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The main objective of this article is to study the dynamics of the stratified rotating
Boussinesq equations, which are a basic model in geophysical fluid dynamics. First,
for the case where the Prandtl number is greater than 1, a complete stability and
bifurcation analysis near the first critical Rayleigh number is carried out. Second,
for the case where the Prandtl number is smaller than 1, the onset of the Hopf
bifurcation near the first critical Rayleigh number is established, leading to the
existence of nontrivial periodic solutions. The analysis is based on a newly devel-
oped bifurcation and stability theory for nonlinear dynamical systems (both finite
and infinite dimensional) by two of the authors [T. Ma and S. Wang, Bifurcation
Theory and Applications, World Scientific Series on Nonlinear Sciences Vol. 53
(World Scientific, Singapore, 2005)]. © 2007 American Institute of Physics.
[DOLI: 10.1063/1.2710350]

I. INTRODUCTION

The phenomena of the atmosphere and oceans are extremely rich in their organization and
complexity, and a lot of them cannot be produced by experiments. These phenomena involve a
broad range of temporal and spatial scales. As we know, both the atmospheric and oceanic flows
are flows under the rotation of the earth. In fact, fast rotation and small aspect ratio are two main
characteristics of the large-scale atmospheric and oceanic flows. The small aspect ratio character-
istic leads to the primitive equations, and the fast rotation leads to the quasigeostrophic equations.
These are fundamental equations in the study of atmospheric and oceanic flows; see Ghil and
Childress,6 Lions et al.,lz’l3 and Pedlosky.22 Furthermore, convection occurs in many regimes of
the atmospheric and oceanic flows.

Key problems in the study of climate dynamics and in geophysical fluid dynamics are the
understanding and the prediction of the periodic, quasiperiodic, aperiodic, and fully turbulent
characteristics of large-scale atmospheric and oceanic flows. Stability/bifurcation theory enables
one to determine how different flow regimes appear and disappear as control parameters, such as
the Reynolds number, vary. It, therefore, provides one with a powerful tool to explore the theo-
retical capability in the predictability problem. Most studies so far have only considered systems
of ordinary differential equations (ODEs) that are obtained by projecting the partial differential
equations (PDEs) onto a finite-dimensional solution space, either by finite differencing or by
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truncating a Fourier expansion (see Ghil and Childress® and further references therein). These
were pioneered by Lorenz,m’15 Stommel,25 and Veronis>"*8 among others, who explored the bi-
furcation structure of low-order models of atmospheric and oceanic flows. More recently, pseudo-
arc-length continuation methods have been applied to atmospheric (Legras and Ghil'") and oce-
anic (Speich et al.** and Dijkstras) models with increasing horizontal resolution. These numerical
bifurcation studies have produced so far fairly reliable results for two classes of geophysical flows:
(i) atmospheric flows in a periodic midlatitude channel, in the presence of bottom topography and
a forcing jet, and (ii) oceanic flows in a rectangular midlatitude basin, subject to wind stress on its
upper surface; see among others Charney and DeVore, Pedlosky,23 Legras and Ghil,"" and Jin and
Ghil'® for saddle-node and Hopf bifurcations in the atmospheric channel, and Refs. 20, 1, 8, 9, 19,
and 24 for saddle-node, pitchfork, or Hopf bifurcations in the oceanic basin.

The main objective of this article is to conduct bifurcation and stability analysis for the
original PDEs that govern geophysical flows. This approach should allow us to overcome some of
the inherent limitations of the numerical bifurcation results that dominate the climate dynamics
literature up to this point, and to capture the essential dynamics of the governing PDE systems.

The present article addresses the stability and transitions of basic flows for the stratified
rotating Boussinesq equations. These equations are fundamental equations in the geophysical fluid
dynamics; see among others Pedlosky.22 We obtain two main results in this article. The first is to
conduct a rigorous and complete bifurcation and stability analysis near the first eigenvalue of the
linearized problem. The second is the onset of the Hopf bifurcation, leading to the existence of
periodic solutions of the model.

The detailed analysis is carried out in two steps. The first is a detailed study of the eigenvalue
problem for the linearized problem around the basic state. In comparison to the classical Bénard
convection problem, the linearized problem here is non-self-adjoint, leading to much more com-
plicated spectrum, and more complicated dynamics. We derive, in particular, two critical Rayleigh
numbers RC1 and sz' Here RC1 is the first critical Rayleigh number for the case where the Prandtl
number is greater than 1, and R, is the first critical Rayleigh number for the case where the
Prandtl number is less than 1. Moreover, R, leads to the onset of the steady state bifurcation,
while R, leads to the onset of the Hopf bifurcation. Both parameters are explicitly given in terms
of the physical parameters. The crucial issues here include (1) a complete understanding of the
spectrum, (2) identification of the critical Rayleigh numbers, and most importantly (3) the verifi-
cation of the principle of exchange of stabilities near these critical Rayleigh numbers.

The second step is to conduct a rigorous nonlinear analysis to derive the bifurcations at both
critical Rayleigh numbers based on the classical Hopf bifurcation theory and on a newly devel-
oped dynamic bifurcation theory by two of the authors. This new dynamic bifurcation theory is
centered at a new notion of bifurcation, called attractor bifurcation for dynamical systems, both
finite dimensional and infinite dimensional, together with new strategies for the Lyapunov-
Schmidt reduction and the center manifold reduction procedures. The bifurcation theory has been
applied to various problems from science and engineering, including, in particular, the Kuramoto-
Sivashinshy equation, the Cahn-Hillard equation, the Ginzburg-Landau equation, reaction-
diffusion equations in biology and chemistry, the Bénard convection problem, and the Taylor
problem; see Refs. 16 and 17 and references therein.

