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Abstract

The main objective of this paper is to address the stability and bifurcation of the
Couette flow between two concentric rotating cylinders, and to verify rigorously
TAYLOR’S observation in his experiments [13]. A nonlinear theory is obtained for
the Taylor problem, leading in particular to rigorous justifications of the linear the-
ory used by physicists, and the Taylor vortex structure. The main technical tools are
the dynamic bifurcation theory and the geometric theory for incompressible flows,
both developed recently by MA & WANG [10, 12].

1. Introduction

In his celebrated paper [13] in 1923, G.I. TAYLOR observed and studied the
instability of laminar flow, now known as the Couette flow. Taylor studied the case
where the gap between the two cylinders is small in comparison with the mean
radius, and the two cylinders rotate in the same direction. He found that when the
Taylor number T is smaller than a critical value 7. > 0, called the critical Taylor
number, the Couette flow is stable, and when the Taylor number crosses the critical
value, the Couette flow breaks out into a cellular pattern that is radially symmetric.

Since Taylor’s pioneering work, there have been intensive studies into this prob-
lem; see, among others, CHANDRASEKHAR [1] and DRAZIN & REID [2] for linear
theories, and KIRCHGASSNER [6], VELTE [15], and YUDOVICH [16], and the refer-
ences therein, for nonlinear theories. Most, if not all, known results on bifurcation
and stability of the Taylor problem are restricted to the analysis when the Taylor
number crosses a simple eigenvalue in certain subspaces of the entire phase space
obtained by imposing a certain symmetry.

The main objective of this paper is to address the stability and bifurcation of
the Couette flow between concentric rotating cylinders, and to verify rigorously
Taylor’s observation. This work forms part of a research program to study the con-
nections between Lagrangian dynamics and Eulerian dynamics. This field is both
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difficult and important, yet still very little is known. Our previous works on the
boundary layer separation [12] and on the structure in the physical spaces of the
bifurcated solutions of the Rayleigh-Bénard (RB) problem [9, 10] are two such
examples in this direction.

The main tool is the new notion of bifurcation, called attractor bifurcation
(and its corresponding theory) recently developed by the authors. The theory was
introduced in [10, 11], and was applied to the RB convection in [9]. For the Ray-
leigh-Bénard convection problem, owing to the fact that its linearized problem
is symmetric, we were able to derive a nonlinear bifurcation and stability theory
including (i) bifurcation theorem when the Rayleigh number crosses the first critical
number for all physically sound boundary conditions, (ii) asymptotic stability of
bifurcated solutions, and (iii) the structure/patterns and their stability and transitions
in the physical space.

As just mentioned, one key ingredient for the RB convection problem is the fact
that its linearized problem is symmetric, leading to asymptotic stability of the basic
flow at the critical Rayleigh number. However, for the Taylor problem, the lineariza-
tion is a perturbation of a symmetric problem with a small perturbation parameter €.
Therefore, we apply the corresponding perturbation theory on attractor bifurcations
to the Taylor problem.

For the unperturbed problem, the main theorem of this paper, Theorem 2,which
is associated with the attractor bifurcation, states that when the control parameter
A crosses certain critical value X, there are m + 1 eigenvalues cross the imaginary
axis. The system thus bifurcates from the trivial steady state solution to an attractor
%, (with dimension between m and m + 1) provided the critical state is locally
asymptotically stable.

For the perturbed problem, the main theorems, Theorems 3 and 4, show that
when the control parameter A crosses certain critical value 0, which approximates
Ao and is an eigenvalue of the perturbed linear problem, we obtain an attractor X
of the perturbed problem. The attractor X5 posesses the following properties:

(1) it approximates the attractor X, for the unperturbed system,
(i1) it has dimension less than or equal to m + 1,
(>iii) it excludes the trivial solution,

(iv) any element u” in %{ is a small perturbation of the eigenvectors of the un-
perturbed linear eigenvalue problem corresponding to zero eigenvalue at
A = Ao,

(v) when m = 0, i.e. the eigenvalue of the unperturbed system is simple, the
perturbed attractor contains exactly two asymptotically stable steady states,
and

(vi) ¢, as an attractor, has a basin of attraction, leading to its asymptotic stability.

This theory is directly applied to the Taylor problem, and the main results are
given in Theorems 5 and 6. In combination with structural stability theorems derived
by the authors in [7, 8, 12], our main results lead to some physically significant
conclusions. First, the linear theory used by physicists is rigorously justified by the
nonlinear theory. Second, thanks to properties (iv) and (vi) above, starting from any
initial condition, the structure of the solution of the Taylor problem in the physical



Stability and Bifurcation of the Taylor Problem 151

space is dictated by the structure of the eigenvectors of the unperturbed linear
eigenvalue problem corresponding to zero eigenvalue at & = Ag. The latter can be
explicitly examined. This result leads to a much needed mathematical justification
of the Taylor vortices observed in [13]; see Theorem 9.

This paper is organized as follows. Section 2 introduces the Taylor problem,
its governing equations and their mathematical backgrounds. In addition, a time
uniform bound for the H¥ norm of the solutions of the Taylor problem is proved.
Section 3 recalls the attractor bifurcation theory, and its applications to the Taylor
problem are given in Section 4. Section 5 establishes structural stability of solu-
tions in the perturbed attractor, leading to rigorous justification of the Taylor vortex
structure.

2. The Taylor problem

2.1. Taylor’s experiments and Taylor vortices

Let 71 and rp (rp > r) be the radii of the two coaxial cylinders, €21 and €2; the
angular velocities with which the inner and the outer cylinders rotate, and
ri

_ 2 = (1)
S T

The nondimensional Taylor number is defined by

7

403
T=—1L% )
%
where v is the kinematic viscosity, and L a length scale.
Based on the Rayleigh criterion, if i > 12 the Couette flow is always stable at

a distribution of angular velocities

a+b

Q=" r<r<n, 3)
r

where a and b are constants depending on w, v and Q1.

