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The primary purpose of this paper is to describe, from one perspective, the role of mathematical modeling as part of a collection of activities that play important roles in the teaching and learning of mathematics. Next, some features of a situation that make it a good source of modeling activities are discussed. Finally, comments on the teaching of mathematical modeling are included. These comments are based on experiences with secondary students, college and university students, and prospective and experienced secondary mathematics teachers. Many of the students engaged in modeling experiences as part of a content course in mathematical modeling were prospective teachers of secondary mathematics. In recent years most of them were enrolled simultaneously in a “linked course” taught at Indiana University by a master teacher from a local secondary school. This linked course provided direct connections between the concepts introduced in the modeling course and goals and standards on modeling and open-ended problem solving developed by NCTM and the Indiana Department of Education.

 How does modeling relate to other mathematics learning activities?
 Either individually or in groups, students engage in a variety of activities as part of learning mathematics. Most of these activities play a role in both learning and assessment. Here we identify a few, and, although we distinguish among them, there are features shared by many activities and the distinctions are somewhat artificial. There are many activities that can reasonably be classified in more than one way. 


The most common and ubiquitous of these activities are exercises. Here, we view exercises as questions for which a response requires only knowledge of basic terminology, the ability to process information which uses that terminology, and operations. Many exercises are questions similar (or identical with different information) to examples discussed in class or worked in detail in a textbook or through computer-based learning. Other exercises involve thinking of the question in a way that is slightly different from the examples worked in class or in the text, and then using straightforward operations. 


More complex and more challenging exercises are frequently referred to as activities requiring problem-solving skills. These are questions for which a response requires an ability to interpret information and combine basic operations in ways that involve greater insight and creativity than typical exercises. Many teachers believe that problem-solving skills are developed primarily by working on lots of problems. Others emphasize the “problem-solving process.” in which students are introduced to a toolkit of problem-solving strategies. There is an extensive literature on problem solving and its role in instruction; it remains an active area of research.

Exercises and problem-solving situations of all types, simple and complex, may be set in a world of mathematics, that is, where only an understanding of mathematical terms, basic reasoning skills, and a knowledge of operations are necessary, or in a world that encompasses mathematics and ideas and relations from another field, or in the “real world” of common experience. Problems set in another field or in the world of common experience are usually referred to as applications of mathematics. Applications may share attributes with exercises or problem-solving situations and, in addition, have a context. An important goal of studying applications is to develop the ability to connect mathematical ideas with situations that have an intrinsic interest to students.


It is in connecting mathematics — mathematical concepts, symbols, operations, etc. — with situations outside of mathematics that the concept of mathematical modeling arises. In simplified terms, modeling is the use of mathematical tools and techniques as an aid to understanding situations arising outside mathematics. In this discussion we use the term “situation” to mean a setting — including terms and relations among terms — outside mathematics and a question to be answered or studied. Constructing and studying a mathematical model involve translating the situation into mathematical terms by making assumptions, introducing notation and terminology, then studying the resulting mathematical system using mathematical concepts and methods. Next, the conclusions of the mathematical study are used to make predictions and answer questions about the original situation. Finally, these predictions are compared with observations of the original system. If the predictions are consistent with observations and provide new information about the system, then the modeling process has been useful. However, it frequently happens that the first attempt at modeling yields predictions or information that is either inconsistent with observations or unhelpful. In that event, the model should be reconsidered. Perhaps different assumptions should be made, or a different mathematical structure should be studied. A thoughtful examination of the differences between observations and predictions may lead to ideas for appropriate revisions. Many times there is no single model that is helpful in completely understanding the situation. One model helps with one aspect and another model helps with another aspect. The choice of a model to be used is heavily influenced by the questions one asks. 

The questions that lead to the use of mathematical models come in a variety of types and levels of specificity, and the organization and study of such questions is an active area of research in mathematics education. To illustrate the types, there are situations where one may find it useful to use a mathematical model to help in:

Predicting the behavior of components of the system,

Allocating resources to achieve an objective, 
Measuring some property of a system,

Deciding how to manipulate a system to achieve a desired outcome, etc.