We remark that the non-self-adjointness of the linearized problem gives rise to the onset of the
Hopf bifurcation. We prove that the Hopf bifurcation appears at the Rayleigh number R.,. As
mentioned earlier, the understanding and prediction of the periodic, quasiperiodic, aperiodic, and
fully turbulent characteristics of large-scale atmospheric and oceanic flows are key issues in the
study of climate dynamics and in geophysical fluid dynamics. It is hoped that the study carried out
in this article will provide some insights in these important issues.

Also, we would like to mention that rigorous proof of the existence of periodic solutions for
a fluid system is normally a very difficult task from the mathematical point of view. For instance,
with a highly involved analysis, Chen et al’ proved the existence of a Hopf bifurcation in an
idealized Fourier space.

The paper is organized as follows. Section II gives the basic setting of the problem. Section III
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states the main results. The proofs of the main results occupy the remaining part of the paper: Sec.
IV recapitulates the essentials of the attractor bifurcation theory, Sec. V is on the eigenanalysis,
and Sec. VI is on the central manifold reduction and the completion of the proofs.

Il. STRATIFIED ROTATING BOUSSINESQ EQUATIONS IN GEOPHYSICAL FLUID
DYNAMICS

The stratified rotating Boussinesq equations are basic equations in the geophysical fluid dy-
namics, and their nondimensional form is given by

oUu 1
— =0(AU-Vp)+oRTe——e X U-(U-V)U,
ot Ro

aT
— =AT+w—(U-VT, 2.1)

divU=0,

for (x,y,z) in the nondimensional domain Q=R?>X(0,1), where U=(u,v,w) are the velocity
fields, e=(0,0,1) is the unit vector in the z direction, o is the Prandtl number, R is the thermal
Rayleigh number, Ro is the Rossby number, 7T is the temperature function, and p is the pressure
function. We refer the interested readers to Pedlosky22 and Lions et al."? for the derivation of this
model and the related parameters. In particular, the term (1/Ro)e X U represents the Coriolis
force, the w term in the temperature equation is derived using the stratification, and the definition
of the Rayleigh number R is as follows:

R=5%) (2.2)
KV
We consider the periodic boundary condition in the x and y directions,
(U, T)(x’yaz,t) = (U’ T)(x + ZJW/al’y’Z’t) = (U’ T)(X,y + 2k7T/a2’Zat) > (23)

for any j,k € 7. At the top and bottom boundaries, we impose the free-free boundary conditions:

u ov
(T,w)=0, —=0, —=0, z=0,1. (2.4)
oz oz
It is natural to put the constraint
f udxdydz = J vdxdydz =0. (2.5)
Q Q

The initial value conditions are given by

(U,T)=(U,T) att=0. (2.6)
Let

H={(U,T) € L*(Q)*div U=0,w|._o, =0,(u,v) satisfies Egs. (2.3) and (2.5)},

H,={(U,T) e HX(Q)* N H|(U,T) satisfies Egs. (2.3) - (2.5)},

ITI: {(UvT) € H|(u’U’W’T)(_ x’_y7z) = (_ u,— U,W,T)(X,y,z)}’
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Hl :Hl ﬂ ﬁ
Let Lg=—A—By:H,—H (H,—H) and G:H,—H (H,— H) be defined by

A= (— P|:0'AU— RLe X U],—AT),

0
Briy= (- P[oRTe],— w),

G() =G(h, ),
for any =(U,T) e H, (ﬁl), where

G(. ) = (= P[(U, - V)U,],- (U, - V)T),

for any ¢, =(U,,T,), ¢»=(U,,T,) € H,. Here P is the Leray projection to L? fields; for a detailed
account of the function spaces, see among many others Ref. 26.

Remark 2.1: Note that H; and H are invariant under the bilinear operator G in the sense that

G ) € H for ¢, € H.

Hence, H , and H are invariant under the operator Lp+G.
Then, the Boussinesq equations (2.1)—(2.5) can be written in the following operator form:

dy
lIl. MAIN RESULTS
A. Definition of attractor bifurcation

To state the main theorems of this article, we proceed with the definition of attractor bifurca-
tion, first introduced by Ma and Wang in Refs. 16 and 17.

Let H and H; be two Hilbert spaces, and H;— H be a dense and compact inclusion. We
consider the following nonlinear evolution equations:

%—L +G(u,\)
dr TR

u(0) = u, (3.1)

where u:[0,°)— H is the unknown function, A € R is the system parameter, and L, : H,;— H are
parametrized linear completely continuous fields depending continuously on A € R!, which satisfy

—-L,=A+B, a sectorial operator,
A:H, — H a linear homeomorphism, (3.2)
By:H; — H parametrized linear compact operators.
It is easy to see’ that L, generates an analytic semigroup {e’"\},—,. Then, we can define fractional

power operators (=L)* for any 0<u=<1 with domain H,=D((-L\)*) such that H, CH,, if
M1 > Mo,y and H0=H.
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Furthermore, we assume that the nonlinear terms G(-,\):H w—H for some 1>u=0 are a
family of parametrized C" bounded operators (r=1) continuously depending on the parameter
\ € RY, such that

G(u,\) =0(||u||H#), VA eRL (3.3)

In this paper, we are interested in the sectorial operator —L, =A+ B, such that there exists an
eigenvalue sequence {p,} C C' and an eigenvector sequence {e;,h,} CH, of A:

Az =Pz, =€+ ihy,
Re py —© (k— ), (3.4)

[Im py/(a+Re p)| < c,
for some a,c>0, such that {e;,h,} is a basis of H. Also we assume that there is a constant 0
< 6<1 such that
B,:H,— H bounded, VX e R (3.5)

Under conditions (3.4) and (3.5), the operator —L, =A+B,, is a sectorial operator.

