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PREFACE

In topology, one studies such objects as topological spaces, topological
manifolds, differentiable manifolds, polyhedra, and so on. In the theory of
transformation groups, one studies the symmetries of such objects, or
generally subgroups of the full group of symmetries. Usually, the group of
symmetries comes equipped with a naturally defined topology (such as the
compact-open topology) and it is important to consider this topology as
part of the structure studied. In some cases of importance, such as the group
of isometries of a compact riemannian manifold, the group of symmetries
is a compact Lie group. This should be sufficient reason for studying compact
groups of transformations of a space or of a manifold. An even more com-
pelling reason for singling out the case of compact groups is the fact that one
can obtain many strong results and tools in this case that are not available
for the case of noncompact groups. Indeed, the theory of compact trans-
formation groups has a completely different flavor from that of noncompact
transformation groups.

There has been a good deal of research done on this subject in recent
years, as a glance at the bibliography will show. This has convinced us of the
need for a reasonably extensive introduction to the subject which would be
comprehensible to a wide range of readers at the graduate level.

The main obstacle to the writing of a successful introduction to this
subject is the fact that it draws on so many disparate parts of mathematics.
This makes it difficult to write such an introducton which would be readable
by most second-year graduate students, which would cover a large portion of
the subject, and which would also touch on a good amount of interesting
nontrivial mathematics of current interest. To overcome this obstacle, we
have endeavored to keep the prerequisites to a minimum, especially in
early parts of the book. (This does not apply to all of Chapter 0. For a
reader with minimal background, we recommend the reading of the first
three sections of that chapter, then skipping to Chapter I, with a return to
parts of Chapter 0 when needed. Many readers would do well to skip Chap-
ter O altogether.)

An indispensable prerequisite for reading this book is a first course in

ix



X PREFACE

algebraic topology. The requirements in this direction are fairly minimal
until the last half of Chapter ITI, where some Cech theory is needed. Poincaré
duality is not used until Chapter IV, and spectral sequences appear only in
Chapter VII. A considerable saving in the algebraic topological demands on
the reader results from the fact that we do not consider the theory of gen-
eralized manifolds in this book. There is, of course, a resulting loss in the
generality of some of the theorems, but we believe this is minimal. (Most
current interest is in the case of smooth or locally smooth actions, and there
the loss is practically nonexistent.)

Although we are almost entirely concerned with actions of compact Lie
groups in this book, there is really very little about Lie groups which the
reader needs to know, outside of a few simple facts about maximal tori
which we develop in Chapter 0, Section 6. This results from the fact that
we concentrate on those theorems for which the classification theory of
compact Lie groups, detailed case by case calculations in representation
theory, and similar considerations are not needed. (This restriction on the
subject matter is also made for purely esthetic reasons.)

We have endeavored to minimize the prerequisite background in differ-
ential geometry by not treating smooth actions until Chapter VI. (Actually,
much of the earlier parts of the book concern actions which are smooth,
and we occasionally comment on this aspect for the benefit of readers,
probably a majority, who understand it.) A major part of the book (Chapters
IV and V) is devoted to the study of what we call locally smooth actions.
This is a category of actions which we feel is the correct analogue of the
category TOP of topological manifolds. Roughly speaking, it lies between
the category of smooth actions on differentiable manifolds and that of con-
tinuous actions on topological manifolds, but avoids many of the patholog-
ical aspects of both of these categories. The consideration of locally smooth
actions was partially prompted by our desire to delay the discussion of
smooth actions and, on the other hand, to disregard the theory of generalized
manifolds. However, locally smooth actions should be regarded as a basic
subject for study (second only, in interest, to smooth actions), and should
lead to interesting results in the future.

Since the theory of compact transformation groups can largely be re-
garded as a generalization of the theory of fiber bundles, it is not surprising
that we make use of some elementary bundle theory in this book. The
necessary background material in this direction is developed as needed.

The main activity in recent years on compact transformation groups
has concerned smooth actions. Many of the recent results in this direction
fall outside our scope because of the background restrictions we have



PREFACE xi

placed on the book. It is also clear that many such results will be obsolete
by publication time and we have ruled out their inclusion for this reason.
A major area in the theory of smooth actions is occupied by the well-
developed cobordism theory of group actions. We do not consider this
theory here because of the prior existence of an excellent introduction to
it in the pioneering monograph of Conner and Floyd [8].

The background demands on the reader are gradually increased through-
out the book. This is especially true of the last four sections of Chapter
VI and of parts of Chapter VIL
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CHAPTER O

BACKGROUND ON TOPOLOGICAL GROUPS AND LIE GROUPS

In this chapter, we present some background material on topological
groups, the classical groups, and compact Lie groups. Much of the material
in this chapter is used only rarely in later chapters, so that it is not at all
necessary for the reader to be familiar with all of the results presented
here. In fact, readers with a scant background would probably be wise to
read the first three sections of this chapter and then pass directly to Chapter
I, returning to this chapter only when needed. Several of the proofs are
omitted, when giving them would take us too far afield, but all the results
are readily available in a number of standard sources on Lie groups, such
as Chevalley [1], Hochschild [1], and Pontriagin [1].

