Analyzing Social Networks As Stochastic Processes

STANLEY WASSERMAN*

This article presents a new methodology for studying a social
network of interpersonal relationships, based on stochastic modeling
of the changes that occur in the network over time. Specifically, we
postulate that these changes can be modeled as a continuous-time
Markov chain. The transition rates for the chain are dependent on
a small set of parameters that measure the importance of various
aspects of social structure on the probability of change. We discuss
the assumptions of the framework and describe two simple models
that are applications of it. We then present, analyze, and interpret
several examples, and we outline methods of parameter estimation.
The models prove to be quite effective and allow us to better under-
stand the evolution of a network.
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1. INTRODUCTION: MODELING CHANGE IN
SOCIAL NETWORKS

Many new methodological tools have recently been
proposed for the analysis of social networks. These tech-
niques either concentrate on the local or ‘“micro” struc-
ture of a social group by examining subgraphs, partic-
ularly dyads and triads (see Holland and Leinhardt
1970 and 1975, and Wasserman 1977a), or attempt to
represent a set of sociograms for a particular group by a
substantively interesting collection of “blockmodels,” a
more global or “macro’”’ paradigm (see White, Boorman,
and Breiger 1976; Boorman and White 1976; Arabie,
Boorman, and Levitt 1978).

These techniques do not allow for the direct modeling
of structural change in a social group. When longitudinal
data exist, evolution of the group is usually described
simply in qualitative terms with no quantified statements
concerning either the rates of movement of a group to-
ward an equilibrium state or the internal or external
forces governing how the present structure and environ-
ment of a group influence future structure. Few formal
stochastic models of group change have been developed
(Wasserman 1978), although the models of Coleman
(1965, Ch. 11) are important antecedents of this research.

The basic premise of this article is that a social group
is a dynamic entity, with a gradually evolving structure
that emerges over time. We shall tacitly assume that a
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group eventually reaches a statistical equilibrium, that
is, transitions between states continue to occur, but the
probability that a group is in a specific state approaches
a constant, limiting value. The models proposed here are
attempts to quantify how the present structure of a
group ‘‘pushes” the group toward this equilibrium.
Methodologies currently exist for describing either local
or global structure of a group already in equilibrium.
The methodology described here is useful for studying
the approach of a group toward its assumed equilibrium
and for predicting what that equilibrium will be by
determining the values for a set of parameters measured
before equilibrium. Other methods may describe the
equilibrium, but cannot predict it.

Sociomatrices collected longitudinally at different time
points in the history of a group will reflect its structural
development. As an example of a small social group
evolving over time, consider the college fraternity studied
by Newcomb (1961) for 15 weeks, during the second year
of his two-year investigation of acquaintance and
attitudinal factors affecting the attraction between
people. Each member was asked to rank each of his
fellow members on the basis of positive feeling. Consider
the number of intransitive triads in the constructed
binary digraph for each of the 15 weekly rankings made
by the members (no rankings were done on week 9). We
compute 7, Holland and Leinhardt’s standardized mea-
sure of group intransitivity, for week ¢,7 = 0, 1, ..., 15,
i # 9 (see Holland and Leinhardt, 1975, pp. 35-37).
Figure A shows how 7;, a widely accepted measure of
the social structure of a group, varies over time.

Obviously, this fraternity is undergoing change. In
the first two weeks of its development, intransitive triads
do exist, but not so many as predicted by chance. After
the second week, the group appears to exhibit a rather
erratic equilibrium, except for the strange dip at week 8,
when many fewer intransitivities exist than expected. A
single observation taken on this group at week 8 would
not at all be indicative of its average structure. Such
conclusions can only be drawn from longitudinal data.
We return to the analysis of this data set in later sections.