Let {S)\(1)};=( be an operator semigroup generated by Eq. (3.1). Then, the solution of Eq. (3.1)
can be expressed as ¥z, i) =S, (1) ¢y, for any 1=0.

Definition 3.1: A set 2, C H is called an invariant set of Egs. (3.1) if S(t)2=2 for any t=0. An
invariant set X CH of Egs. (3.1) is called an attractor if 2 is compact, and there exists a
neighborhood W C H of 3 such that for any iy W we have

lim disty (1, ), 2) = 0.

t—®

Definition 3.2:

(1) We say that the solution of Egs. (3.1) bifurcates from (,\)=(0,\) to an invariant set Q, if
there exists a sequence of invariant sets {an} of Egs. (3.1) such that 0 & Q)\n, lim,, .\,
=\o, and

lim max |x| = 0.

n—o xelly
n

(2) If the invariant sets Q, are attractors of Egs. (3.1), then the bifurcation is called an attractor
bifurcation.

B. Main theorems

In this article, we consider two cases:

o>1 and R, is obtained only at (j,k, 1) = (j;,0,1), (3.6)

o<1 and R, is obtained only at (j,k,1) = (j,,0,1), (3.7)

for some j,, j, € N, where R, and R, are defined in Egs. (5.18) and (5.22), respectively. In the
above cases, R, and R, are given by the following formulas:

B (j%a%+ )3 i

o= 2 2 22 2
J1¢ o’Ro J1

R

Downloaded 12 Oct 2007 to 156.56.198.218. Redistribution subject to AIP license or copyright, see http://jmp.aip.org/jmp/copyright.jsp



065602-6 Hsia, Ma, and Wang J. Math. Phys. 48, 065602 (2007)

FIG. 1. Bifurcation from (0,R,,) to an attractor S for R>R,,.

_ 2(o+ I)Uga% + 1)} 27

2 j%a% (o+ l)Rozjéa?

Remark 3.1:

(1) Condition (3.6) guarantees that for R=R, , the first eigenvalue of Lgl i, ( Lgl i1,) is real and
of multiplicity 2 (1); see Remark (5.1).

(2) Condition (3.7) guarantees that, for R=R,,, there exists only one simple pair of conjugate
complex eigenvalues of Ly #, crossing the imaginary axis; see Lemma (5.5)

(3) Condition (3.6) or (3.7) can be satisfied easily; see Lemmas (5.3) and (5.4).

Theorem 3.1: Assume Eq. (3.6). Then, the following assertions for problems (2.1)—(2.5)
defined in H hold true.

(1) If Rchl, the steady state (U,T)=0 is locally asymptotically stable.
(2) For R>R,, the problem bifurcates from ((U,T),R):(O,Rcl) to an attractor 2x=S", con-
sisting of only steady state solutions (Fig. 1).

Theorem 3.2: Assume Eq. (3.7) and

Ro* < (I_U)WZ
o2 (1 + 0')(]%6!% + )

The following statements are true.

(1) For problems (2.1)—(2.5) defined in H, the steady state (U,T)=0 is locally asymprotically
stable if R <R,

(2) For problems (2.1)—(2.5) defined in H a Hopf bifurcation occurs generically when R crosses
R

C2'

IV. PRELIMINARIES

A. Attractor bifurcation theory

Consider Eq. (3.1) satisfying Eqgs. (3.2) and (3.3). We start with the principle of exchange of
stabilities (PES). Let the eigenvalues (counting the multiplicity) of Ly be given by B;(\), B2(N),
.... Suppose that
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<0 if A<\

Re B(\)1=0 ifN=X,, ifl<i<m (4.1)
>0 if A >\,

Re Bi(Ag) <0 ifm+1<j. (4.2)

Let the eigenspace of L, at Ay be

o

Ey= U U{u,veH1|(L)\O—Bj()\0))kw=0,w=u+iv}.

I<j=m k=1

It is known that dim Ey=m.

Theorem 4.1: (Ma and Wang'®'”) Assume that the conditions (3.2)~(3.5), (4.1), and (4.2)
hold true, and u=0 is locally asymptotically stable for Eq. (3.1) at N=N\y. Then, the following
assertions hold true.

(1) For N>\, Eq. (3.1) bifurcates from (u,N)=(0,\y) to attractors 3,, having the same ho-
mology as ™', with m—1<dim 3, <m, which is connected if m> 1.
(2) For any uy € 3, uy can be expressed as

u,=vy+o([orllr,), v € Eo.

(3) There is an open set UCH with 0 € U such that the attractor 2., bifurcated from (0,\)
attracts U\T" in H, where T is the stable manifold of u=0 with codimension m.

B. Center manifold theory

A crucial ingredient for the proof of the main theorems using the above attractor bifurcation
theorem is an approximation formula for center manifold functions; see Ref. 16.
Let H, and H be decomposed into

H =E\®E), H=E\®E), (4.3)

for N near \y € R, where E}, E} are invariant subspaces of L,, such that dim E} <oe, ET:ET, E;:
closure of Eé‘ in H. In addition, L, can be decomposed into L)\=£}1‘69 Eg‘ such that for any N\ near
Ao

A g
Ly= Lyp:Ey — EY,

Ly= Ly|p:E> — E, (4.4)

where all eigenvalues of Lg possess negative real parts, and the eigenvalues of E)l‘ possess non-
negative real parts at A=\,. Furthermore, with «<1 given by Eq. (3.3), let

E5(u) = closure of E} in H,,.

