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A STOCHASTIC MODEL

FOR DIRECTED GRAPHS
WITH TRANSITION RATES
DETERMINED BY RECIPROCITY

Stanley S. Wasserman

UNIVERSITY OF MINNESOTA

This chapter addresses the problem of describing mathe-
matically the evolution of a binary directed graph, or social net-
work, over time. We develop a new statistical method for the
analysis of social networks and discuss its usefulness for sociologists
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and others studying networks of individuals, organizations, or
groups.

Interest in substantive sociological network theory is at an
all-time high level—more and more researchers have been using the
social network paradigm to study social structure. The number of
sophisticated mathematical models for directed graphs is increasing
at a pace equal to the rise in interest. Mathematicians and statisti-
cians are seeing the application of their research to social networks.

But even with the growing popularity of networks, many of
the methods used by network analysts are very elementary, and
some are possibly obsolete. This situation has both positive and
negative features. On the positive side, because most of the quanti-
tative aspects of the field are relatively new, much of the data
analysis is exploratory in nature, and simple well-known methods
are often sufficient to provide both sociological insights and direc-
tions for future research. On the negative side, the elementary
methods typically involve univariate statistics such as density
measures, correlation coefficients, and the like, and researchers have
not been able to benefit from carefully developed stochastic models
and modern methods of multivariate statistical analysis. To para-
phrase Burt (1978), a discipline of applied network analysis needs to
be defined, emphasized, and used to bridge the gap between the
substantive sociological theorists and the mathematical and statis-
tical modelers.

This chapter was presented at a conference on Stochastic
Process Models for Social Structure in December 1977. The current
gap between sociologists and mathematicians was apparent at the
conference—although everyone recognized the need for dynamic
stochastic analysis of networks, the new models described in the
papers given by statisticians were either so mathematical that they
were not accessible to most participants or they involved mathe-
matical and statistical assumptions that were gross simplifications.
In order to tap the current interest in stochastic modeling, it is
necessary both to develop a new methodology based on a stochastic
modeling framework that is reasonably free of mathematical diffi-
culties and to demonstrate how the methodology could be used to
answer fundamental sociological questions. This chapter is a timid
start in that direction.
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Social groups are acknowledged to change over time, an
evolution that alters the links that exist between group members.
However, there has been little effort directed at the construction of
realistic models for this evolution. Undirected graphs and multi-
valued graphs have been effectively modeled stochastically, but the
fitting of these models to binary directed graphs yields little insight
into the binary processes under investigation. Indeed, the most
important features of these processes are the on/off nature and the
directedness of the arcs in the structural graph. Ignoring these two
qualities in model construction would be a fundamental error.

We shall describe a simple stochastic model for the process
of change in a binary digraph and propose several strategies for
estimating the parameters of the model. The appropriate strategy
for a given situation depends on the number of times the group is
observed in its evolution. An application of this model to several
data sets (Wasserman, 1977) has yielded some interesting insights
into group processes.

This chapter uses a general mathematical language for
presentation of results, since the model has application in other
areas, such as communication, transportation, and the natural
sciences (see Wasserman, 1978). Sociological applications are dis-
cussed in the last section. The mathematics have been simplified,
and all proofs have been omitted. Those interested can consult
Wasserman (1977) or the technical report mentioned in the opening
footnote for details.

The stochastic model described here is quite simple. But it is
unfair to assess the merits of such a model by its complexity or lack
thereof. Much can be learned from simple models. The information
to be gained may yield valuable insights into the process in ques-
tion. The ideas presented in this chapter may allow researchers to
postulate and analyze more complicated models.

1. INTRODUCTION TO THE PROBLEM

Consider a directed graph or digraph that structurally repre-
sents the state of some process, sociological or otherwise, at time ¢. A
digraph is a set V = {v;,05,...,7,} of noc‘les and a set L =
{{4, Ly, ..., 1} of directed arcs connecting pairs of nodes. We let
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l; = vp;, be the directed line running from node »; to node v and
further stipulate that the digraph be binary; that is, if two distinct
arcs exist such that /; = vy and [, = vv;, then [; = /;,. In addition,
arcs /; = vp; do not exist, ruling out the existence of loops in the
digraph. We commonly let D, represent a digraph with g nodes.