However, if 4 < n2 the situation is different. In his experiments, Taylor studied
the case where the gap r» — r; between the two cylinders is small in comparison
with the mean radius ro = %(rl + r2), and the two cylinders are rotating in the
same direction:

1
rn—r < E(Fl + 1),
w > 0.

He found that when the Taylor number T is smaller than a critical value 7, > 0,
the critical Taylor number, the Couette flow with the angular velocity (3) is stable,
and when T, < T < T, + ¢ for some ¢ > 0 small, the basic flow breaks out into a
cellular pattern which is radially symmetric: see Fig. 1.

When the cylinders rotate in opposite directions, the phenomena that can be
seen are much more complex: see [1] for details.
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Fig. 1. Taylor’s vortex pattern of flow between two cylinders rotating in the same direction.

2.2. Governing equations

The hydrodynamical equations governing an incompressible viscous fluid be-
tween two coaxial cylinders are the Navier-Stokes equations in the cylindrical
coordinates (r, 6, z). They are given by

) u’ 3 29
”’+(u-v3>u,——"=——<3)+v(A3u,——ﬂ—“—’),
at r ar \ p r

ou Uru 10 2 du u
- Vaug + 0:___<£)+V(A3”0+r_ r__0),

at r r a6 \ p
ou a (p
8_tz + (- V3)u, = _3_Z <;> + v Azug,
d(ruy,) dug  I(ruy) _
dr 36 dz

0, “

where v is the kinematic viscosity, p the density, u = (u,, ug, u) the velocity field,
p the pressure function, and

v 8+u98+ 9
u- =uUr—+ — —tu;—,
R T )

2 19 1 92 92
A3= + + -

Wit e
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The basic flow for (4) is the Couette flow, a steady state solution defined by
u}’:uZ:Oa MGZV(”),
12
p=p | -V,
r
b
V(r)=ar+ —. ®)]
r
By the boundary conditions:
Vi(r) =Sy, V(r2) = Qar, (6)
the constants a and b in (5) are given by

ri(l—

21_,“/772 %)
1—n2 °

a:_an 1_7}2

, b=
where © and 7 are given by (1). We always assume that
N’ >uz0. ®)

In order to investigate the stability of the flow described by (5), we need to
consider the perturbed state

1
uy, V+ug, u,, and p—I—p/;Vz(r)dr.

Assuming that the perturbations are axisymmetric and are independent of 6, we
obtain from (4):

M v Au, — 0P
— + W -Vu, =vAu, — —,
at z © 9z
du, ul u\  dp 2V
TR e CUBE B -
oy - Vg + Urlty (A Lt@) dv n \%
— 4+ (- Vu =v(Aug——=)—| —+— | u,,
ot o r 0 r2 dr r g
0 0
(ru,) + (ruz) -0, 9)
ar 0z
where
2 198 9
A Z

= i T

“-V) 0 n 0
u - =u,— +ur—.
“ar 7oz
The spatial domain for (9) is M = (r1,r) x (0,L) C R2, where L is the
height of the fluid between the two cylinders. There are different physically-sound
boundary conditions. At the top and bottom in the z direction (z = 0, L), either the
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free boundary conditions, the rigid boundary conditions, or the periodic boundary

conditions can be used:
Free slip boundary condition:

0 0
tr =ﬁ=0 atz =0, L;
0z 0z

Dirichlet boundary condition (or rigid condition):

u, =0,

u;,=u, =up=0 a z=0,L;

Free rigid boundary condition:

0 0

w, =0, 2 M0 _ g ar=1,
0z 0z

U, =u =up =0 atz = 0;

Periodic condition:

u = (ug, uy,ug) is L periodic in the z direction.

(10)

an

12)

13)

In the radial direction, there are two kinds of boundary condition:

Free boundary condition:

ou,
u =0, — =0, ug=0 at r =ry, r;
or

Rigid boundary condition:

u;=ur =upg=0 atr =ry,r.

(14)

5)

In this paper, our analysis will be conducted using one set of boundary condi-
tions. The other physically sound boundary conditions can be analyzed in the same

fashion.

2.3. Narrow-gap approximation

We shall investigate the stability of the flow described by equations (9) in a

narrow gap with 4 > 0. By (5) and (7), the equations (9) are given in
form

the following

D 0
- = VAzuZ - _ps
Dt 0z
D uz ] 21— 2_
Dl My (am, — ") = 2 120, U DN Sl Y
Dt r r2 ar r2 1— 772 1-— 772
Dug  urug ugp n”—u
—_— = A — —) 2Q ,
Dt+ r v( 240~ 02 + ll—r]zur
a(ruy) " d(ruz) —o. (16)

ar 0z
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where

D _d ., b, @
Dt ot Ty Ty

Ao L0, 9?
=-—|r— — .
2= Ubr 972
With proper scaling, without loss of generality, the gap ro — r1 can be chosen
to be 1:
rp—ry=1. (17)

As mentioned before, in this paper we study the case in which the gap between the
two cylinders is small in comparison to the mean radius. Equivalently, the radii of
the two cylinders are sufficiently large in comparsion to the gap rp — rq:

1
l=rn-n< E(rz—l—rl). (18)

This is the case studied by Taylor in his experiments.
Under the assumptions (17) and (18), we can neglect the terms having the factors
r~" (n=1).Let

By assumption (8), it is easy to see that
o> 0.
Replace ug by +/a ug in (16), and note that
1—p r? 2 _ 1—p r2—r?
0 ([—HL L T ZHY _sg (1- rRT T
1_n2r2 1_,72 1_772 ,,2

~2Q1(1 == —r).