By the classical center manifold theorem (see among others Refs. 7 and 26), there exists a
neighborhood of A\, given by [\ —\| < & for some 6> 0, a neighborhood B, C E} of x=0, and a C'
center manifold function ®(-,\): B, — E)(6), called the center manifold function, depending con-
tinuously on \. Then, to investigate the dynamic bifurcation of Eq. (3.1) it suffices to consider the
finite-dimensional system as follows:
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dx
5=£i‘x+g1(x,(l)x(x),)\), x € B, CE)}. (4.5)

Hence, an approximation formula for the center manifold function ®, is crucial for the bifurcation
and stability study.
Let the nonlinear operator G be in the following form:

G(u,\) = G,(u,\) +o([Jul"), (4.6)

for some integer n=2. Here G,:H,X-+-XH;—H is an n-multilinear operator, and G,(u,\)
=G, (u,...,.u,\).

Theorem 4.2: (Ma and Wangm) Under the conditions (4.3), (4.4), and (4.6), the center
manifold function ®(x,\) can be expressed as

D(x,\) = (= L3)7'P,G,(x,\) + o) + O(|Re Bl|Ix[|"), (4.7)

where [,)2‘ is as in Eq. (4.4), P2:H—>Ez the canonical projection, er)l‘, and B
=(Bi(\), ..., Bu(N)) the eigenvectors of L).

V. EIGENVALUE PROBLEM
The eigenvalue problem of the linearized problem of Egs. (2.1)—(2.4) is given by

1
(r(AU—Vp)+0'RTe—R—e X U= U,
0

AT +w =T, (5.1)

divU=0,

supplemented with Egs. (2.3) and (2.4). For =(U,T) satisfying Egs. (2.3) and (2.4), we expand
the field ¢ in Fourier series,

Wy = 2 dylz)eluhe), (5.2)

fy—

Plugging Eq. (5.2) into Eq. (5.1), we obtain the following system of ordinary differential equa-
tions:

. 1
a(Djuwj — ijogpy) + RoVik™ Buji,

) 1
(D~ ikaypy) — Rok = B,

Dywi— P+ RTj = 07" Bwj,
(5.3)
DTy +wj= BTy,

.o . ’
ijajuy +ikay e+ wy =0,
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wilimo.1 = Vilez0.1 = Witlemo.1 = Titlizo.1 =0,

for j.k € Z, where '=d/dz, Dj=d*/dz*-aj. and o =jaj+k*a;. If wy#0, Eq. (5.3) can be
reduced to a single equation for w(z):

1
{(Djk - ﬁ)(O'Djk_ ﬁ)szk + R_Oz(Djk - B)(Djk"' ajz'k) + O-Rafk(a-Djk - B)}ij= 0, (5.4)

ij=w}’=wﬁ)=w;2)=0 at z=0,1, (5.5)

for j,k € 7. Thanks to Eq. (5.5), W can be expanded in a Fourier sine series,

[}

ij(Z) = 2 ijl Sin l7TZ, (56)
=1

for (j,k) € ZX7. Substituting Eq. (5.6) into Eq. (5.4), we see that the eigenvalues B of the
problem (5.1) satisfy the cubic equations

B+Qo+ )V +]| (*+20)y i R—'—“z"‘ B+ 0>y, — 0*Ra? s 0
+ Qo+ D)y B + +20) Yy + -0 +0 Y~ 0 Ray + =0,
jkl YT R 2 Y,Z'kz V?kl Yiki ikt RoZ

(5.7)
for j,k e Z and [ € N, where ;= a’+[*m. In the following discussions, we let
giu(B) =(B+ ﬁkz)[(ﬁ + ijz'kz)z + lzﬂlRO_z?’;kzz ,
hjkl(,B) = O'Ra,zk'y]_kzl(,g + 0")/_,2'1(1), (5.8)

fi(B) = gil(B) = hj(B),
and By (R), Bja(R), and By53(R) be the zeros of fj,; with

Re(Bji1) = Re(Bjwn) = Re(Bjwa)-

A. Eigenvectors

In the following discussions, we consider the following index sets:

A ={(.k,1) € 72 X N|j = 0,(j,k) # (0,0)},
Ay ={(j.k,1) e 7*> X {0}]j = 0,(j.k) # (0,0)},
As={(j.k,]) € {(0,0)} X N},

A =A1 U A2 U A3.
1. For (j,k,0) € A,, we define

0 = (ke sin(jayx + kany),— jay sin(jayx + kayy),0,0)’,

PP = (= kary cos(jayx + kany), jay cos(jayx + kany),0,0),
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E i = span{ g0, yfio},

B, = Yo eaiBiots

where ,Bjk():—a'ylz-m:—o-aj?k=—cr(jza%+k2a%). It is not hard to see that LR(lﬁllgj"O)=,3jko¢l13jko
and LR(‘ﬁgjkO)=ﬁjko¢§jk0-
2. For (0,0,]) € A5, we define

YPoot = (0,0,0,sin [7rz)’,  Po012 = (cos [772,0,0,0)’,
yPos = (0,cos 172,0,0)',  Eqq, = span{yfooit, yfoor, yfoors},

Br,= Ui Ui Boogh  BR, = ULi{Boon

where Booi ==Yoo ==L Booia=—0"Yay—(1/R0)’, and Byys=—05,+(1/Ro)’. It is easy to
check that

Ly(yfPoo) = Byg ypPoon,

Lp(yPor) = — o 00[¢ﬂ00/2 - L,’[/BOOB,
Ro

1
Ly(yfPoons) = - Yooz — 0-7/(2)01110'300/3.

3. For (j,k,l) e A, we define

Nky kayl
qﬁ]‘.kl = (- / 12 sin(jax + ka,y)cos 7z, — + sin(ja;x + kayy)cos Iz,
@ @

t
cos(ja,x + kayy)sin la‘rz,O) ,
5 kaylm . joglm
=\ 75 sin(jayx + kayy)cos lmz,— —— sin(jayx + kayy)cos I72,0,0 |,
o a
jk jk