Although there are many questions that can lead to the creation of a mathematical model, not all such questions provide comparable learning experiences for students. Some situations and questions that arise in the real world are interesting and important but do little to develop general model-building skills. Other settings and questions lead to the kind of learning experiences that are transferable to most model-building activities and, as a result, provide valuable tools for the future.  

What Makes a Situation a Source of a Good Modeling Problem?

Not all real-world situations have the same potential for providing valuable modeling experiences for students. Indeed, there are many aspects to the modeling process, and a situation that offers good opportunities in one aspect may well offer limited opportunities in other aspects. In what follows, we suggest several aspects of the model-building process that represent important features that we believe contribute to high “value added” model-building activities. We suggest that teachers keep them in mind when selecting modeling experiences for their students.

1) There is motivational value in studying situations of intrinsic interest to students. A good modeling activity should have a purpose, and this purpose should be of interest to the person studying the situation. Clearly this comment involves both the situation and the intended audience, and a situation that is highly interesting for one group may   be relatively uninteresting to another group. 

In many circumstances finding such situations is a challenge. In a classroom with many students, finding modeling problems that simultaneously interest the entire class may be nearly impossible. However, it is possible to find problems that involve a situation understandable by all and whose solution serves some purpose. Perhaps the problem will not be of high interest to every student, but there should be a reason to solve the problem that can be simply explained. For instance, the reason could be that a question originated with the owner of a local business, that the instructor would like help making a decision, or that a question has been raised in the media.

One way to help make a modeling task interesting is to look for situations that arise in the lives of students.  In such cases students will be likely to contribute assumptions and to participate actively in the model building activity.  Also, they are likely to have views on the value of the conclusions of the study.   

Perhaps the most important result of working on an interesting problem is that the students may have more invested than just a grade. If students become involved on a personal level with the situation, or if they believe their solutions will be useful to someone, then they may be willing to devote more effort to constructing and studying a mathematical model.

2) Assumptions are a basic part of model building. In order to fulfill its potential as a modeling task, a situation should require the student (the term we use to refer to the investigator doing the modeling) to think carefully about the situation, to identify the need for assumptions, and to make appropriate assumptions. Of course, the nature of the assumptions — their features, complexity, and importance — will vary depending on the situation and on the background and experience of the student.

For the beginner, many (or most) assumptions may be provided as part of the description of the situation to be studied. It is important for the student to recognize a) that this information does, in fact, amount to assumptions, and b) that the model builder must decide how to use it. Although some assumptions may be provided, the modeling experience will be enhanced if the description of the situation requires that the student make some assumptions independently. For beginning students, it may be necessary to remind them to identify and list their assumptions before and while studying the situation. To help students avoid making an unnecessary assumption, it is useful to ask students to explain the purpose of making an assumption and to ask that they note how it is used in developing the model.


For the more advanced student, listing and (when appropriate) modifying assumptions should be a standard part of the modeling process. The description of the setting and the question to be considered should include critical information that is essential to completing the task, but extracting assumptions and deciding how to use them should be up to the student. Also, the student should decide what (if any) additional assumptions are needed. At this stage, students may become over-ambitious at finding assumptions and, as a result, make assumptions that are extraneous to the modeling task. To avoid this problem, students should be encouraged to revisit their assumptions several times during the model-building process and to understand precisely how the assumptions are affecting their results.


Also, it may also be interesting to discuss with advanced students how the answer to the question would change if a particular assumption were absent or altered. The model builder should use this approach to help in determining the importance of each assumption. Not only should assumptions be identified (and listed in some way), but only those assumptions that are critical to the solution should be retained. Otherwise, the conclusions can appear to be a consequence of very specific assumptions, which can cause the reader to question the relevance of conclusions based on the model.


It may be useful for students to read and discuss examples of model building to practice identifying essential versus superfluous assumptions. Situations do not need to be studied in depth to provide useful opportunities to practice making assumptions. After learning how to identify and justify assumptions, solving a modeling problem involves communicating the results of this step. There are several ways that this can be done, though the most traditional is to list the assumptions and comment briefly on each one.