1. ELEMENTARY PROPERTIES OF TOPOLOGICAL GROUPS

A topological group is a Hausdorff space G together with a continuous
multiplication G X G — G [usually denoted by juxtaposition (g, h) — gh]
which makes G into a group, and such that the map gr>g 1 of G—> G
is continuous. The identity element of G will usually be denoted by e.

For g € G there is the left translation map L,: G — G defined by L (h)
= gh. Clearly L, = L,o L, and L,-» = (L,)™! and it follows that each
L, is a homeomorphism of G onto itself. Similarly, right translation R,:
G — G defined by Ry(h) = hg~! satisfies R; o R, = R, and R, = (R))™,
and each R, is a homeomorphism.

For subsets 4 and B of G, we denote by AB, the subset {ab | a € 4, b € B}
of G; that is, the image of 4 X B under multiplication G X G — G. Simi-
larly, A= {a'|a€ A}, and 4" = {a,a, --- a, | a; € A}.

Since L, is a homeomorphism we see that gU is a neighborhood of g iff
U is a neighborhood of e. Moreover, if U is a neighborhood of e, then so
are U! and U n U~ A neighborhood U of e is called symmetric if U
= U~ and it follows that the symmetric neighborhoods of e form a neigh-
borhood basis at e and this basis completely describes the topology of G.

1



2 0. BACKGROUND ON TOPOLOGICAL GROUPS AND LIE GROUPS

From continuity of the multiplication map G X G X G — G at the
point (e, g, ), we obtain the following lemma.

1.1. Lemma Given g € G and a neighborhood U of g, there exists a neigh-
borhood V of e with VgV < U. |}

Similarly, from multiplication G X -+ X G — G we have the following
lemma.

1.2. Lemma Given a neighborhood U of e and an integer n there exists
a neighborhood V of e with V> < U. |}

1.3. Proposition If H is a subgroup of a topological group G, then H
is also a subgroup. If H is normal, then so is H.

Proof Let u: G X G— G be u(g, h) = gh™'. Then

wB x Hy=u(H x H) c u(Hx Hy=H

so that H is a subgroup. If H is normal, then, since L,R,: G — G taking
h— ghg! is a homeomorphism, we have

gHg' = L,R(H) = L,R,(H) = aH

so that H is normal. ||

1.4. Proposition Let H be a closed subgroup of G. Then the space G/H
of left cosets gH of H in G, with the quotient topology induced by the ca-
nonical map ¢: G — G[/H, is a Hausdor[f space and ¢ is continuous and open.

Proof The map ¢ is continuous by definition and it is open since ¢~ 1¢(U)
= UH = g Uh is open for all open U <= G. To show that G/H is Haus-
dorff, suppose that g,H 7~ g,H; that is g7lg, ¢ H. Since H is closed, 1.1
implies that there is a symmetric neighborhood U of e with (Ugi'g,U) N H
= . Thus gi'g,U N UH = ¢ which implies that g,U " g UH = J
and hence that g,UH N g,UH = (. However, ¢(g;U) = g;UH are then
disjoint open sets in G/H containing g, H and g,H. |

1.5. Proposition If H is a closed normal subgroup of a topological group
G, then G/H is a topological group.
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Proof Consider the commutative diagram

GXG —1 G

(G/H) x (G/H) £~ G/H

where yp = ¢ X ¢, u(g,H. g,H) = g'g.H, and 7(g,, &) = g1'g>- It suf-
fices to show that u is continuous. However, for W < G/H open, we have

p W) = pypu (W) =y (W)

which is open since ¢ and 5 are continuous and p = ¢ X ¢ is open. J

1.6. Proposition If G is a topological group and G, is the component of
G containing the identity e, then G, is a closed normal subgroup of G.

Proof Since components are closed it suffices to show that G, is a sub-
group and is normal. However, G, X G, is connected and hence G,Gg*
(its continuous image) is connected and contains e. Thus G,G;! < G,
which means that G, is a subgroup of G. If w: G -» G is any automorphism
of G which is also a homeomorphism, then w(G,) is a component of G and
contains e, whence w(G,) = G, In particular, this holds for the inner
automorphisms L,R,, and hence G, is normal. J

If G and G’ are topological groups, then by a hememeorphism ¢: G — G’
we mean a homomorphism of groups which is also continuous. The reader
may supply the easy details of the following result.

1.7. Proposition If ¢: G — H is a surjective homomorphism of topolog-
ical groups, then K = ker ¢ is a closed normal subgroup of G and the in-
duced map ¢': G/K— H is continuous and bijective. If G is compact, then
@' is open, and hence is an isomorphism of topological groups. |

We now turn to some special facts for compact groups.