¢]3‘kl =(0,0,0,cos(jax + ka,y)sin I7z)",

4 jaylm . kayld .
B = (a_2 cos(jax + kayy)cos Iz, 2 cos(jax + kayy)cos Iz,
jk jk

t
sin(ja,x + ka,y)sin lﬂ'z,O) ,

kayla jal !
¢;.’kl = (— + cos(jayx + kayy)cos l’iTZ,J 12 cos(jax + kayy)cos lwz,0,0) ,
o (o'

Jk jk

¢J§k1 =(0,0,0,sin(ja,x + kayy)sin [7z)’,

1 1 2 3 2 4 45 46
Ejy= Span{¢jkl’ D> ¢jkl}’ E= Span{d’jkl’ Ditas d’jkl}’
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| 2 3
Ep=Ejy® Ejp Ba,=Uganer,YmiiBing-

It is easy to check that E}, and E; Jx are invariant subspaces of the linear operator Lg, i.e.,
Li(E ,d) CE kl and Lg(E; ,ds CE]kl The charactenstlc polynomial of LR|E1 (LR|Ez ) is given

by fju as defined in Eq (5.8). Since E kl (E]kl) is of dimension 3, the (generahzed) eigen-
vectors of LR|Elkl i ul_ {yfima} (U 1{ng’fl‘l}) form a basis of E kl (E ,d) i.e., span

X{U _{yPay)= E! ikl (span{U _l{lﬁﬂ/k’q}} k,) If By, is a real zero of fj,, the eigenvector
correspondmg to ,3,/<zq in E]kl (E ,d) is given by

¢1ﬂjqu = ¢J]'k1 + Al(,Bjqu) ¢]2'kl + Az(ﬁjqu) d’;kl,

(W54 = by + A1 (Biiag) B + Ao Biuag) B30 (5.9)

where

-1 1
Al(ﬂ)=m, Az(ﬁhm- (5.10)

If Bjtg,= Bjquz (imaginary numbers) are zeros of fj, the (generalized) eigenvectors corre-
sponding to By, and Bjy,, in E! kil (E i) are given by

l//fjk’q‘ = d’}kl +Ri(Biug,) ¢,2'k1 +Ry(Biug,) ‘/5/3%1’
W‘fjquz = I1(ﬁjk1q,)¢,2'k1 + IZ(Bjqul)d’?kl’ (5.11)

( l//f_,-ktql - ¢;‘kl + R (Bijug,) ¢15‘k] + R2(Bjqu1)¢fkl: )
‘//fjquz =1,(Bjug,) G+ LBjtg,) P

where

R(B)=Re(A((B)), R,(B)=Re(A,(B)),

L(B) =Im(A(B), ©L(B)=Im(Ay(B)). (5.12)

The dual vector corresponding to yA’kia (yAikia) is given by

Whikia = ¢}k1 + C1(,3jk/q)¢,2'k1 + Co(Bjuy) ¢;1<17

(‘lfff“‘f = ¢?kz + Cl(ﬂjqu) ¢,5'k1 + CZ(Bjqu) ¢,6-kz) > (5.13)
where
1 oR
CiB)=———7, GB=7"7. (5.14)
Ro(B+ 0j,) B+ Vi
The dual vector W5ikla (Whikia) satisfies
(Y Wlimiay, = (g’ Whikay, = 0), (5.15)

for q* #q.
We note that Ej 1 ;, is orthogonal to E; ;. ;, for (j,ky,1}) # (jp.kp,1;) and E! i1 1s orthogonal to
Ejkl for (j,k,l) € A,. Hence, the dual vector ‘I’Blk’q (WBikia) satisfies
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(i, Wiy, =0 for ¢ e (U e 2 GanErer) U Ejkz’

(g W5Hayy =0 for ¢ & (Ugr g 1 anEper) U Ejg).- (5.16)

In view of the Fourier expansion, we see that U ;peaEjy is a basis of H; and
(Uu’k,,)EAIE}-k,) U (U(,A‘kgo)e,\z{l,bffko}) U (U(0,0,1)6A3{¢ﬂ00“}) is a basis of H,. Hence, by the discus-
sion above, we have the following conclusions.

(a) The set ,BH BA U,BA U,BA consists of all eigenvalues of Lyl Hy» and the (generalized)

elgenvectors of LR| H, form a ba51s of H,.
(b) The set B =pBx, U ,BAZU,BA consists of all eigenvalues of LR|H , and the (generalized)

eigenvectors of Lg|j i, form a basis of Hl.
(¢c) Re(B)<0 for each B e Ba,U Ba,

Lemma 5.1: If R is small, then Re(Bjyy(R)) <0 for each Bju, € By,-
Proof: Plugging B=73,8" into f;;, we get f(B)=v5fju(B8"). where

[ B) =B+ 1)(B +0)*+ ——— (B +1) - UR—L(ﬁ +0).
ViuRo® Vi
Hence, we only need to show that the real part of each zero of fﬂd is strictly negative when R is

small. We observe that fjkl(ﬁ*) >0 for all 8°=0 provided R<1+0~!. Therefore, if all zeros of fikl
are real numbers, we are done.

For the case where only one of the zeros of fjk, is real, this real zero, ﬁl, is a perturbation of
—1. There exists an € (depending on o only) such that —(1+20) < ;<0 provided R<e. This

makes the real part of the other two zeros of fjkl strictly negative and the proof is complete. [J

B. Characterization of critical Rayleigh numbers

Based on the above discussion, we know that only the eigenvalues in Ba, depend on the
Rayleigh number R. Hence, to study the principle of exchange of stabilities for problem (5.1), it
suffices to focus the problem on the set '81\1' We proceed with the following two cases.