We then derive the following approximate equations describing the flow between
two cylinders with a narrow gap:

ou ~ ap

8_;+(u‘v)uz =VvAu; — 9z

ou - d

S G Vo = vAu, - a—’j F2a @ (1= (1= p)(r — r1) up.
dug

W + (l/l . V)ue = UAMQ +2«/&Q]M,«,

ou,  Ju,
or 0z

=0 19)
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where

i + i @-V) 0 ud
=—+—, W-V)=u—+u,—.
a2 972 "or Yoz
For convenience, hereafter we always consider either the following Dirichlet
boundary conditions:

duy __ dug __ —
u, =0, %— , BLZ"—O atz =0, L, 20)
u;, =ur =up =0 atr =ry,r1 + 1

or the following free slip boundary conditions:

a
=0, =0 az=0,L, o

u, =0, =0,
u, =0, %:O, upg =0 atr=ry,r; + 1.

We note, however, that all results presented in this article hold true as well for all
physically-sound boundary conditions.

2.4. Functional setting and properties of solutions

Here, we recall the functional setting of equations (19) with boundary conditions
given by (20). For simplicity, let the spatial domain be M = (r;,r; + 1) x (0, L),
coordinate system (r, z), the velocity field u = (ug, u,, ug), and u = (uz, u,). Let

H={u=@G,up) € L>(M)® | divi=0, u-nlyy=0} (22
V={u=®,uy) e H'WM) | divi=0,
u,=0atz=0,L, u=0atr=ry,r;+ 1}, 23)

Here, H'(M) is the usual Sobolev space.

Thus the results concerning the existence of a solution for (19) with (20) are
classical. For every ug € H, (19) with Dirichlet boundary conditions (20) possesses
a weak solution:

ueL®(0,7]; H)NL*0,7; V) Vr>0. 24)
Ifug € V,(19) with Dirichlet boundary conditions (20) possesses a unique solution:

ueC(0,t1; V)NL*O, 7i; H* (M)} N V). (25)
Due to these existence results, we can define a semigroup

S(t) :ug —> u(),

which possesses the semigroup properties.
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2.5. Uniform boundedness of H*norm

In order to obtain Theorem 9 in Section 5, we need the following uniform
boundedness theorem of H*norm for solutions of (19), supplemented with either
(20) or (21).

For any k = 1, let

D = [(uz,ur,ug)e HY(M)3 satisfies (21)}

Dk = [(uz, Uy, ug) € H*(M)3 satisfies (20)} ,

where H¥ (M) is the usual Sobolev space, the subscript f stands for free slip bound-
ary condition, and the subscript d for Dirichlet boundary conditions.

Theorem 1. Let k = 1 and ¢ € Dl} (resp. ¢ € Dg ). Then there exists a number
C > 0 depending on ¢ such that for any t = 0,

lut, )l gr = C,
where u(t, @) is the solution of (19) with either (21) or (20) and with u(0, ¢) = .

Proof. We only prove the result for (19) supplemented with boundary conditions
(20), and the result for (19) with boundary conditions (21) can be proved in the
same fashion.
Let i be the stream function given by
oy _ oy

LT T T

Then (19) can be rewritten as

B 4TIy, AYTHvARY — 2@ i1 — (1 — p)(r — 1) %2 =0, 6)
3”9 + JLug, W1 —vAug +2/a 21 5% = 0,
where the Jacobian is defined by
dag d g d
Jg f1=2800 280
dz ar  Or 0z
The boundary conditions (20) are transformed into
v=0, =0 up=0 atr=r,n,
=0 Py _ 0 dug __ 0 —0. L (27)
‘(p =0, 3_22 =0V, 5z — atz =0, L.

It then suffices to prove the uniform boundedness of solutions of (26) and (27)
in the following function space:

EF = (¥, up) € H*' (M) x H¥(M) satisfies (27)}.
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We know that the eigenvectors {y,,, v,} of the following eigenvalue problem
constitute an orthogonal basis of EX:

Ay =y,
—Av = Av,
(¥, v) satisfies the boundary condition (27), (28)
and they are given by
(Vi vn) = (5in == 200 (1), 08 = 2W, (1), (29)

where ¢, and W, satisfy

2 2_2\2 .
{(;’—2 Y g =g i),

§0n:€0;120 atr =ry, 12,

d2

2_2 .
— (& = BE) Wo = 2 Wa in (1 72),
W, =0 atr =ry, .
In addition, we consider the z-periodic boundary condition
Y(z,r) =Y (z+2L,r) and ¢ =y =0

atr =ry,rp, (30)
ug(z,r) =ug(z+2L,r) and

g =0 atr =ry,r2, (31)
Let Q =R x (r;,m) C R2, and

Hi() = | e HY(Q) |y satisfies (30)}
HIL(Q) = [ue € H*(Q) | ug satisfies (31)},

Then for any (Y, v) € H,’j‘H(Q) X H’,‘,(Q), we have

¥ = Z Vi sin % g, (r) + Z T cos % 0u(r)

n=1

v = Zvn cos —_— Wn(r) + Zvn sm —_— Wn(r)

n=1

We shall consider the subspace E*(Q) of H;f“(Q) X H’;,(Q) containing all
the pairs (v, v) such that

V(=z,7) =—¥(z,r), v(-=z,7)=v(,7).