Let X(¢) be the adjacency matrix representing the state of D at
time ¢. Specifically, X(#) = [X;;(¢)], where

Xy(t) = {1 if v;0; & L at time ¢
0 otherwise

The time parameter ¢ is assumed to be continuous, ¢ > 0.

The matrices x, w, y, z, . . . are single states of the continu-
ous time stochastic process X(¢). The process has a state space S of
all possible (g X g) binary-valued matrices with zero diagonal—
290-1 in number, making S quite large.

The problem that this chapter considers is the formulation
and evaluation of a stochastic model for X(¢), where the transitions
between states of S depend on the state of the digraph at time ¢. We
accomplish this by assuming X(#) to be a continuous-time Markov
chain and by allowing the infinitesimal transition rates to be specific
functions of the elernents of X(¢). This solution to the problem was
first suggested by Holland and Leinhardt (1977a) and has been
further elaborated on by Holland and Leinhardt (1977b) and by
Wasserman (1977, 1978). Several models using these assumptions
are discussed in depth by Wasserman (1977), including the model
incorporating only reciprocity, which is the subject of this discus-
sion.

In Section II, we discuss the Holland-Leinhardt modeling
framework and outline its assumptions. We present a simple model
for digraphs based on reciprocity and describe how this particular
parameterization substantially reduces the size of the state space. In
Section III, we compute moments and equilibrium distribution for
the stochastic process arising from the reciprocity model.

The parameterization chosen for the reciprocity model has
four parameters that can vary from digraph to digraph. In the latter
sections of this chapter we estimate these parameters. In Section IV,
we consider whether an observed set of observations of a digraph is
representable as a continuous-time Markov chain and give a simple
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procedure for computing reasonable parameter estimates. Maxi-
mum-likelihood estimation, a computationally more difficult pro-
cedure, is discussed in Section V. We conclude with some comments
for social networkers.

1. THE MODELING FRAMEWORK

The Holland-Leinhardt framework consists of two assump-
tions regarding the stochastic nature of the arcs X;;(¢). The first is
that X(¢) is a Markov chain:

AssumpTION 1. Markov
X(¢) is a standard Markov chain with finite state space S and

Poy(th) = P{X(t + k) = y|X(1) = x} (1)

as the probability transition matrix.

Second, we assume that for small intervals of time (¢, ¢ + £), the
changes in the arcs of a digraph are statistically independent:

AssuMpTION 2. Conditional Change Independence

ny(t,h) = H P{Xij(t + h) =yi,.|X(t) = x} + o(h)ash —> 0
i (2)

Assumption 2 is crucial. It implies that the probability of
any two arcs changing simultaneously is essentially zero. In a small
interval of time, only two changes can occur for a single arc: Arcs
present at time ¢ may disappear at time ¢ + 4 and vice versa. Thus

we represent the probability of arc changes as
P{X;(t + h) =1 — x| X(t) = x} )
= h\;j(x,t) + o(h) ash— 0

Note that A, the change rate function, depends on the state of the
digraph at time ¢ and on ¢ itself.
Let ¢,,(¢) be the infinitesimal transition rates of X(1), the
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digraph process. We have

Aii(%,0) if y and x differ only in the
(7, ))th element

t) = 4a
Ty (1) 0 if y and x differ by more than one (2)
element
and
Gl = = D) Gy() = = D Nj(x0) (4b)
y=x i,

as terms of Q)(t), the matrix of infinitesimal transition rates. Was-
serman (1977) discusses some characteristics of S and proves that if
a simple condition is satisfied, specifically a restriction to nonzero
change rates A;;(x,?), then the digraph process has an equilibrium
distribution.