3) Organizational skills are required. A good modeling problem should provide an opportunity for developing (or using) organizational skills while carrying out the study and then in describing the approach and presenting the conclusions of the study. After all, the main purpose of mathematical modeling is to solve real problems. Since building and studying a mathematical model is usually a relatively complex multistep activity, a thorough understanding of how the various steps are organized is essential.  Students need to keep in mind the relations and connections between the step being considered now and what came before and what will come next in their study.  

The solutions are often presented to an audience, such as business or community representatives, so clarity and organization of the presentation are important. Since most people are not mathematicians, the solutions must be presented in a way that can convince the general population, or those concerned, that the investigator understood the problem, took a sensible approach, and arrived at valid conclusions.  It is true that the modeling solutions created by most students are unlikely to be presented to businesses or government officials; there is still great value in developing a high-level presentation. Regardless of the method (papers, oral reports, power point, etc.), there should be a clear and reasonable organization and flow to the presentation.

4) Good communication is essential. Mathematical modeling has more features where communication is essential than most other mathematical activities. Two critical areas for communication are: First, most mathematical modeling involves teams and the individuals in these teams must develop productive interactions. Second, as noted in item 3) the team must communicate the results to an interested external audience. 

Group activity on modeling problems requires a fair amount of productive communication among group members. Discussing ideas in groups helps confirm the validity of assumptions and conclusions, and may identify ideas that were previously unnoticed. These discussions involve students explaining their ideas to others and listening to the ideas of others. Both explaining and listening are valuable parts of the learning process. 

There will be times when an organized formal presentation of a solution may not be needed. Creating full presentations for every modeling task would be time consuming and risks shifting the focus to the elegance of the presentation instead of to the quality of the analysis and conclusions. Most times a short written report is sufficient to judge the modeling process. However, occasionally students should formally present a solution, because in the real world, the presentation of the solution is often as important as the solution itself.

5) There may be more than one answer to the question. Mathematics is a comforting subject to some people because there is traditionally one correct solution to each problem. It is often easy to determine whether the answer is right or wrong. An incorrect answer can usually be corrected by finding an error in logic or technique. With modeling problems, this is not true, as modeling problems may have several solutions. Primarily, the usefulness and completeness of the solution depends on the assumptions and the model used. Changing one assumption may change whether the solution is acceptable. Changing the definition of a single word, such as “best,” may change the nature of the solution. When a modeling problem is solved by three different groups, there may be three different solutions, each of which is correct in the sense that it follows from the assumptions and model used.

To determine the correctness of a solution, the entire process must be investigated. What assumptions were made? What model was selected? What calculations were made and why? In some cases, it may take an experienced mathematician to determine whether a solution is acceptable, and she may never say that a solution is “correct.” Instead, solutions may be adequate and solve the problem, or they may not. However, the word “correct” falsely gives the misleading impression that there is a right and a wrong solution.

Although there is rarely a single “right” solution, there are often wrong solutions. For example, suppose a problem asks for the “best” way to carry out an action, and “best” is left to be defined in the assumptions. Once defined, there are usually ways to carry out the action which are demonstrably not the best. Often unintentionally, these wrong answers are immediately ignored by the modeler and, therefore, never enter into the discussion of the model.

In general, modeling problem solutions are unusual in the way that they may leave the solver with a feeling of incompleteness. The modeler frequently makes judgments about assumptions and question formulations that cannot be thoroughly supported. Similarly, and depending on the audience, there may be times when settling for a clear heuristic argument is preferable to presenting a rigorous but complicated mathematical proof. In such circumstances, it may appear that the solver has ignored unresolved issues and accepted an answer that was never proven to be correct. However, such unease is not unusual in modeling tasks, even among those experienced in the modeling process.

6)  There may be several approaches to finding an answer. Modeling problems frequently have several methods that can be used to solve them. By a method we mean a mathematical structure and a study of the structure. Having several methods is helpful because it allows the solver to decide what sort of mathematical ideas and techniques to use. In real world modeling situations, the modeler is usually not told what methods to use. Instead, he or she is faced with a problem and decision about which method is appropriate for the given situation, assumptions, and goal. It is important for problem solvers to be given the opportunity to decide what methods to use, and to recognize that there are alternatives.