These functions ¥ and v admit Fourier expansions:

o0 o
. nmz ~ . hmZ
w:ZIwnsmTwnm, b= Tysin—— Wa(r).
n=

n=1
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It is clear that the subspace EX(Q) is closed in H5™(Q) x H% (Q). Let E(Q) be
the closure of EX(Q) in the L*norm. We find that for (, ug) € EX(Q) (k = 2),

dug OV

(Alpﬁa u@)’ (A2w7 AMQ), <3_Za 8_Z> ) ([ ‘(/jv AW] ) [uev 1ﬂ]) € E(Q)

Therefore, the subspace E k(Q) is invariant for the equations (26) with the
z-periodic conditions (30) and (31). More precisely, if the initial value ¢ € E k(Q),
the solution of (26), (30) and (31) will remain in Ek(Q) for all time:

W (&, 9), upt, ) € EX(Q), V120,
where (¥(0, ¢), up (0, ) = ¢.
It is known that the solution (V¥ (¢, ), ug(t, ¢)) of (26), (30) and (31) is uni-

formly bounded in H K norm, provided that ¢ € E k(0Q); see Remark 3.3 of [3]. We
note that the functions of (29) form an orthogonal basis in EX, and

E' = EX(Q)Ium, (32)
where EX(Q)|y is the space consisting of all functions in EX(Q) restricted on M.
Thus, we prove that for any ¢ € E*, the solution (W (t, @), ug(t, ¢)) of (26) and

(27) with (¥ (0, @), up(0, ¢)) = ¢ is uniformly bounded in the Sobolev Hk1x
H* norm. Hence, the proof of the theorem is complete. O

3. Attractor bifurcation theory

We recapitulate in this section basic theorems in the attractor bifurcation theory
developed recently by MA & WANG [10, 11].

3.1. Attractor bifurcation

Let H; and H be two Hilbert spaces, and H; — H be a dense and compact
inclusion. Consider the following nonlinear evolution equations

d
d—’: —Lou+G@, ), uecH,xrceR, (33)
u(0) = uo, (34)

where L, : Hi — H are parametrized, linear and completely continuous fields,
depending continuously on A € R!, such that

Ly=—-A+ B,
A: Hy — H isalinear homeomorphism, 35)
B) : H — H are the parameterized linear compact operators.
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We assume that there exist a real eigenvalue sequence {px} C R! and an eigen-
vector sequence {e;} C Hj of A:
Aer = preg,
O<pr S p=---,
pk — 00 (k — 00), (36)
such that {e;} is an orthogonal basis of H. Using A, we can define naturally frac-

tional spaces Hy such that Hy, C H,, if o1 > a,and Hy = H.
For the other part of the linear operator, we assume that for some o < 1,

B; : H, — H is bounded , VA € R'. (37)

Furthermore, we assume that the nonlinear term G(-, A) : H, — H for some
1 > o =2 0 are a family of parametrized C" bounded operators (r = 1) depending
continuously on the parameter A € R!, such that

(38)

G(,A):H;, - HisC" (=1,
G, ») =o(lullg,),  VYreR.

Let {S,.(t)},>( be an operator semigroup generated by the equation (33). Then,
the solution of (33) and (34) may be expressed as
u(t) = Sy()uo, t=0.

Definition 1. A set ¥ C H is called an invariant set of (33), if for any ¢t = 0,
S, (1)X = X. Aninvariant set ¥ C H of (33) is called an attractor, if ¥ is compact,
and there exists a neighborhood U C H of X such that for any ¢ € U

dist(u(z, ¢), ¥) — 0 in H —norm ast — oo,

where u (¢, ¢) is the solution of (33) and (34). If U can be taken as any bounded
open set of H, then ¥ is called a global attractor.

Definition 2. We say that the system (33) bifurcates from (u, 1) = (0, A¢) attractors
2., if there exists a sequence of attractors {X; } of (33) such that

0¢ %,
lim A, = X,
n—oo
lim max |x]| = 0.

n—00 xez)\n

Definition 3. Anumber 8 = a+iy € Cis called an eigenvalue of a linear operator
L : H — H, if there exist u, v € Hy with u # 0 such that

Lw=pw, w=u-+iv.
The space
Eﬁ:{u,v€H1|(L—ﬂ)"w=0, w=u+iv,n=1,2,-~-}

is called the eigenspace of L) corresponding to 8, and the elements u, v € Eg are
called eigenvectors of L.
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Let{Br(x) e C|k=1,2,---}betheeigenvalues of L, = —A+ B, (counting
the multiplicities). Suppose that

<0 ifA<Xg

ReBi(M){=0 ifa=xr forl <i<m+1, (39)
>0 ifA>M

ReBj(ro) <O for j 2 m + 2. (40)

Let Ey be the following eigenspace of L, at Aq:

Eo=Uigigpst [ € H | (Lig = 00 u=0, k=12, ] @

By (39) we know that dim Eg = m + 1.
The following theorem was obtained by the authors in [10, 11].

Theorem 2 (MA & WANG [10, 11]). Assume that (35)—(38) hold true and u = 0
is a locally asymptotically stable equilibrium point of (33) at . = Xo. Then the
following assertions hold true:

(i) Equation (33) bifurcates from (u, A) = (0, Ag) to attractors I, for A > Ao,
withm < dim X; < m + 1, which is connected if m > 0.

(ii) Xy is alimit of a sequence of (m+1)-dimensional annulus Ay with Ay C Ag41.
In particular, if T, is a finite simplicial complex, then ) has the homotopy
type of m-dimensional sphere S™.

(iii) For any u) € X, u; can be expressed as

u), = vy + o(llvall), v) € Ep.

(iv) Ifthe equilibrium points of (33) in X, are finite, then we have the index formula
(condition (38) implies that G : Hl — Hy is compact):

2 ifm = odd,

0 ifm = even.

Y ind[—(Ly + G), ui] =

U €Y

(v) If u = 0 is globally asymptotically stable for (33) at . = A\, then for any
bounded open set U C H with ¥, C U, there is an ¢ > 0 such that as
Ao < A < Ao + &, the attractor X, of (33) attracts U/ T, where I' C H is the
stable manifold of u = 0, having codimensionm+1in H. In particular, if (33)
has a global attractor for any A near A, then ¢ can be taken independently of
U.

