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Three types of learning

Supervised learning: given training examples of inputs and 

corresponding outputs (x1,y1), (x2,y2), …, (xn,yn) , produce the 

“correct” outputs for new inputs. 

How KNN works? 

• The general principle is to find the k training 

samples to determine the k-nearest neighbors 

based on a distance measure. Next, the 

majority of those k nearest neighbors decide 

the category of the next instance. 

K nearest neighbors

• Step 1: determine k

• Step 2: calculate the distances between the new 

input and all the training data

• Step 3: sort the distance and determine k nearest 

neighbors based on the k-th minimum distance. 

• Step 4: gather the categories of those neighbors. 

• Step 5: determine the category based on majority 

vote. 

Example

2-dimensional data:

data label

(3,3) r

(-1,-4) b

(2, 3) r

(0,-5) b

Now given a new instance (3,4), which category 
is this new data assigned to? 

Example

• Step 1: k = 3

• Step 2:               distance 

(3,3) 1

(-1,-4) to (3,4) 8.9

(2, 3) 1.4

(0, -5) 9.4 
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Step 3: ranking

rank neighbors

(3,3) 1 Y

(2,3) 2 Y

(-1,-4) 3 Y

(0,-5) 4 N

Step 4&5: categorization

rank neighbors category 

(3,3) 1 Y r

(2,3) 2 Y r

(-1,-4) 3 Y b

(0,-5) 4 N b

Three types of learning
Unsupervised learning:  given only inputs, find structure and 

regularities in the data.  E.g. How to segment images into 

meaningful regions. 

K-Means

• The algorithm can group your data into k 

number of categories. 

• The principle is to minimize the sum of 

squares of distances between data and the 

corresponding cluster centroids.

Example 

(3,3)

(-1,-4)

(2,3)

(0,-5)

We know that those data belong to two clusters(k=2). 
The question is how to determine which data points 
belong to cluster 1 and which belong to cluster 2.  
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K-Mean Algorithm

Repeat the following three steps until 

convergence (stable):

Step 1: determine the centroid coordinates

Step 2: determine the distances of each data 

point to the centroids. 

Step 3: group the data points based on 

minimum distance. 

Example 

Initialize the first two centroids

c1=(3,3) c2=(2,3) 

(3, 3)

(-1,-4)

(2, 3)

(0,-5)

Measuring distances

• Calculate the distance between a centroid and 

a data point. 

• Euclidean distance 

Iteration 1: calculate distances

c1=(3,3) c2=(2,3)

(3, 3) 0 1

(-1,-4) 8.1 7.6

(2, 3) 1 0

(0,-5) 8.5 8.2

Iteration 1: assign clusters

c1=(3,3) c2=(2,3)

(3, 3) 0 1

(-1,-4) 8.1 7.6

(2, 3) 1 0

(0,-5) 8.5 8.2

Iteration 1: compute new centroids

c1=(3,3) c2=(0.3,-2)

(3, 3) 0 1

(-1,-4) 8.1 7.6

(2, 3) 1 0

(0, -5) 8.5 8.2
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Iteration 2: calculate distances with 

new centroids

c1=(3,3) c2=(0.3,-2)

(3, 3) 0 5.7

(-1,-4) 8.1 2.4

(2, 3) 1 5.3

(0, -5) 8.5 3.0

Iteration 2: assign clusters

c1=(3,3) c2=(0.3,-2)

(3,3) 0 5.7

(-1,-4) 8.1 2.4

(2,3) 1 5.3

(0,-5) 8.5 3.0

Iteration 2: compute new centroids

c1=(2.5,3) c2=(-0.5,-4.5)

(3,3) 0 5.7

(-1,-4) 8.1 2.4

(2, 3) 1 5.3

(0, -5) 8.5 3.0

Iteration 3

c1=(2.5,3) c2=(-0.5,-4.5)

(3, 3) 0.5 8.2

(-1,-4) 7.8 0.7

(2, 3) 0.5 7.9

(0,-5) 8.3 0.7

The new centroids will be the same!  

K-Means Algorithm

Repeat the following three steps until 

convergence (stable):

Step 1: determine the centroid coordinates

Step 2: determine the distances of each data 

point to the centroids. 

Step 3: group the data points based on 

minimum distance. 

Mathematical Description

• A data set of N observations },...,{ 1 nxx

• Each observation is a D-dimensional  },...,{ 1

1

11

D
xxx =

• Our goal is to partition the data set into some number 

K of clusters. 

• The standard is that the distances of the data points 

within a cluster are small compared with the distances 

to points outside of the cluster. 
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K clusters 

• The centres of the clusters are a set of D-dimensional 

vectors                         where k = 1, …, K and        is a 

prototype of the kth cluster.   

},...,{ 1 kµµ

• Our goal is to find an assignment of data points to 

clusters, as well as a set of vectors , such that 

the sum of the squares of the distances of each data 

point to its center is a minimum. 

kµ

}{ kµ

Assignment of Data Points to Clusters

• For each data point       , we introduce a set of 

binary indicator variables                     , where k = 

1,…, K describing which of the k clusters the  data 

point       is assigned to: 

nx

}1,0{∈nkr

nx





≠
=

kj;0

kcluster   the toassigned is  xif;1 n

njr

Objective function

• With the introduction of                         , we can 

define our objective as:
nkku r and 

∑∑
= =

−

N

n

K

k

knnk uxr
1 1

2
||||

• The sum of squares of the distances of each data 

points to its assigned vector (center). 

• Our goal now is to find values for }{u and }{ knkr

K-Means Clustering

A Chicken-and-Egg Problem

• If we know           , thus, if we know which cluster 

each data point is assigned to (supervised learning, 

etc.), then we can easily compute       . ku

}{ nkr

∑
∑

=

n nk

n nnk

k
r

xr
u

• The denominator is equal to the number of points 

assigned to cluster k. 

• The mean of all of the data points assigned to that 

cluster. 

• If we know      , then we can easily compute the 

assignment of each data point based on the 

distance of this data point to all the centers. 

 ku

A Chicken-and-Egg Problem



 =

=
otherwise.;0

||u-x||min argk if;1 2

jnj

nkr

• Assign the data point to the closest cluster centre.
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An Iterative procedure 

• Each iteration involves two successive steps 

kµ• We first choose initial values for        . 

• Step 1: we keep         fixed, and compute the assignment

. 
kµ

}{ nkr

• Step 2: we keep            fixed, and compute the centres of 

clusters. 
}{ nkr

• Repeat step 1 and step 2 until convergence.

Image Segmentation 

• The goal of segmentation is to partition an image into 

regions each of which has a reasonably homogeneous 

visual appearance.

• Each pixel in an image is a point in a 3-dimensional 

space and we can treat each pixel in the image as a 

separate data point. 
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94   94   95   98  100  104  103  103  102  101  101
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94   94   95   97   98  104  105  106  106  104  101

94   94   95   96   98  103  104  106  107  105  100
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Image Segmentation