Case 1: B=0 is a zero of fj; if and only if the constant term of the polynomial f;, is 0. In this
case, we have

e

Yiki
R=-L* = + . 5.17
a?k olRozafk a]zk olRoza]zk ( )
Hence, the critical Rayleigh number R, is given by
6 2
: Pa? 7 kl w
R. = min Z& + jl , (5.18)
(ke o°Ro? a olRo 11 |

for some (j;,k;,1) € A;.
Case 2: A careful analysis on Eq. (5.7) shows that B=ai (a #0), a purely imaginary number,
is a zero of fj, if and only if the following two equations hold true:

1277_2 2
(P +20)Yiu+ =55 — oRE > 0,

ROV Yu
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12’7T2 az.k 127T2
Qo+ 1)y (P +20) ¥+ =55 — oR—E | = 0?9}y — PRaj + —.
! ! ROZVJZ'M 7Jz'kz ! KT Ro?

In this case, we have

oo 200+ 1))y 2127 519
- 2 ( 1R 2 2 ( . )

@ o+ 1)Ro @y

a+2)95 Pa?
R<{Zt Wi, LT (5.20)
s oRo"
Plugging Eq. (5.20) into Eq. (5.19), we derive an upper bound for Ro?,
ggmg bBq q PP
1- o)l

Ro? < U= (5.21)

(1 + a’)’y?kl’

which could only hold true when o<<1.
As in Case 1, the minimum of the right hand side of Eq. (5.19) is always obtained at [=1.
Hence, the critical Rayleigh number R, is given by

6
R o= i {2(a+1)y$k,+ 2087 }_2(0+1)7jzk21 2777

= +
o= 2 2 2 2 2 2 o
(kD eA @ (o + 1)Ro”ay, @G r, (c+1Roa; ;.

(5.22)

for some (j,,k,,1) € A;. In the case of o<1, Eq. (5.21) with /=1 implies R, is smaller than R, .
Hence, for problems (2.1)~(2.5), R, is the first critical Rayleigh number if 0>1 and R, is the
first critical Rayleigh number if o<<1. Therefore, the principle of exchange of stabilities is given
by Lemmas 5.2 and 5.5.

Lemma 5.2: For fixed o>1 and Ro>0, suppose that (“?k’l)=(“]2‘1kl’ 1) minimizes the right
hand side of Eq. (5.17), then ‘

<0 if R<R
leklll(R) =0 ifR:Rc1 (5.23)
>0 if R>R,,
Re Bjug(R) <0 for (agy,D) # (af 1), ¢=1,2,3, RnearR,. (5.24)

Proof: By the above discussion, we only need to show that the first eigenvalue crosses the
imaginary axis. We note that fjlkll(ﬂ):O is equivalent to gjlkll('B):hflkN('B)’ ie.,

(B+ G’flkll)[(ﬁ + 07,2'1k, D7+ l2ﬂ'2R0_27;12k] 1= O'Rajz'lkl 7;|21<11(B + U’V},kl D (5.25)

We see that both 8k, and hjlkll are strictly increasing for ﬁ>—)/?lk11 (since o>1). Let I'; be the

graph of #=g; ; 1(B) and I’ be the graph of 7=h; ; 1(B), as shown in Fig. 2. When R=R, , point

So, the intersecting point of I'; and I', corresponding to ,le kll(R) [i.e., the B coordinate of S is

Bjx1(R)], is on the 7 axis. When R increases (decreases), S, becomes S, (S,). This proves Eq.

(5.23) and the proof is complete. O
Remark 5.1:

(1) In the proof of Lemma 5.2, as shown by Eq. (5.25) and Fig. 2, we see that, for R=R., the
first eigenvalue ﬁjl k11 is a simple zero of f 7k 1(B). We have seen in Sec. V A that there are

eigenvectors 1/51'1"1“ eE!

ik, and Wzgjlkl“ € Ej , corresponding to f3; ; 1. Therefore, the
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FIG. 2. Exchange of stability regions.

multiplicity of the first eigenvalue of L|y (L|z) is my =2m (mjz =m), where m is the
number of (j,k,1)’s (e A,) satisfying oz?k=a]2-1 x,- Hence, condition (3.6) guarantees that, for
R~R,, the first eigenvalue of Lg|y (Lglg,) is real and of multiplicity 2 (1).

(2)  For the classical Bénard problem without rotation, the second term on the right hand side of
Eq. (5.17), hence the second term on the right hand side of Eq. (5.18), is not presented.
Therefore, the first critical Rayleigh number of the classical Bénard problem depends only
on the aspect of ratio, while the first critical Rayleigh number of the rotating problem
depends on the aspect of ratio, the Prandtl number, and the Rossby number. It is clear that
the first critical Rayleigh number of fast rotating flows is remarkably larger than the first
critical Rayleigh number of the classical Bénard problem. This indicates that the rotating
flows are much more stable than the nonrotating flows.

3) R, is the first critical Rayleigh number if the Prandtl number is greater than 1. For the case
where the Prandtl number is smaller than 1, R, is the first critical Rayleigh number and, in
general, there are a few critical values between R., and R..

For x>0, b=0, we define

fplx) = (5.26)

(x+7)3+b
—
Let x=a?k, then the right hand side of Eq. (5.18) could be expressed as fj (x), where b,
=1?/0?Ro?, and the second line of Eq. (5.22) could be expressed as 2(o+1)fy,(x), where b,
=7/(o+1)*Ro*. Consider

2x - )+ 7P b
f;;(x)=(x )(;;) . (5.27)

As shown in Fig. 3, it is easy to see that

(a) for x e (0,%), f,(x) has only one critical number x;;
(b)  f(x) <0 if x<x,;

(¢)  fr(x)>0if x>xp;

(d)  fp(xp) is the global minimum of f3,(x); and

(e) x, is strictly increasing in b, hence, x;, >x, > /2.