3.2. Perturbation theory

In this section, we shall recall two theorems on the bifurcated attractor given
in Theorem 2, which will be used in studying the bifurcation phenomena for the
Taylor problem. One theorem is related to the general case and the other to the case
with simple eigenvalues.
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3.2.1. General case. Consider the perturbed equation of (33) given by
dv
dr

where L) and G are as in (33), and S{ € B, is a perturbation operator of L,
depending continuously on A € R, such that

(Ly + SHv+ G(v, 1), (42)

185, I8, < é. 43)

Here B, = L(H,, H) is the space of all linear bounded operators from H, to H,
ie.

B, = L(H,, H) = {B : H; — H linear bounded } . (44)

By the spectral theory of linear complete continuous fields [5], as ¢ > 0 suffi-
ciently small, there exists a parameter Ag approximating to Ao such that the eigen-
values {B; (1)} of L; + S} satisfy

<0, A< A
Re 7 (A) { =0, A=2af forl1 <i<mp+1, (45)
>0, A > A

Re 5 () <0 for j = my + 2, (46)

where 0 < m; < m, and m is as in (39).
The following is the attractor stability theorem for the perturbed equation (42);
see [10].

Theorem 3. Let the conditions in Theorem 2 hold true. Then there are ¢ > 0 and
8 > O such that if S; € By satisfies (43) and 0 < A — Ay < 6, then the following
assertions hold true:

(i) There exists a neighborhood U C H of u = 0 such that (42) has an attractor
%8 C U satisfying

dm={ <m+1, 0¢ZX},

and X5 attracts an open and dense set Uy of U.
(ii) Each element u) € Ei can be expressed as

uy = v+ wj,
vy € Ep,
AR )
—r0
e—=0
(iii) If u = 0 is globally asymptotically stable for the unperturbed equation (33),
and (42) has a global attractor for any A € R, then X attracts each bounded

open set of H \ T, where I is the stable manifold of u = 0 with codimension
m+ 1.
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3.2.2. Perturbation at simple eigenvalues. We now consider the case where m =
01in (39), i.e. the first eigenvalue 81 (1) of L, is simple. Let vg € H; be the eigen-
vector of L; at A = Ag:

—Avg + Bj,v0 =0, llvoll = 1. (48)
‘We assume that

L, is symmetric ,

m = 01in (39) and (40),

G (u) is bilinear,

(G(u,v),v) =0, Yu,v € H,. 49)

Here, because G is bilinear, we can write G as G(-, -), which is linear for each
argument.

Theorem 4 (MA & WANG [10)). Let the conditions in Theorem 3 and the conditions
(49) hold true. Then we have the following assertions:

(i) The attractor X5 of (42) obtained in Theorem 3 consists of exactly two equi-
librium points of (42), i.e. £¢ = {u)l‘, u%}, such that

ul = a1 (h, &)vg + wi(r, &),
A

uy; = —az(A, &)vp + wa (A, €),
wi(x, &) =o(lai(A,8)]) e H i=1,2, (50)
where fori =1, 2,
o > 0,

lim a; (%, &) = 0.
A—=2(

=0

(ii) If (42) has a global attractor for any A € R, then H can be decomposed into
two open sets Uf\ and Uz)‘:

H=U)+TU,,
such that
ulnuy =0,
0 € dU} NAUS,
ub e Ut i=1,2,

Jim [ @) —ui| =0 forg €Ul (i=1,2),
— 00

where v(t, @) is the solution of (42) with v(0, ¢) = .
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4. Bifurcation of the Couette flow and stability of secondary flows
4.1. The main theorems
In this section we consider equations (19) constrained by boundary conditions
(20). We recall that the function spaces H and V are defined by (22) and (23), and
let

Hy =V NH*M)3.

First, the linearized equations of (19) read as follows:

ad
—Au, + L =0,
9z
ap
—Au, + 5 = g — A(1 — p)(r —r)ug,
—Aug = Au,,
0 d
Ur 2z, (51)
or 0z

where
A2 =T = 4aQ}/V?
is the Taylor number. Let Xo > 0 be the first eigenvalue of (51), and we call
TC = ’Xz,

the critical Taylor number.
As u — 1, (51) reduces to the following symmetric linear equations:

0
—AMZ—I-—p =0’
0z

9
—Aup + 2 g,
ar

—Aug = Au,,
d 0
S S0, (52)
0z ar

Let the first eigenvalue 1o > 0 for (52) with (20) have multiplicity m + 1
(m = 0), the corresponding eigenvectors be v; (i = 1,2,---,m + 1), and the
corresponding eigenspace be

Eo= span{v; | 1 <i <m+1}. (53)

Hereafter, we shall see that A for (52) with (20), or with the free boundary condi-
tions (10), is simple for almost all L > 0. But, in general, m = 0, and Ay may not
be simple.
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We remark here that under conditions (8), (17) and (18), the condition u — 1
can be replaced by

(1 —wyry =2+6, (54)

for some § > 0. Note that this condition implies that @ = §/2.
The main results of this section are the following theorems:

Theorem 5. Assume (17), (18) and (54) hold true. Then, there is a k > 0 such that
if the Taylor number T = \* satisfies 0 < T — T, < «, with T, = FX% the critical
Taylor number, or equivalently 0 < A — o <eé for some ¢ > 0, then the following
assertions hold true:

(i) The problems (19) and (20) have an attractor ¥, C Hj, also denoted by
Y1 = X, such that
(a)dimXy Sm+1,
(b) 0 ¢ %,
(c) Xy attracts every bounded and open set of H \ T', where T is the stable
manifold of u = 0 with codimension m + 1.

(ii) Each u; € X, can be expressed as
U) = v + wﬁf,
vy, € Ey,

li ¥ =0, 55
im w1/ (55)

where L is the first eigenvalue of (52) with (20).

