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Markov Property

Ist-order Markov model
g, represents the state at time 7
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Markov Model

2nd-order Markov model
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An Example
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A 1st-order Markov model for weather predictor

State-transition probability P(g, | ¢,.,)
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Question: given the day 1 is sunny, what is the probability that
the weather for the next 7 days will be “sun-sun-rain-rain-sun-
cloudy-sun”?

P(O|Model) = P1S;, S3, S3, S1, Sqy S3, Sy, S3iModel]
= PSy] - P[53|53] ’ P[53|53] ‘ P[51|53]
+ PLS1|Sq] - PIS3[Sq] - PIS,|S3] - P1S3|Sa]

Question: given the model is in a known state, what is the
probability it stays in that state for exactly d days?

O= {Si/ Si/ Sil e 1Si1 S/’ * Si}l
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P(O|Model, g; = S) = (@) '(1 - a;)




Hidden Markov Models
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« Graphical Model
« Circles indicate states

« Arrows indicate probabilistic dependencies
between states
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Coin Toss Models
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where 3¢ stands for heads and 3 stands for tails.

ay Q22
PH) 4= P(H) i J22
1-0yy
1=P(H) w
L & v 2
1-a,
AT T =
HEADS TAILS P{H) = Py P{H) =Py
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Urn and Ball Model
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P(RED) = be(1} PIRED} = bap(1) P(RED) = by(1}

P(BLUE) = by(2) P(BLUE) = by(2) P(BLUE} = by(2)

PIGREEN) = by(3) P(GREEN) = by(3) P{GREEN) = by(3)

P(YELLOW) = by(4} PIYELLOW) = by(4) PIYELLOW) = by(4)

P(ORANGE) = by (M) P(ORANGE) = b(M) P{ORANGE) = by(M)
0= {GREEN, GREEN, BLUE, RED, YELLOW, RED, ......., BLUE}

Generative model: the first step is to select a state and the
second step is to select a color ball.

Elements in HMM

§={L,2,..., N} —all possible values of hidden states.
0,— The observation at time ¢
V={1,2, ..., M} — all possible values of observed states.
A =[a,],;— state transition probabilities.
nU:P(q,ﬂ:j|q[:f), az >0, 1<ij<MN Z]UU =1.
B = [b;],; — emission probabilities.
by=Plo,=k|q,=). by>0, 1<i<N&1<k<M Ih,=1.
= {m} — initial state probabilities. 7, = P(q, =1). X,z =1.

A=(A B, 7

Problem 1

Problem 1: Given the observation sequence O = O, O,
< -+ O, and a model \ = (A, B, 1), how do
we efficiently compute P(O|N), the proba-
bility of the observation sequence, given the
model?

How well a given model matches a given observation sequence.
If we consider the case in which we are trying to choose among
several competing models, the solution to Problem 1 allows us
to choose the model which best matches the observations.

Problem 2

Problem 2: Given the observation sequence O = O, O,
-+ + Oy, and the model \, how do we choose
a corresponding state sequence Q = g, g,
* -+ grwhich is optimal in some meaningful
sense (i.e., best “explains’” the observa-
tions)?
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Problem 3

Problem 3: How do we adjust the model parameters A
= (A, B, m) to maximize P(O|N\)?

Solution to Problem 1
Given O = 0,0,...07and A, compute P(O|4).

POA) =1oP(0.014) = ZoP(0|0.4) PQIA)

/

. T ;
P(O]0.4)= HHP(O! lg..4) POIA) =7y 04,040y, g

However, there are N7 possible hidden state sequences!

There is an efficient way — dynamic programming.

Dynamic Programming

From S to F, 4 steps, two states in each step.

Principle of Optimality (Bellman 1965)

* From any point on an optimal trajectory, the
remaining trajectory is optimal for the
corresponding problem initialed at that point.

= Problem1: fromOtoT
= Problem 2: fromtltoT
= Problem 3: from 0 totl

* Any intermediate point in the optimal path
must be the optimal point linking the optimal
partial paths before and after that point.

Dynamic Programming
2

« At each step we need to make a decision, up or down.

* The basic idea of principle optimality is that we proceed
backward and at each step, we find the best path at this
time, from the current state to the destination.

« At each step, we go back one more step back and deal
with the sub-problem based on previous solutions.

