analysis, and a collection of papers in a volume edited
by Holland and Leinhardt (1979) summarized the state of the
art as of about 1975. Burt (1980) discussed more recent so-
ciological developments, Wasserman (1978) reviewed alter-
native mathematical models for small group behavior, and Frank
(1981) summarized some of the statistical theory on random
graphs. Almost none of this research on the analysis of social
networks has appeared in statistical journals, with the exception
of some of the work by Katz and the paper by Wasserman
(1980). There are just a few papers with substantial statistical
content.

In a landmark statistical paper for network analysis, Holland
and Leinhardt (1981) proposed an exponential family of prob-
ability distributions for the analysis of a single sociometric
relation. Fienberg and Wasserman (1981a) discussed simple
computational procedures for fitting these models and proposed
some extensions to model networks in which the actors fall
into natural subgroups. These distributions include parameters
that relate characteristics of individual actors (e.g., popularity)
to differential rates for entering into or severing sociometric
relations. In Fienberg et al. (1981), we described a related
class of models for multiple relations, extending Holland and
Leinhardt’s family to more than one relation by focusing on
the associations among the relations rather than on influences
of individual actors. Here we bring these two types of analyses
together and present some “combined models” for the analysis
of multivariate directed graphs. These models incorporate actor
and subgroup parameters, and quantities to measure the degree
of interrelatedness of the different relations.

Methods to study a multivariate-directed graph, which focus
solely on the relations and ignore individual social actors, are
forms of macroanalysis. Data for such analyses consist of
aggregate counts of the different structural patterns, which
occur within the network. The methods for studying local struc-
ture in a network by using the triad census (Holland and Lein-
hardt 1975; Wasserman 1977) can be labeled macroanalytic.
Alternatively, we could study the attributes of the actors and
how these attributes affect the existing ties between them. Such
a study is a microanalysis, and it promises a more fine-grained
investigation.

Both the macroanalysis and microanalysis approaches have
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substantive value. A macroanalysis of a group centers on the
global structure of its relations, asking questions such as the
following: Which relation exhibits the strongest “reciprocity”
or is most likely to have symmetric flows? Are there any
“multiplex” patterns, flows of different relations in the same
direction? Are there any patterns of “exchange,” in which a
flow in one direction for one relation is reciprocated by a flow
in the opposite direction for a different relation? Are there any
higher order interactions, involving three or more flows for
two or more relations?

A microanalysis of a group is a local study, turning attention
to the level at which data are actually gathered. Most micro-
analyses have been limited to groups with data on just a single
relation. The primary concern of such studies is the individual
group member: Which actors have the most prestige or pop-
ularity? Which actors are involved in many relations, which
in few? Do actors enter into mutual, symmetric relationships
at different rates? Such questions, while concerned with in-
dividual actor effects, are often answered by examining dyadic
or triadic relationships.

As an example, we consider the now classic study of 18
monks in an isolated American monastery, conducted by Samp-
son (1969) and partially analyzed by Holland and Leinhardt
(1981), Breiger (1981), Reitz (1982), and many others. Samp-
son studies four types of relations: Affect, Esteem, Influence,
and Sanction. Actors were asked to give three positive choices
[e.g., which three brothers do you like best (positive affect)]
and three negative choices [e.g., which three brothers are you
most antagonistic towards (negative affect)] for each of the
four types. In this way, data were gathered on eight relations:
(a) Like and (b) Antagonism (Affect), (c) Esteem and (d) Dis-
esteem, (¢) Influence and (f) Negative Influence, and (g) Praise
and (h) Blame (Sanction).

We define

xy. = 1, if actor i chooses actor j on relation r

= 0, otherwise,

ij=1,2,...,18 r=1,2...,8,

and arrange these data into eight binary sociomatrices, & =
{X,, Xp, . . . , Xg}, each of dimensions 18 X 18. Versions of
these arrays are given in Figure 1, where the rows and columns
have been permuted to reflect constructed subgroupings of the
actors. Since the 1s, 2s and 3s in Figure | refer to order of
choices, we set all nonzero entries equal to 1 to obtain binary
sociomatrices.

Holland and Leinhardt (1981) used the Like relation to il-
lustrate their new methods. Other researchers (White et al.
1976; Breiger et al. 1975) have studied all the relations, but
in nonstatistical attempts to aggregate the 18 monks in other
substantively meaningful ways. In later sections of this article,
we analyze a version of the network, which aggregates over
positive and negative effects, searching for both macro- and
micro-models that provide good statistical descriptions of the
relationships among the actors.

Most sociometric research, both empirical and mathemati-
cal, is preoccupied with overly simplistic descriptions of group
structure. This is very apparent in Burt’s (1980) review. The
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goal of this article is to build upon the ideas of Holland and
Leinhardt to develop models for the simultaneous macro- and
micro-analysis of multiple relational networks. These models
aid in the formulation and testing of theories concerning group
dynamics. In the next section we review Holland and Lein-
hardt’s model and our extensions of it, and in Section 3 we
illustrate these ideas in an analysis of a 1976 corporate interlock
network from the Twin Cities (Minneapolis/St. Paul). We em-
phasize the many substantive findings that can be obtained
from this form of statistical modeling. In Section 4 we present
several models for the analysis of data from multivariate di-
rected graphs, and we conclude by demonstrating these ideas
on Sampson’s network.

2. BACKGROUND: MODELS FOR SINGLE
RELATIONAL DATA

A directed graph, or digraph, consists of a set of g nodes
and sets of directed arcs or “choices” connecting pairs of
nodes. Digraphs are natural mathematical representations of
social networks, where the nodes represent individuals, or-
ganizations, or other social actors and the arcs represent re-
lations: directed attitudes, feelings such as friendship, or trans-
fers of goods or information. A digraph is frequently summarized
by a set of g X g sociomatrices {X,}, one for each of the R
defined relations. The g diagonal terms of each sociomatrix,
X, are defined to be zero.

First consider a digraph with a single relation, R = 1. The
row total, X;,, is referred to as the out-degree of node i, and
the corresponding column total, X ,;, as the in-degree of node
i. A matrix X can be thought of as the realization of a matrix
of random variables, X, where we assume that the (§) pairs or
dyads,

D; = Xy, X)), i<j,
are independent bivariate random variables, with 2> = 4 pos-
sible realizations when we study dyads rather than individual

actors:
Dy = (1, 1): mutual

= (1, 0) or (0, 1): asymmetric
= (0, 0): null.

Note that the two asymmetric realizations cannot be distin-
guished unless the actors are labeled.

A multivariate-directed graph, or multigraph, is described
by a collection of random sociomatrices & = X, X, ...,
X:}. We assume that the (§) dyads,

Xijl) inl

Xij2s Xii2

D, = i <j,

Xin, inR

are independent 2R-variate random variables with 22% possible
realizations.

For both digraphs and multigraphs, the assumption that the
dyads are independent random variables is crucial to the in-
dependent-dyadic-choice models described here. There is some