For beginning students, it may be beneficial to brainstorm ideas of how to approach the problem with someone with more advanced modeling skills. Then the students can decide which approach to use. More advanced modeling students should be able to decide which process to use without involving others.

One benefit of having several approaches is that the modeling team can pick the solution path with which they are most comfortable. While dealing with modeling problems, solutions can become complicated, and a more complete solution may be reached if the team is comfortable with the techniques being used. Furthermore, having several paths allows the team to change methods if the solution with one path becomes too complicated or too difficult. 

In general, having several paths to answering a question brings the modeling activity closer to what occurs in the real world. As students become more advanced, the number of ways they recognize to solve a problem may increase. Students should be allowed to use any method as long as the choice leads to a solution that is supported by assumptions, attains an appropriate level of difficulty, and is complete. 

7) The situation may be amenable to modeling at several difficulty levels. A good modeling problem typically has the feature that it can be approached using several different levels of mathematics. Many modeling problems can be adapted to levels of mathematics all the way from a secondary level to advanced college level, and perhaps to research level. Some modeling problems can even be adapted for elementary school-aged children.

The purpose of allowing the difficulty level to change is that modelers can work to their fullest ability simply by viewing the problem in a new way or by adding additional assumptions. This allows all students to learn. However, this caveat applies: students should not be working on problems far below (or far above) their capabilities. Monitoring is necessary to ensure a modeler is working on a problem at an appropriate level of challenge.

8) A good modeling situation should require modeling. It may seem obvious that a good modeling situation requires modeling, but many situations involving applications of mathematics are not actually modeling problems. Typically, these are situations in which the mathematical structure and methods are clearly specified in the problem statement and the use of the method yields a single answer that needs no interpretation. When they originated such problems may have involved modeling, but they have been adapted into a problem that simply requires calculations. These problems should not be considered modeling activities and they need to be recognized for what they are while searching for modeling activities on the Internet.

As a teacher interested in identifying good modeling situations, for each candidate it would be useful to ask yourself “How many of these characteristics are present?” It is not easy to find situations which have all the features described above. Probably the most essential are those related to assumptions, some choice in the model and method of approach, and the dependence of an answer on these features. However, if you encounter interesting situations without some of these desirable features, do not immediately disregard them. Often such problems were based on modeling tasks with the desirable features, and if you are willing to invest time to adapt the problem for your own use, the current version may be enough to give you an idea for an appropriate modeling task.

Comments on Teaching Mathematical Modeling in Secondary Schools

The more personal experience that you, as a teacher, have in the modeling process, the more effective you will be in teaching it. This is not to imply that those without such experience should completely avoid teaching it, but having personal experience provides a perspective that is difficult to get otherwise. For teachers who have not had an opportunity to engage in the modeling process, through professional development or other opportunities, there are a few resources given at the end of this paper.

The comments that follow are based on our experiences with secondary students, college and university students, and prospective and experienced secondary mathematics teachers. We certainly do not claim that they provide a comprehensive set of suggestions, but we believe that they do raise important issues for teachers to anticipate and recognize when teaching the modeling process.

1) Modeling projects are hard for students. Many students are unfamiliar with making assumptions, organizing data, and arriving at a solution that is different from the solutions of their peers. Students will want guidance and perhaps respond negatively to encouragement to keep experimenting with the problem. However, this is all because students are not accustomed to the style of learning required for mathematical modeling tasks.  During their early efforts in modeling, students will initially require a great deal of scaffolding. If possible, provide examples of good solutions to modeling tasks and solutions that are deficient in some way. Teach about assumptions and how assumptions should be justified. Students cannot be expected to produce acceptable results without being shown what acceptable (and exemplary) solutions look like.

Many students are accustomed to teachers providing extensive guidance, and that guidance may significantly diminish the value of the model building experience. Provide just enough support so that students do not get bogged down for an extended period. Be extremely careful not to provide too many hints and answer too many questions. Depending on the students, you may be pressured to do more, but try to find tactful ways to keep initiative in the students’ hands. 

2) Pick a problem on which your students can make progress. Although most problems can be solved at several depth levels, students should begin with situations that encourage them to think carefully about the assumptions. The study of the first few situations may not even result in finding an answer to the question, but may focus on thoroughly understanding the assumptions used, the alternatives, and the question being asked. 