Theorem 6. Let (52), (53) and (54) hold true, and let the first eigenvalue Ao of (52)
with (20) be simple. We then have the following assertions:

(i) The attractor X in Theorem 5 consists of exactly two equilibrium points of
(19) with (20), i.e. Z) = {ui‘, u%}, such that

uh = a1, 1o + wi(r, w),
uh = —aa(rh, vy + wa(h, @),
wi(h, w) = o(loe; (A, w)|) € Hy, i=1,2, (56)

where a; > 0 and o; (M, ) —> 0as L — Ao and u — 1.
(ii) Moreover, H can be decomposed into two open sets U f‘ and U%:

H=U,+Us, UrnU:=¢, 0edU!NIU,
withu? € U} (i = 1,2) such that
Jim lu(t, ¢) —ul|=0, aspeUri=1,2),

where u(t, @) is the solution of (19) with (20) and with u(0, ¢) = ¢.
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Remark 1. In fact, the intersection dU lk N 8U§‘ of both open sets U lk and Ué\ in
Theorem 6 is the stable manifold of u = 0, which has the codimension manifold
in H.

Remark 2. The expressions (55) and (56) are very useful for the Taylor problem,
which show that the asymptotic topological structure of equations (19) with (20)
governed by the first eigenvectors of the symmetric linearized equations (52). In the
next section we shall see that the first eigenvectors of (52), with the free boundary
condition have the Taylor vortex type of structure.

Remark 3. For (19) with other boundary conditions, given in Section 2, the results
of Theorems 5 and 6 are also valid.

4.2. Proof of Theorem 5

We shall apply Theorem 3 to prove this theorem.
Step 1. Let

G:H — H,
Ly=—-A+B,:H — H,
LY =—A+B,+ S H — H,

be mappings defined by

Au = (VP AU, vAuy},
Byu = {vAP(0, ug), viu,},
Siu = (AP0, —(1 — W) (r — ri)ug), 0},
Gu) = {P@ - V)i, (- V)ug), (57)

where u = {u;, u,,up} € Hi, and the operator P is the Leray projection. Thus,
(19) can be written in the abstract form:

du "
T Lyu+ S, u+ Gu). (58)

Itis well known that the conditions (35)—(38) are satisfied by the operators (57).
In particular,

B, S} : Hy — Hp is bounded Vo = 0,

. o0 1
G:H, > Hy isC f0r§<a,

where H, are the fractional Sobolev spaces defined by the interpolation between
Hyp = H and H;. Thus (37) and (38) are fulfilled, and (39) is obviously valid for
the nonlinear operator G defined by (57).

It is clear that L, is symmetric, and Sﬁf : Hy — Hy (o = 0) satisfies that

1S5 118, < va(l — w), Vo z0.
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By (54) and (58), (1 — u) — 0 as r; — oo. Thus the condition (43) is verified.
Step 2. Consider the eigenvalue problem
Lyu = BM)u, u = (ug,ur,ug) € Hy. (59)

By (57), the abstract form (59) can be referred to the following eigenvalue equations
in Hy:

0
Aug = 55 = Bz,
Z
ap
Auyp — — + dug = B(Muy,
or
Aug + Auy = B(Mug,
ou  du,
— =0. 60
or + 0z (60)

It is known that the eigenvalues B; (k = 1,2, ---) of (60) in H; are real numbers
satisfying

Bi(X) Z fa(A) = - 2 Br(A) 2 -+ -5 B —> —oo (k - 00).  (6])
The first eigenvalue 81 ()) and the first eigenvalue Ao > 0 of (51) have the relation

<0 if0 < A < Ao,

. <; <
B0 it A<ism+l), @

where m + 1 is the multiplicity of 81 (o). We need to prove that
BiA) >0 asi>x1 (AZi<m+1). (63)

Since L, is symmetric, the first eigenvalues §; (1) of (60) display the minimal
property

—pi(A) = min JalIVuz* +Vu, | + [Vug | — 2hurup) dx
(L) =

, 64
ueH, Jalluzl? + lur > + lug*1dx o

and the first eigenvectors u; € Hj achieve the minimum. Hence, from (64) we find
/ uirujpdx > 0,  for the first eigenvector u;. (65)
Q

It follows from (62), (64) and (65) that

=0 if A = Ao,
f (191 — 220 dx iTa =12 66)
Q <0 if A > Ag.

Thus (63) follows from (64) and (66). Therefore, the conditions (39) and (40) are
verified.
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Step 3. Next, we need to prove that u = 0 is globally asymptotically stable for the
following equation at A = Aq:

du
e = Lyu+ G(u), u € Hj. (67)

The equations corresponding to (67) are as follows

ou; V) A ap
— u-Vu, =vAu, — —,
ot ¢ © bz
ur | G- w Aur — 2P 4
. =v — — 4+ vAiug,
ar r— gy TV
dug -
o + (u - VYug = vAug + viu,,
ou,  dug
— =0. 68
ar + 0z (68)

Equations (68) have the same form as that of the two dimensional Boussinesq
equations. Hence, for any v, A € R the equations (68) have a global attractor; see
[3]. As in Step 4 in the proof of Theorem 4.1 in [9], u = O is globally asymptotically
stable for (67) at A = Ag.

Step 4. Finally, by using the same fashion as used in [3], we can prove that the
equations (58), i.e. equations (20), have a global attractor for any A, € R. Thus,
this theorem follows from Theorem 3. The proof is complete. O

4.3. Proof of Theorem 6

The proof follows directly from Theorem 4 and the proof of Theorem 5,
which has verified the conditions that appeared in Theorem 4 and were used in
Theorem 6. O

5. Structure of the secondary flows and the Taylor vortices

The main objective of this section is to study the structure and its stability in
the physical space of the solutions corresponding to the secondary flows for the
Taylor problem obtained in the previous section. In particular, we shall provide a
rigorous confirmation of the presence of the Taylor vortices structure as observed
by TAYLOR [13].

