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MODELS FOR BINARY DIRECTED
GRAPHS AND THEIR APPLICATIONS

STANLEY S. WASSERMAN, University of Minnesota

Abstract

The nature and historical development of both stochastic and deterministic
models for binary graphs are discussed. Here the focus of applications is
sociological and emphasizes representations of networks of interpersonal
relations as directed graphs. Models from the natural sciences and from the
social sciences are examined and suggestions for future research are given.

GRAPH THEORY; SOCIAL NETWORKS; STOCHASTIC MODELLING

1. Introduction

The basic mathematical concept in this paper is the directed graph, or
digraph, which is defined as a set V of nodes or ‘points’ and a set L of directed
arcs or ‘lines’, connecting pairs of nodes. The set V contains g distinct
elements, v, 05, ,0, and the set L contains C arcs, I;, 1, -, lc. We
further require that no two distinct lines be in parallel; i.e., there exists at most
one line [; connecting node v; to node v,. For convenience, a loop, a line
connecting v; to v;, is not allowed in the digraph.

Digraphs differ from the more common undirected graphs because they have
the additional characteristic that every line has an orientation or direction.
Digraphs in which an arc from v; to v, implies the existence of an arc from v,
to v; are symmetric. Symmetric digraphs are, of course, equivalent to undirected
graphs. When we desire to denote a directed line in terms of its two points, we
write |, =vjv, for the directed line running from v; to v,. We let D, be a
specific digraph on g nodes. Note that D, is a zero-one, or binary directed
graph. The strengths or intensities attached to each arc are not considered,
since our definition does not allow for the existence of valued lines or parallel
arcs. In what follows, we discuss mathematical representations for both di-
rected graphs and undirected graphs, although we concentrate on the more
general directed graph.

A digraph D, may be represented by a (g X g) matrix. We define a matrix X,
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X, ={1, if v e.L
0, otherwise.

The matrix X is called the adjacency matrix of D, and has one row and one
column for every node in V. The adjacency matrix for an undirected graph is
symmetric. A different ordering of the elements in V produces an adjacency
matrix that differs from X by a simultaneous row—column permutation. Two
digraphs with g nodes whose adjacency matrices differ by such a row—column
rearrangement are called isomorphic. Note that since loops are not allowed, the
diagonal elements of X, X, i=1, 2,---, g, are set to zero.

The outdegree of node v,, written r;, is the number of arcs originating at node
v;. The indegree of node v;, written c;, is the number of arcs terminating at node
v. These two vectors, r=(ry, 1, ",r) and ¢=(c;, ¢y, """, ¢,)', have ele-
ments that are calculated as follows:

with elements

ri=ZXij=Xi+, i=1,2,---,g;
]

and
cj=ZXii=X+j9 j=1,2"”ag'

Every element in r and ¢ takes on a value between 0 and (g—1). Figure 1
shows an example of a digraph and associated adjacency matrix, including
indegrees and outdegrees. A reference for these concepts is Harary, Norman
and Cartwright (1965).

v,

Dy:
Uy

v, v, U5 v, vs r
v, 0 1 1 1 0 3
v, 0 0 0 0 1 1
X vy 1 0 0 0 0 1
’ vy 0 1 0 0 0 1
vs 0 0 0 1 0 1

G 1 2 1 2 1

Figure 1

Digraph and associated adjacency matrix
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The purpose of this discussion is not to posit new models for directed graphs.
Rather, we have gathered together several existing models from diverse fields,
reviewing them briefly and discussing how they may be applied to directed
graphs. Such a literature review is important to those presently engaged in
modelling of directed graphs. The applications of such models are very numer-
ous and include epidemics, communication and transportation flows, and
information processing. This discussion has a sociological ‘bias,” in that we
emphasize social science applications, and in particular, social networks of
interpersonal relations.

We first discuss how mathematical models for graphs may be categorized
into stochastic or deterministic and time-dependent or static models. Each
category of models is discussed, with a concentration on the class of stochastic,
time-dependent models. Several suggestions for future research are given. A
thorough understanding of existing models is an essential prerequisite for the
development of relevant and encompassing stochastic models for social net-
works.

In addition, we present a new modelling framework for directed graphs, first
proposed by Holland and Leinhardt (1977a) and discussed in detail in the
author’s doctoral dissertation, Wasserman (1977b). Research in progress will
demonstrate how effectively some of the models discussed in this paper can be
subsumed by this framework.

2. Categorizing mathematical models

In addition to reviewing mathematical models specifically developed for
graphs, we examine mathematical models originally constructed for
phenomena other than directed graphs. The models are for processes from
such natural science fields as statistical physics, organic chemistry and biology,
and biophysics. They are easily modified to become models for graphs. The
models from the literature for graphs themselves, are, by and large, from the
social sciences, and postulate mathematical representations for social networks,
specific sets of social relations linking members of well-defined groups.
Mathematically, a social network may be defined as a binary directed graph
with nodes for individual group members and arcs for the relational links.