Try to avoid discouraging students by beginning with a problem that requires assumptions that are too numerous or too complex or which rely on mathematical ideas and methods beyond them. If pushed beyond their capabilities, students will become frustrated with the process and may simply give up. Instead, try to pick a problem that is accessible at their current level, and for which a reasonable effort will yield tangible results. Pick a topic to which students can relate, or pick a topic about which students have basic knowledge that will help motivate them to identify appropriate assumptions. Otherwise, students may struggle to make suitable assumptions because they do not know enough about the topic. Once students gain experience in mathematical modeling, they will learn what kind of assumptions are needed and how to formulate appropriate assumptions if necessary.

Similarly, select situations where the students have adequate mathematical tools to study the model. Students’ enthusiasm for modeling will wane quickly unless they have the skill to take their assumptions and construct a model they can use to solve the problem or answer the question posed.

3) Question your students but do not intimidate them. Many students are conditioned to believe that a teacher challenging an idea means the idea is wrong. As a teacher of a modeling activity, you must challenge your students’ ideas, but it is essential that the students do not see this as a sign that their approach is wrong. If your students shut down when you question their work, you will need to continually remind them that your questions are simply intended to encourage and expand their thinking, and are not intended as reflecting on the value of their work or the correctness of their results.

In fact, the teacher should often remind students that normally there is no single right or wrong solution. The correctness of the solution depends on the assumptions and the completeness of the explanation. Questioning students about their solutions is an excellent way to help them view their solution in a new way. Overcoming the fear of being challenged may be difficult and will take time, so be aware of which students you can profitably challenge and which students need time to overcome this fear.

4) Have realistic expectations about student progress, especially if you have little experience teaching modeling, and be sure students know what you expect from them. You might have to try two or three modeling lessons with the class before your students start to gain as much confidence as hoped from the activities. 

Be conscious of the progress of the modeling activity. It is possible that the first few lessons may be too difficult for the students or that the students need more scaffolding than was provided. In general, it is desirable to continue projects to completion or until progress slows or stops. Carefully chosen comments or questions can sometimes get students over a hurdle that would be a barrier without some guidance. However, if the discussion is bogging down, do not hesitate to move on to a new activity. It is possible that it may be a more profitable use of time to quickly wind up a discussion and go on to other material. Use what was learned on the first modeling task to improve the teaching and learning occurring in future projects. 

It is important to keep in mind the level of the student. Typically less experienced students will have models with assumptions that fail to incorporate key aspects of the situation, use mathematical structures which do not fit well with the assumptions, and are less complete. More experienced or higher-level students may choose to incorporate more assumptions or point out alternative assumptions, identify mathematical structures that fit well with the assumptions, and thoroughly develop conclusions. 

Be prepared to invest time in learning about teaching modeling. If possible, observe a teacher using a modeling lesson in the classroom or invite a teacher experienced in modeling to come and observe your lesson and provide feedback on the activity. Think carefully about the situation in advance and ask for help when needed. Do not anticipate that all modeling activities will go as planned, and be prepared to learn from those that fall short.

5) Provide ample time for the activity.  There is a good chance that the first several modeling activities your class completes will take longer than intended. Be flexible. If students are working on a project but additional time is needed, provide the extra time. However, it may also be necessary to require students to do some work outside the classroom. The feasibility of expecting work to be done outside of class often depends on the technology students have at home. Many modeling projects require computers, the Internet, and/or graphing calculators. If not all students have access to the necessary technology, provide sufficient time in class to complete the project, including time to prepare reports.

It might be beneficial to work on the problem for a few days in school and then take a break from the activity. Often, allowing more time for students to think about the project will produce better results; results that fit better with the assumptions or are more complete. More advanced students may revise and refine their work outside of class whether or not they are expected to do so. 

It might be a good idea to send a copy of the problem home for parents to see. It is possible that parents may discuss the problem with their children and help establish the foundation of knowledge required for the students to make assumptions. Furthermore, parental involvement may help encourage the thinking process to evolve further at home.