Step 1

X1(1) X1(2) X4(3)
6

7 2
X,(1) X,(2) X,(3)

Stepl:it=3  J(x 3),3)=4
J(x,(3),3)=3




X,(1) X,(2) X,(3)
J(x,(3),3)+ D(x,(2), x,(3))
J(x,(3),3) + D(x,(2), x,(3))

J(x,(3).3)+ D(x,(2), x, (3))j

J(x,(2),2) = mjn(

J(x,(2),2)= min[
J(x,3),3) + D(x,(2), x,(3))
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X,(2) X,(3)

J(x (D, = min( J(x(2),2)+ D(x, (1),x1(2))j

J(%,(2),2)+ D(x,(1), x,(2))
J(x,(2).2)+ D(x,(D), x, (2))j

J(x, (). = mjn(
J(%,(2),2) + D(x,(1), x,(2))

Step 4

X,(1) X,(2) X,(3)

T (D) = min[ Jn@.2)+ D<x1<1>,xl<z)>]

J(x,(2).2)+ D(x, (1), x,(2))
J(%,(2),2)+ D(x,(1), x, (2))j

7= mjn[f (%,(2),2) + D(x, (D), x,(2))

The forward Procedure

aliy = PO Oz - -+ O, g = SiIN

The probability of the partial observation sequence and
state Si at time t given the model.

(1) Initialize
a@)=ab,. 1<i<N
(2) Induction

AONS [ZL o (Halb,. 2<t=T

(3) Termination

N
POID=Y ()
i=1

ASBE POIAN=Ya  o®=[X 0.0,
i=1

i) i) i)
Ox—=®
® > O
= A=[a],
B=[b], [l U

The backward Procedure

Analogous to the forward variable, Q e @ @ 000 @

define a backward variable 0 © W )
p()=P(o,.,.o0r |q,=i.2)

Probability of the partial observation , given state Si at time t and the model.

(1) Initialize
Bli=l. 1=i=N
(2) Induction
ﬁ,(i)zz;\;‘nqu B 1=t<T-1
1<isN

(3) Termination

x
PO|2) =Y x50
=




4/8/2008

The forward-backward Procedure

il N
P(O|2) =Y (i) e = P(0| )= 7p0)
i=1 i=1

v
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4D =POy0.0, =112 )= P07 |4, =1.2)

POI 2= a(5,6)
i=1

Solution to find optimal states

vi) = P(q, = Si|O, N

The probability of being in state Si at time t, given the
observation sequence O, and the model.

oad) By i) Bi)
Yeli) = =N

P(O[N
| 2 i) Bili)

i=1

g, = argmax [y,(/)], 1=st=<T.

1<isN

A better Solution

8()= max  Pgiq - q=i, 0,0, OJN
CATE - R /B

The highest probability along a state sequence that
accounts for the first t observations and ends at state Si.

84(f) = [max §di)a;]l - bi(O¢ ).

The Viterbi Algorithm

1. Initialization

o,(i)=mb,, and w,(i)=0, 1<i=N
2. fort=1t0T-1

6.(j) = [maxs,()a, I,

¥, () =argmax s, (ia,b,,

endfor

3. Termination

P = &1)2}(% @) 7= al‘gﬁl}\gx&, @)
4. State sequence backtracking

4 =Yg

® ® ©+—

= ® A= [nij]h/ ®_;® o, orsaarar =sior| D)

® ®/®
B=1[byl, l b ﬂ ﬂ
® .ee ) ®

Solution to Problem 3
A =argmax P(O ] A)

Easy if the hidden states are known.




Edi, j) = PG = Sy Grar = SO, N.

The probability of being in state Si at time t and state Sj at
time t+1, given the model and the observation.
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Baum-Welch Method

a (i) azb{O; 1 1) Besal))
P(OIN
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7t(l) = -§1 éf(’,l)- Yli) = P(OIN =N . - .
/ 3 ali) B

i=1

T-1

2 y(i) = expected number of transitions from S;
(=

-1

21 £(i, j) = expected number of transitions from S; to S;.
(=

7, = expected frequency (number of times) in state S; at time (t = 1) = (i)

_ _ expected number of transitions from state S, to state S;
3 =
expected number of transitions from state S;

i

-1
2 £, f)
i

-1
2 ydi)
=1

Bk = expected number of times in state j and observing symbol v,
’ expected number of times in state j
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Left-right type of HMM
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Continuous Observation Densities in HMMs

The observations are continuous values. A common
representation is a mixture of Gaussian.

M
b,(o) = 2_1 ijm[ol Hjm, Ujm]r 1= ] =N
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Backbone nodes
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Mixture nodes Q Q/L
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Observation nodes R /
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The probability of being in state j at time t with the kth
mixture component account for O.
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