This is part of a research program that the authors initiated to study the con-
nections between Eulerian and the Lagrangian dynamics. As we mentioned in the
Introduction, the connection made here in this article adds to a few other connec-
tions that we have previously established, including the boundary layer separation
of incompressible flows, and the role structure of the bifurcated solutions of the
Rayleigh-Bénard problem [9].
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5.1. Structural stability of two-dimensional incompressible flows

We start with a brief introduction to the structural stability theory obtained by
MA & WANG [7, 8].

Let C" (M, R?) be the space of all C™ (r = 1) vector fields on a C" open set
M C R2. We consider the spaces of all divergence-free vector fields with either the
free slip boundary conditions or the Dirichlet boundary conditions:

B"(M,R*>) ={veC"(M,R?> | divv=0, wv,=03v;/0n=0o0ndM},
By(M,R*) ={ve C"(M,R*) | divv=0, v =0ondM},

where v, = v - n, v; = v - 7, n the unit outward normal vector and t the unit
tangent vector on d M.
Let X = B"(M,R®>) or X = By(M, R?) in the following definitions.

Definition 4. Two vector fields u, v € X are called topologically equivalent if there
exists a homeomorphism of ¢ : M — M, which takes the orbits of u to orbits of v
and preserves their orientation.

Definition 5. A vector field v € X is called structurally stable in X if there exists
a neighborhood O C X of v such that for any u € O, u and v are topologically
equivalent.

Next we recall the structural stability theorems obtained in [8, 7]. For this pur-
pose, consider a vector field v € B" (M, R?). A point p € M is called a singular
point of v if v(p) = 0; a singular point p of v is called nondegenerate if the Jaco-
bian matrix Dv(p) is invertible; v is called regular if all singular points of v are
nondegenerate.

Theorem 7 (MA & WANG [8]). A divergence-free vector field u € B"(M,R?) is
structurally stable in B" (M, R?) if and only if,

(i) u is regular,
(ii) all interior saddle points of u are self-connected,
(iii) each boundary saddle point is connected only to a boundary saddle point on
the same connected component of the boundary.

Moreover, all structurally stable vector fields in B" (M, R?) form an open and
dense set of B"(M, R?).

For u € By(M, R?) (r = 2), a different singularity concept for points on the
boundary was introduced in [7]. We proceed as follows:

(i) A point p € OM is called a d-regular point of u if du, (p)/dn # 0; otherwise,
p € OM is called a d-singular point of u.
(i1) A 9-singular point p € dM of u is called nondegenerate if

%uz(p) 9*u-(p)

aton on?
det £0.
82”11(]7) 82”11(]7)
aton on?

A nondegenerate d-singular point of u is also called a d-saddle point of u.
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(iii) A vector field u € Bj(M, R?) (r > 2) is called D-regular if u is regular in
M, and all d-singular points of u on d M are nondegenerate.

The following theorem provides necessary, and sufficient, conditions for struc-
tural stability in Bj (M, R?).

Theorem 8 (MA & WANG [7]). Letu € By(M, R?) (r > 2). Then u is structurally
stable in By(M, R?) if and only if,

(i) u is D-regular;
(ii) all interior saddle points of u are self-connected;
(iii) each d-saddle point of u on 9 M is connected to a d—saddle point on the same
connected component of 9 M.

Moreover, the set of all structurally stable vector fields is open and dense in
By (M, R?).

5.2. Eigenvalue problem of the Taylor problem

In the following, we shall compute the first eigenvalue and the first eigenvec-
tors of (52) with either Dirichlet boundary condition (20) or (21). The results and
methods in this subsection are known; see [1]. We introduce them for convenience.

For the eigenvalue equation (52), we take the separation of variables as follows:

1 dh(z) dR(r)
e = a2 dz dr

ur = h(zx)R(r),

ug = h(z)e(r), (69)

where a® > 0 is an arbitrary constant.
By (52) and the boundary conditions u, = 0 at z = 0, L, we find

d*h )
P
W (0) = h'(L) = 0. (70)

Furthermore, the functions R and ¢ satisfy

2
d2
<ﬁ — 612> R = azk(p,

d2
— —a*|o=-AR (71)
dr? a)e '

With the free slip boundary condition (21) we obtain
e(r) =1 +1) =0,

R(r1) =R(r1+1) =0,
R'(r))=R'(ri +1)=0 (72)
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While the Dirichlet boundary condition (20) yields

o) =@ +1) =0,
R(ri) =R(r+1)=0,
R(ri))=R(r1+1) =0. (73)

The solutions of (70) are given by

h(z) =cosaz, a“-=—— k=1,2,---. (74)

We now discuss the eigenvalue problem of (71) in two cases.
The free boundary condition. The first eigenvalue Ag(a) and eigenvectors of (71)
and (72) for each given a®> = k'7?/L? are obtained as follows

(@) = (12 +d*)*? Ja,

(R, ) = (sinn(r —rp), é\/nz +a?sinm(r — r1)> . (75)

It is clear that the first eigenvalue A of (52) with boundary conditions (21) is
the minimum of Ag(a):

K2N\°
32 = minA2(a) = min | 7412 (1 + — /k2 . 76
o = min 5@@) min |:71 +L2 (76)

The corresponding first eigenvectors of (52) with (21) are derived from (69), (75)
and (76) as follows:
T,
u, = —— sinazcosm(r —ry),
a
u, = cosazsinm(r —ry),

1
ug = —/72 + a2 cosazsinz(r — r), a7
a

where a = kmr /L satisfies (76).
The Dirichlet boundary condition. The eigenvalue problem of (71) with boundary
conditions (73) is equivalent to

3
d2
(— — a2> R = —az)»zR,

dr?
R=0,R =0,
d2
(d—z—a2)2R=0atr=r],r1+1. (78)
p

Because the height L is sufficiently large, the first eigenvalue and eigenvectors of
(78) is given in Chapter II-15 of [1] by A2 ~ 1700, and

R(r) >~ cosapé — 0.06 cos ha1& cosaré + 0.1 sin ha & sin ap€, (79)
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where § = r —r — % o ~ 3.97, a; >~ 5.2, and ap ~ 2.1. This function is
illustrated by Fig. 2; see [1].