6) Pick modeling activities relevant to the students. Try to identify modeling problems that originate in the real word or are significant for the community or school. An option is to study a situation for a business and have a business representative come to discuss the proposed solution with the class. In this setting, students are given an opportunity to practice some real-world skills, while interacting with business professionals. Students also see this as an application of how mathematics is useful in real life. 

Depending on the community and the skill of the students, it may be necessary to simplify a real problem to make it tractable for the students. This part of the activity can be couched as part of making assumptions. If this approach is used, then the answers generated through the modeling process should be examined to see whether the simplifications appear legitimate. 

In more advanced classes, greater student involvement may result from allowing students to pick their own problems depending on their interests. It might be helpful to provide a list of a few situations that are potential sources of future projects. But, it is important to be receptive to projects proposed by students. Regardless of the source, checking the modeling task for an appropriate level of difficulty is essential. If the students have an investment in the project (other than a grade), then there may be more intrinsic motivation to find a complete and useful solution.

7) Encourage other teachers to join with you in generating and using modeling activities. Many schools encourage teachers to work together and provide feedback on lessons. Ask a colleague to work with you in identifying good modeling situations, to observe your class and to provide feedback on what appeared to be successful and what was not. Teaching using modeling projects becomes easier once students are familiar with the process. If other math teachers also teach using modeling projects, then students can carry this skill from one year to the next. They gain confidence and competence by having the activities reinforced. 

8) Seek professional development opportunities to develop teaching skills. Teaching mathematical modeling differs from other mathematics teaching to an extent that taking advantage of workshops, conferences, sessions at professional meetings, and similar opportunities can significantly enhance your teaching skills. It might be helpful to bring in a teacher with experience teaching with modeling tasks to demonstrate several activities. 

Concluding Comments

Mathematical modeling is truly an activity that is learned by doing. One does not develop modeling skills by reading about modeling or by watching someone else develop a model. This is not to imply that these experiences are not useful, but rather that they are inadequate by themselves. At some point it is essential for the novice modeler (be this an instructor or a student) to “jump into the water” and get involved in the process first hand. The novice should not expect initial efforts to be smooth and proceed directly from a real-world situation to a useful model. There will inevitably be unproductive detours, but even detours can provide learning experiences. The important step is to begin doing modeling.

Resources and References

We encourage teachers who are interested in using mathematical modeling as a part of their teaching to take advantage of the many resources, print and electronic, that are available. There are discussions of the modeling process in many textbooks, [1] for instance. While this book is designed for undergraduates, the discussion of model building in Chapter 2 is relevant for teachers at the high school level as well. Similarly, the initial section of Chapter 1 of [2] is focused on the process of mathematical modeling and is accessible to high school teachers. Material for students includes [3], a modeling book written at the level of high school students with Algebra I or Geometry. In addition, there are many websites with useful information and/or examples of modeling activities. An example is the site [4] maintained by COMAP — the Consortium for Mathematics and Its Applications — a non-profit organization whose mission is to improve mathematics education and whose educational philosophy is centered around mathematical modeling. This site includes descriptions of COMAP materials and samples of modeling problems (with some solutions) designed for high school students. Also, COMAP has published a series of textbooks [5], also available as a CD-ROM, where mathematical modeling, including the modeling process, is a central focus. 

Especially for teachers who have little or no experience, it may be useful to do some additional reading about the modeling process. We suggest the website [6] as one source for that purpose. It is also extremely helpful to read the reports of modeling projects involving students/mathematics at the grade level of interest. Sources for such reports include [6], the NCTM journal The Mathematics Teacher, and the COMAP journal The Journal of Undergraduate Mathematics and Its Applications. Its title notwithstanding, the latter journal contains many articles that involve only pre-calculus mathematics and applications from a wide array of fields. It also includes reviews of books relevant to the teaching of mathematical modeling. There is also the UMAP Library CD-ROM, which contains over 300 supplemental, self-contained modeling modules, some appropriate for high school students and some appropriate for undergraduates.

Useful material can sometimes be found in unexpected places. For example, the PBS website has a detailed lesson plan for “a Mathematical Model to Investigate College Debt as an Investment in One’s Future” [7]. Mathematical modeling is an area in which creative web searching can yield interesting examples that are very relevant to high school students.
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