In Lemmas 5.3 and 5.4, we consider the following different conditions:

xXp =< o} < aj, (5.28)
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y=(2x —m)(x+m2)

e
?

FIG. 3. Schematic showing properties of the function in (5.27).

1
a% = gxbl < 2)cbl < a%, (5.29)
Xp, < af < a%, (5.30)

1
al < 5%, <2x, < . (5.31)

Lemma 5.3:

(1) Condition (3.6) holds true under the assumption (5.28).
(2) Generically, condition (3.6) holds true under the assumption (5.29).

Proof:

(1) Under the assumption (5.28), by (c), we conclude that R, is only obtained at (j,k,0)
=(1,0,1), i.e., j;=1.

(2) Under the assumption (5.29), there exists j =2 such that j*za%$xbl<(j*+l)2a%. We note
that

<2j*2a% <2xp < a% if j* = 3,
G+ D 9 )
"=9a2 < 4, <28, < & ifj =2,

Hence, by (b) and (c), we conclude that

RC] = min{fbl(i*za%)vfhl((j* + 1)2(1%)}’

ie., j=j" orj,=j +1. Note that, by (b) and (c), generically fbl(j*za%) #fbl((j*+ 1)2a?). The proof
is complete. U
Lemma 5.4:

(1) Condition (3.7) holds true under the assumption (5.30).
(2)  Generically, condition (3.7) holds true under the assumption (5.31).

Proof: Consider
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FIG. 4. Schematic illustrating the proof of (5.34).

R, = min 2(c+1 a?)}.
= i Qo+ D ()

The rest part of the proof is the same as the proof of Lemma 5.3. O

Lemma 5.5: Assume Eq. (3.7), R=R., and Ro? satisfies Eq. (5.21) for (j,k,1)=(j,,0,1), i.e.,
Ro’<(1-0)m?/o*(1+0) 716-201, then {B;011(R), Bj,012(R)} (Bj,011(R) =B ,012(R)) is the only simple
pair of complex eigenvalues of the problem (5.1) in space H, satisfying

<0 IifR< sz’
Re(B),011(R))) =0 ifR=R., (5.32)
>0 if R> R,
Re Bjy(R) <0  for (ajz-k,l) #* (afzo,l), q=1.2,3, R near R.. (5.33)

Proof: We only need to prove Eq. (5.32). Under the assumptions of the lemma together with
Egs. (5.11), (5.19), and (5.20), by the discussion in case (2) at the beginning of this section, we
know that {,BjZOH(R), Bj2012(R)} is the only simple pair of complex eigenvalues of LR|1§,1 with

Re(ﬂjzm1(Rc2))=Re(ﬂj2012(Rcz))=0- Since B_/'ZOB(R) (real), 372011(R), and szmz(R) are zeros of
szm, we know that

Bioi3(R) = = (Re(B;,011(R) + Re(B,012(R))) = (20 + 1)} ;.
Hence, Eq. (5.32) is equivalent to
>- 20+ 1))/]2.201 if R<R.,

Bior3(R)| == 2o+ 1)712'201 ifR=R,,, (5.34)
<-Qo+ 1);5201 if R>R,,

which is true as shown in Fig. 4. This completes the proof. O
Lemma 5.6: For fixed oy, a,>0, and o>1, Rcl—wo as Ro—0. More precisely, Rc1
=0(Ro™?).

Proof: Since b,=m*/0°Ro?, by Eq. (5.27), xbl=0(b{/3) as Ro— 0. Hence,

R, = O(fy (x;)) = O(b”) = O(Ro™?).
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VI. PROOF OF MAIN THEOREMS

A. Center manifold reduction

We are now in a position to reduce Egs. (2.1)-(2.5) to the center manifold. For any ¢
=(U,T) e H, we have

] 3 w3
g= > > (xjqu'wl/lgjqu + yjquéb‘gﬂ‘"’) + > (xjko%jko + )’jkoﬁjm) +> > Xoo1g WP00la.

(kD) eA; g=1 (j.k,0)e Ay =1 g=1

Under assumption (3.6), the first critical Rayleigh number is given by

6
7j,01 w
= + .
1 2 2 2
@j o o’Ro @ o

R. (6.1)

In this case, the multiplicity of the first eigenvalue is 2 and the reduced Egs. (2.1)—(2.5) are given

by
dx;
A0 ; Bj o1
dar —,311011(R)X_,1011+ <W18j‘0”,q’lﬁj‘0”>y<G ('7//,1//),‘[’] ),
deIOII 1
iy ) S Bj 011
” Bj011(R)yj o11 + <W28j‘0”,‘l’fj‘0”>y<6(¢’ ), W)y (6.2)

Here for ,=(U;,T)), $=(U,,T>), and ¢5=(U3,T3),
G, 4p) == (P(U, - V)U,,(U; - V)T,)'

and

1 2mlay (27ay
(G, n), b3y =~ f f f (U, - V)Up, Us)ps+ (U, - V)T,T5]dxdydz,
0o Jo 0

where P is the Leray projection to L? fields. Let the center manifold function be denoted by

b= > (®1B(xj1011,yj|011)¢'18+(I)g(ijOIhyj]Oll)'?bg)‘ (6.3)
B#Bj o011

The direct calculation shows that

G(i,l/:a-/lO'], ¢/f_,’,01|) - (0’

A17T2 . . A27T . !
- sin 2j,0x,0,—— sin 27z | ,
2]1a/] 2

A

- cos 27z, —
2j 1 J1

G(W‘fjlon, (/;jlon) —_ (

t
(cos 27z — cos 2j1a1x),0,0> ,

(6.4)