To begin, we note that all mathematical models (for many kinds of proces-
ses) can be classified by the double dichotomy: deterministic versus stochastic
and static versus time-dependent, as depicted in Figure 2. Each model that we
consider can be placed into one of the four cells. Because of their importance,
we focus on stochastic, time-dependent models (Cell D of the matrix), and only
briefly discuss deterministic, static models (Cell A), stochastic, static models
(Cell B) and deterministic, time-dependent models (Cell C). Most of the
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deterministic  stochastic

static A B

time-

dependent C D
Figure 2

Mathematical models for graphs

existing models falling in Cells A, B and C are from the social sciences, while
the more abundant time-dependent, stochastic models are found in both the
social and natural sciences. Hence, our sociological bias is not entirely per-
sonal, since many of the models in use did originate in sociology, anthropology
and social psychology.

2.1. Deterministic, static models. Until very recently, the analysis of directed
graphs, particularly in the social science context, was static and deterministic.
Graphs were not explicitly assumed to evolve over time, and conclusions drawn
from a single network were deterministic and precisely defined. Engineering
techniques and linear and dynamic programming methods were developed to
analyze network flows (see Ford and Fulkerson (1962) for reference). In the
social sciences, Heider’s balance theory (see Heider (1958)) was the prevalent
paradigm. Leinhardt (1977) discusses the beginnings of social network analysis,
focusing on Heider’s contribution.

Heider’s research was generalized by Cartwright and Harary (1956) in a
paper that introduced formal graph theory to social network research. Unfortu-
nately, the predictions of Cartwright and Harary’s structural balance theory did
not accord with reality. Davis (1967), referring to the lack of empirical support
for the dichotomous clustering of graphs predicted by Cartwright and Harary’s
theorem, further elaborated on the balance paradigm, extending it to multiple
clusters of nodes or individuals. The deterministic nature of the theory was
retained, however, and the model’s fit to empirical data remained poor.
Researchers desired a model incorporating probabilistic assumptions on the
relations among nodes. In a series of papers, Davis, Leinhardt and Holland
built a stochastic component into the paradigm.

2.2. Stochastic, static models. The Davis—Holland-Leinhardt methodology
involves computing conditional uniform distributions on the space of all directed
graphs. The most highly conditioned distribution in use controls for the dyad
census, or the number of mutual, asymmetric, and null arcs in a digraph (see
Holland and Leinbardt (1975)). One computes the first two moments of the
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16-component triad census, a count of the isomorphism classes of the (§>

triads in a digraph, and compares the empirically determined triad census with
its expectation. Davis (1979) reviews this line of research, and Wasserman
(1977a) discusses other random directed graph distributions.

This approach is static in time, since it concentrates on only one adjacency
matrix. It is, however, stochastic. The analysis can even be compared to current
methodology on stochastic processes. Holland and Leinhardt compute the
moments of approximate equilibrium distributions for digraphs, and assume
that data on the digraph process follow these distributions. One outstanding
question is whether any of these ‘equilibrium’ distributions are true equilbrium
distributions obtained from some stochastic process. Further research may
clarify this issue.

2.3. Deterministic, time-dependent models. Several deterministic time-
dependent models for directed graphs have been proposed. Differential equa-
tions are the driving forces of such models, in which the effect of any change in
the system can be predicted with certainty. However, in the social sciences, and
to a lesser extent in the natural sciences, the effect of changes in a system
usually cannot be forecast with certainty, primarily because of the unpredicta-
ble nature of the objects being modelled. This uncertainty is modelled more
effectively through the use of probability distributions on random variables
instead of the ‘controlling’ mathematical variables of a system of differential
equations. (A blend of the two approaches would be promising, but no such
model has been developed). We prefer to concentrate on the set of stochastic
models, and merely refer the reader to Bernard and Killworth (1979) for a
recent review of deterministic models.

2.4. Stochastic, time-dependent models. In the remaining sections of this
paper, we present seven stochastic, time-dependent models, the first four from
the social sciences, and the other three from the natural sciences.

Throughout Sections 3 and 4, we let X(t) be the adjacency matrix
representing the state of the digraph at time t. The binary-valued matrix X(t)
has elements (X;(t)) where

1, if v;v, e L at time ¢
(1) Xi,-(t)={ '
0, otherwise.

The time parameter, t, is assumed continuous, ¢t =0, although we briefly discuss
some discrete-time models from social science. We set the g diagonal terms,
(X; (1)), to O for all i and t.

We let x be a single state of the continuous-time stochastic process X(t). The
process has a finite state space § of all possible 28®~" binary-valued (g X g)