In this article several stochastic models of structural
change are proposed for the analysis of sociometric
longitudinal data. We shall define social structure in
terms of how various graph-theoretic properties of a
group, such as indegrees, outdegrees, and presence/
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absence of reciprocated arcs, change over time. The
stochastic models have transition rates that are depen-
dent upon the quantified social structure of a group.
Holland and Leinhardt (1977b) elaborate on this idea,
discussing how social structure can act as a generator of
a network. The use of the proposed modeling frameworks
to make sociological statements on evolving group
structure is an important feature of these models.

In Section 2 we discuss two stochastic modeling frame-
works for social networks, including a new paradigm
based on a model for genetic nets of Kauffman (1969).
The models presented in Sections 3 and 4 are examples
of another framework by Holland and Leinhardt (1977a).
These models are applied to social groups and subse-
quently interpreted in Section 4.

2. POSTULATING MODELING FRAMEWORKS
FOR NETWORKS

In this section we discuss two systems for modeling
sociometric data. We use Kauffman’s paradigm to
illustrate mathematically how a social network of inter-
personal relationships can be viewed as a stochastic
process. In this system, whenever a change occurs in a
bond or link connecting two individual nodes, the proba-
bility that the change causes an arc to form or disappear
depends on the current state of the process, the entire
network, in a rather simple functional relationship.

We then present the framework of Holland and
Leinhardt, discussing the mathematical assumptions for
the infinitesimal transition rates and the characteristics
of the state space of the process. The reciprocity and
popularity models described in the later sections of this
article use this framework. First, we give a few necessary
mathematical definitions and explanations.

We use continuous-time stochastic processes to model
change in social networks. A group’s structural develop-
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ment progresses continuously through time, and a
discretization of this progression may force unnecessary
and unrealistic assumptions on the process of change.
In addition, we choose to model this structural develop-
ment of a group as a finite-state Markov chain, being
fully aware that the use of Markov models in social
science occasionally oversimplifies reality. It is unlikely
that past individual behavior has no direct influence on
future group structure. The models presented here are
also not elaborate and do not incorporate parameters for
all the factors of social structure that modify inter-
personal relationships. There are, however, good reasons
for this simplicity. The models are purposefully simple
so that (a) we can use the existing mathematical litera-
ture on the analysis of continuous-time Markov chains,
and (b) they can be treated as null models, against which
data with more complicated structure can be tested.

The simplicity of the reciprocity and popularity models
allows us to concentrate on the interpretation and estima-
tion of the models without being bogged down by the
mathematics that usually -accompany non-Markovian
models in continuous time with complex state spaces. One
precaution against oversimplifying a complex situation is
to use several simple models, each based on a different
aspect of social structure. This strategy is illustrated in
later sections. In addition, these models should be con-
sidered as null hypotheses, which we expect to reject;
in turn, we expect to gain some insight into the operative
social environment of the group. Thus, by keeping them
simple, we can easily use these benchmark models to
determine which sociological tendencies are unlikely
sources of group change and provide a basis for develop-
ing more complicated models.

We let X() be a binary matrix-valued stochastic
process, with elements (X;(t)), where

1, if 7 “chooses’” j at time ¢

X)) = 2.1)

0, otherwise.

Occasionally we will write 2 — j if 7 chooses j. We as-
sume that the group under investigation has ¢ members,
so that X(t) is a (g X ¢g) binary matrix, with main diag-
onal fixed at zero by convention. As mentioned pre-
viously, ¢ is a continuous parameter. The matrices x, w,
y, Z, . .. are single states or realizations of the continuous-
time process. There are 29— possible realizations of the
process, so that S, the state space of X(t), is quite large,
but still finite.

2.1 Interpreting a Social Network As a Stochastic Process

A social network is an evolving entity, governed by a
complex social structure that influences when, where, and
how changes in individual arcs occur. How can we view
this process of structural change in the simplest possible
manner? Can we construct a dynamic system that
mimics both the forces causing change and the changes
themselves in a network? Kauffman’s (1969) work on
modeling random nets of binary genes provides a useful