III. THE RECIPROCITY MODEL AND THE DYAD PROCESS

One can postulate various functional forms for the change
rate function A, defined in Equation (3), and generate many models
incorporating Assumptions (1) and (2) of the modeling framework.
We propose one such model in this section with a parameterization
that produces a state space D of only four states. The model is for
reciprocity where the tendency over time for the arc v;0; to exist
depends only on the presence or absence of arc ;.

We shall consider the (%) dyads, or 2-subgraphs, of D, which
by assumption are independent and identically distributed. After
computing moments and equilibrium distribution of the dyad
process, we briefly describe its probability transition matrix.

We dichotomize the change rate function (3) into two
functions to allow for both types of arc changes. Define

)\ou(x) = 5
(1//z)P{Xij(t + h) = 11X = x,Xij(t) =0} + o(1) (52)

)\lij(x) =

(1/RP{Xy(t + k) = 0]X(t) = x, X;;(t) = 1} + o(1) ©OP)
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for small . Note that the rates of the process are now time-homogene-
ous and, consequently, the digraph process is stationary in time.
For the reciprocity model, we assume that

Noij(X) = Ao + pox;; (6a)
}\uj(x) =\ + M1%5; (6b)
There are g(¢ — 1) pairs of the change intensities (6a) and (6b) such
that the pair for (i,5) depends only on the pair for (j,). The
parameters A, and A; are measures of the “overall” rate of change

for an arc, and p, and p,; measure the “importance” of a recipro-
cated arc. Common sense suggests that empirically

Ao >A; >0 (7a)
and
e >0
Ho (7b)
_)‘1 < <0

since, in the absence of a reciprocated arc, there should be a greater
tendency for arcs to appear than disappear (A; < A,). Moreover, we
assume that in the presence of a reciprocated arc (1) the tendency
for an arc to appear from u; to »; should increase (y, > 0) and
(2) the tendency for the arc from o; to »; to disappear should
decrease (u; < 0). Positivity of A; + p, requires that p; > —A,.
Inequalities (7a) and (7b) are more likely to be true in friendship
networks where the tendency over time is toward mutuality. These
parameters are discussed further in Section VL

Let
D;(t) = [Xy(0), X;(0)] 1> ®)

be the dyad for the pair of nodes (z, 7). The state space D of the dyad
D;;(t) contains four states as illustrated in Figure 1. The Q intensity
matrix for the dyad process is shown in Table 1.

The parameterization (Equations 6a and 6b) of the reci-
procity model yields a set of dyad processes {D;;(¢)} that are inde-
pendent. The entire X(¢) digraph process can be represented as (%)
independent dyad processes consisting of the symmetrically posi-
tioned pairs of off-diagonal elements of X(¢). Moreover, the {D;;(t)}
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Figure 1. States contained in D.

Dty = (1,1)
* 4¢P o
; 4

(a) Mutual Relation (M)

Dyt) = (1,0)
7 - .

(b) Asymmetric Relation (A1)

Dyt) = (0.1)
.« . L]
7 J
(c) Asymmetric Relation (A0)

Dy(t) = (0.0)
4 J
(d) Null Relation (N)

are identically distributed, continuous-time, four-state Markov
chains with state space D and intensity matrix Q.

We now compute the moments of the dyad process—that is,
the probability, on average, that the arc v;7; is present or absent and
that v;0; and vjp; are present at time ¢. Let

m(f) = [my;(8), my(t), my;. ;5 (D]

9)
= [E{X;;(1)}, E{X;;(1)}, E{X;;()X;(t)})
TABLE 1
Q Matrix for the Dyad Process
State
(0,0) (1,0) ©,1) (LD
(0,00 —2A, Ao Ao 0
(LO) A —(g + A; + 1) 0 A +
State (0.1) )\i 0 0 1 0 g + Ay + o) }\g M “.‘iz

(1,1) 0 Ay 4oy A+ —2(Ay + 1)