Thus, the first eigenvectors of (52) with boundary conditions (20) are given by

1 . ,
u, = —— sinazR'(r),
a
ur = cosazR(r),
: & _ R(r) (80)
= ——cosaz| — — r),
"o a’ig P\arz ¢

where R(r) solves (78).

Remark 4. We can use another method to obtain the first eigenvalue and eigen-
vectors of (57) with (21). Letu, = %—If and u, = —%, then the equations (57) are
equivalent to

0
Aty =222
0z
0
Aug = 12V @1)
0z

The free boundary condition (21) deduces that
v =0, D%y =0ondM,

ug =0 at r=r;,r+1, (82)
=0 at z=0,L.

The functions (Y, ug) satisfying the boundary condition (82) must have the
Fourier expansion as follows:

k
Y= Zakj sin Tn zsin jo(r —ry),
(83)
km .
Ug = Z'Bkj cos T zsin jo(r —ry).
Replacing ¥, up in (81) by (82) and by comparing the coefficients, we can obtain
the eigenvalue (76) and eigenvectors (77).

A R

-V

I )

Fig. 2. Eigenfunction of (78).
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5.3. Structural stability of the first eigenvectors

It is easy to see that the first eigenvectors @' = (u_, u,) given by (77) and (80)
have the structure of the Taylor vortices, and by Theorems 7 and 8, we readily
verify the structural stability of the vector fields & = (u;, u,) of (77) and (80) in
B"(M,R?) (r =2 1) and By(M,R?) (r = 2), respectively.

The following two lemmas establish the structure of of first eigenvalue vectors.

Lemma 1. The vector fields of (77)

L . knz krz .
(uz,uy) =«a —z smTcosrr(r —rl),cosT sinm(r —ry) (84)

are structurally stable in Bk(M, R2) (k 2 1). In addition, (u;, u,) is topologically
equivalent to the flow structure as shown in Fig. 3.

z

Fig. 3. Schematic flow structure of (u;, u,-) with the free slip boundary conditions as given
by (84): (a) @ > 0, and (b) ¢ < 0.

Proof. It is easy to see that as o # O, (u., u,) is regular. Hence the result follows
from Theorem 7, Theorem 1 and its proof below. O

Lemma 2. The vector fields of (80)

_ L & k
T = Gy, uy) = (—Z—n sin % R'(r), acos % R(r)) (85)

are structurally stable in the space Bé‘ (M, R?). Furthermore, (u., u,) is topologi-
cally equivalent to the flow structure as shown in Fig. 4.
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01010

O1010

Fig. 4. Schematic flow structure of (u, u,) with the Dirichlet boundary conditions as given
by (85): (a) « > 0, and (b) & < 0.

z

Proof. By (79) we see that
R"(r) #0 atr = rjandry, andR” (rp) # 0,

where rg = %(rl + 1) satisfies that R'(rp) = 0. Hence we have

- iL
det Dii(r,z) £ 0 at (r,2) = (ro,]—), j=1,--- k, and

2k
32141 Bzuz k
‘ 2 Tz
det | 297 7 ) = _g?cos? —= R"2(r) #£0
0%2u, 0%u, L
dazor or2

for all (r,z) = (r;, %), i =1,2,j =1, ---,k. Hence, the vector fields (85)
are D-regular. Thus, Lemma 2 follows from Theorem 8, Theorem 1 and its proof
below. 0O

5.4. Taylor vortex structure of solutions of the Taylor problem

The following is the main theorem in this section which shows that the solutions
of the Taylor problem with the axisymmetric perturbation have the Taylor vortices
as their asymptotic structure.

Theorem 9. Let (17), (18) and (54) hold true, and let L be sufficiently large. Then
as the Taylor number T = A? satisfies 0 < T — T, < k for some k > 0, with
T, = x% the critical Taylor number, or equivalently 0 < A —ho<e for some e > 0,
the space DI} (resp. Ds ) can be decomposed into two open sets U 1)‘ and Uz)‘:

—A —A —A —A
DY =U|+U, (resp.Dj =T, +U>),
ulnuy =0, 0 U] NaU;,

such that the following assertions hold true.
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(i) Forany ¢ € Ul)‘, there is a time t, 2 0, for the solution u(t, ¢) = (i, ug) of
(19) and (21) (resp. of (19) and (20)) with u(0, ) = @, u(t, ¢) = (uz, u,)
is topologically equivalent to the structure as shown in Fig. 3(a) (resp. in
Fig. 4(a)) for any t > t,. Namely, the solution u(t, ) of (19) and (21) (resp.
of (19) and (20)) has the Taylor vortex structure as t > t,.

(ii) For any ¢ € Uﬁ‘, there is a t, = 0, the solution u(t, p) = (uz, u,) of (19)

and (21) (resp. of (19) and (20)) is topologically equivalent to the structure
as shown in Fig. 3(b) (resp. in Fig. 4(b)) for any t > t,.

Proof. As the height L > 0 is sufficiently large, it is easy to see from [1] that the
first eigenvalue of (52) and (20) is simple. When L? # ¢2 with £% ~ 5 satisfying

) 3 (244
&+ =——

we infer from (76) that the first eigenvalue of (52) with boundary conditions (21)
is also simple. Thus, the theorem follows immediately from Theorem 6, Remark 3,
the structural stability theorems (Lemmas 1 and 2), and the uniform boundedness
of the H¥ norm for the solutions of the equations (19) with either the boundary
condition (21) or the boundary condition (19). Thus, this proof is complete. O
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