1

_ _ -7 AT
G(Wffloll,,ﬁffloll)=— (2 cos 2z, 2_1 (cos 2j,ax + cos 277),0,0 | ,

J1¢ J14

. , - AP Ay !
G(lﬂfflml,(ﬂfflo”) =— (0—1 sin 2j1a1x,0,i sin 2771) .
Zjlal 2
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_ _ C C, !
G(l//fhml"\ll‘f/lo”) =— (0,]— sin 2j,a1x,0, —— 7 sin 27TZ>
Zjlal 2

t
G(Wf"lo“,\lff"lo”) =— ( —— cos 27z, —(cos 277z — cos 2j1a1x),0,0) ,
J1% 2j1
(6.5)
_ _ t
G(v,lf;"lo”,‘lffflo”):—< —— cos 27z, ——(cos 2j,ayx + cos 27z),0,0
2j 2j
C t
G(gM;f'lo”,\I’Zﬁflo”)=— <0, sin 2j,a;x,0,—— sin 2’7TZ>
J1a 2
where A1=A1(:Bj1011)7 A2=A2(:8j1011)’ C1=C1(:8j1011)a and C2=C2(:8j1011)~
Hereafter, we make the following convention:
0(2)=o(x} /011 +)’J,011) +0(1B;,0n(R)| - (x} /011 +y/,011))
0(3)= 0((9‘]1011 +y11011)m) +O0(|Bj,0n(R)] - ( /011 "‘yj]on) ),
o(4) = o((x} j,011 +y11011)2) +0(|Bj,01(R)] - (leou "')’,1011) ).
By Theorem 4.2 and Egs. (6.4) and (6.5), we obtain
d= (Df(zjl)oo¢/l3(2j.>oo + (Df(zjl)oo¢/23(2j.>oo + @ yhoot 4 o(2), (6.6)
where
_ A . S
q)f(z]')oo =— (XZ 011 = Yj, P o) +0(2), ng(z")m =(0,- 2/, a; sin 2j,@x,0,0)",
T22j)0
A Ay A
(I)f(ZjI)OO = 14 (2)61011)11011) + 0(2), (/5(211)00 = (0,2j1a1 COS 2a1x,0,0)l,
TA2j)0
ooz = —(x on o) +0(2), ¢ =(0,0,0,sin 2mz)".
Note that for any ;€ H, (i=1,2,3),
<G(’/’1’1/’2)"7//2>H=0, (6.7)
<G(¢17¢2),¢3>H=_<G(¢l’¢3)a¢2>H’ (6.8)
and for any ¢; € E, (i=1,2,3),
(G(h, ), )y =0. (6.9)
The direct calculation shows that
G0y =0 for g e {yfewe yfeim yboory =12, (6.10)
Then, by =x; 011% +y] '/2gj1011+(b(’?i101l’)’_i1011) and Egs. (6.4) and (6.10), we derive

that
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(G ) WOy = (GO, @), WO o1+ (G, D), IO 1y, 011+ 0(3)

== <G(Wf""0'l,q’f}j‘ml),(mf]leon - <G(W§j‘m'»\I’Iﬁj‘m'),q)>1{)’j]011 +0(3)

B 2A,C 70 ACym

——(X2 42 )X' _ 22
- 4 j011 = Yj011)%,011 3

2 2
(leon + yj1011)xj1011 +0(3),
Ua1a20(2jl)0 a'laz

2A1C17T6

- x5 005,000,011 =~ (
oo aza(2j|)0

24,C\° A
* x12'1011 "‘yjz']on)leon +0(3).

4
Ta ;) 8aa,
Similarly, we obtain

20/C,m° A
<G(¢’¢),\P§/10|1>H:_( 1C1:T N Gy

(Ta(laza(zjl)o 8a1a2

>(x12‘1011 + yjzlon))’jlon +0(3).

Hence, the reduction equations are given by

dx; 011 ) )
a Bjo11(R)x;j 011 + 5()6,'1011 + yjlou)leou +0(3),

d)’j 011
dlt =,3j]011(R)Yj1011+5()5,2']011+Y?1011)YJ,011+0(3), (6.11)

where
24,Ci7 A,C .
5=_(‘4—‘W+#> (ﬂ(1+A1C1)+1+A2C2><0. (6.12)

030 8 J14

A standard energy estimate on Eqgs. (6.11) together with the center manifold theory shows that, for
R<R.. (U,T)=0 is locally asymptotically stable for problems (2.1)-(2.5). Hence, by Theorem
4.1, the solutions to Egs. (2.1)—(2.5) bifurcate from (U,T,R):(O,Rcl) to an attractor 2. More-
over, by Egs. (6.11) and (6.12) together with Theorem 5.10 in Ref. 18, we conclude that 3 is
homeomorphic to S in H.

B. Completion of the proof of Theorem 3.1

In this section, we prove that X consists of steady state solutions. It is clear that the first
eigenvalue of L] i, is simple for R=R,. .By the Kransnoselski bifurcation theorem (see among
others Chow and Hale* and NirenbergZI), when R crosses R, , the equations bifurcate from the
basic solution to a steady state solution in H. Therefore, the attractor 2, contains at least one
steady state solution. Second, it is easy to check that Egs. (2.1)—(2.5) defined in H are translation
invariant in the x direction. Hence, if (x,y,z)=(U(x,y,z),T(x,y,z)) is a steady state solution,
then y(x+p,y,z) are steady state solutions as well. By the periodic condition in the x direction,
the set

Sy, ={t(x + p.y,2)lp € R}

is a cycle homeomorphic to S' in H. Therefore the steady state of Eqs. (2.1)—(2.5) generates a
cycle of steady state solutions. Hence, the bifurcated attractor X consists of steady state solutions.
The proof of Theorem 3.1 is complete.

C. Proof of Theorem 3.2

The proof follows directly from the classical Hopf bifurcation theorem and Lemma 5.5.
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