1.8. Proposition Let G be a compact group and let g€ G. Let A =
{g"ln=0,1,2,...}. Then A is a subgroup of G.
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Proof Put B= {g"| n€ Z} which is a subgroup of G. Then B is also a
subgroup of G by 1.3. If e is isolated in B, then B is compact and discrete
and hence finite and we must then have g® = e for some n > 0. Thus sup-
pose that e is not isolated in B. Then for any symmetric neighborhood
U of e in G there is an integer n 7= 0 with g” € U. Since U is symmetric
we may suppose that n > 0. Then g e (g7'U) N 4. Since the g'U
form a neighborhood basis at g-! it follows that g-! € 4 and this clearly
implies that 4 = B. ||

If H is a subgroup of G, then the normalizer N(H) of H in G is the subset
of G consisting of those elements g € G such that gHg—! = H. This is
clearly a subgroup of G and is closed when H is closed.

1.9. Proposition If G is a compact group and H < G is a closed sub-
group, then gHg' = H [i.e., g€ N(H)] iff gHg™' < H.

Proof Let ¢: G X G— G be ¢(g, k) = gkg~'. Suppose that ge G is
such that gHg' « Hand let A = {g"|n=20,1,2,...} as in 1.8. Then
(4 X H) < H and continuity of ¢ implies that ¢(4 x H) < H. By 1.8
we have that g~ € 4 and hence the latter inclusion implies that g-1Hg < H.
Thus H < gHg™'. ||

1.10. Proposition If G is a compact group, then every neighborhood U
of e in G contains a neighborhood V of e which is invariant under conjugation.

Proof Let ¢: G X G— G be ¢(g, k) = gkg=. If U is an open neigh-
borhood of e, then G — U is compact and (G x (G — U)) is a compact
set whose complement ¥V < U is open, invariant, and contains e. [}

We remark that 1.9 and 1.10 would be false in general without the com-
pactness assumption (or some other assumption).

1.11. Proposition If N is a totally disconnected normal subgroup of a
connected topological group G, then N is central in G.

Proof For k € N the map y,: G— N, defined by y.(g) = gkg!, is con-
tinuous. Since G is connected, y,(G) is connected. Since N is totally discon-
nected, y;(G) must consist of exactly one point {k}. Thus gkg—! = k for
allge Gand ke N. ]



2. THE CLASSICAL GROUPS 5

The following fact is an elementary exercise that we leave to the reader.

1.12. Proposition Let G be a topological group and H < G a closed
subgroup. If H and G|H are connected, then so is G. ||

2. THE CLASSICAL GROUPS

Let K stand for either the field R of real numbers or the field C of com-
plex numbers. For an n X n matrix 4 over K we denote by A’ its transpose,
by A its complex conjugate, and let A* = 4’. Let M,(K) denote the al-
gebra of all n X n matrices over X and note that this is a K-vector space
of dimension n%. The group, under multiplication, of nonsingular n X n
matrices over K is called the general linear group Gl(n, K) and the sub-
group of matrices of determinant 1 is called the special linear group Sl(n, X).
The orthogonal group O(n, K) consists of those 4 € Gl(n, KX) with A4’ =T
and SO(n, K) = O(n, K) n Sl(n, K). We put O(n) = O(n, R) and SO(n)
= SO(n, R). The unitary group U(n) consists of those 4 € Gl(n, C) with
AA* =T and SU(n) = U(n) N Sl(n, C). Since A’, A*, and det A4 are
continuous functions of 4 and multiplication M,(K) X M,(K) — M, (K)
is continuous, it is clear that these are all closed subgroups of Gl(n, K).
Since Gl(n, K) is defined by the inequality det 4 7~ 0, it is an open subset
of M, (K). The formula for 4! in terms of the coefficients of 4 shows
that 4 — A-! is continuous on Gl(n, K); and in fact that it is analytic.
(This also follows from the Implicit Function Theorem since multiplication
M, (K) X M, (K) > M,(K) is analytic.) It follows that all of the above
groups are topological groups with the relative topology from M, (X).

Since A* is a continuous function of 4 the equation A4* = I defining
U(n) shows that U(n) is closed in M,(C) = C™. It also shows that the
coefficients of 4 are bounded by one in absolute value, so that U(n) is
bounded in M, (C). Thus U(n) is compact. Since SU(n), O(n), and SO(n)
are closed subgroups of U(n), they are also compact groups.

Let 4 be any » X n matrix over K, If the absolute values of the coeffi-
cients of A are bounded by ¢, then those of 4* are bounded by (nc)* as is
easily seen by induction on k. Thus the series of coefficients of the matrix
series

A A3

I+A+T+‘§!—+‘ .
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are all absolutely dominated by the convergent series

(ne) | (nc)®

2! 3 T

14 ne+

Thus this series of matrices converges to a matrix

A? A3

et=I+A+ S0+ 5+

and the convergence is uniform in any compact subset of M, (K). Thus
the coefficients of e4 are analytic functions of the coefficients of 4. That is,
the map exp: M, (K) — M,,(K), taking 4 to exp(4) = e4, is analytic. Note
that e¢® = 1. To compute the Jacobian of exp at 0 we use the usual matrix
coordinates x;; and note that, for X = [x;],

1
eX:I+ [xl.’l]+7_[x1,]]2+ “ e
= [d;; + x;; + higher degree terms].
Thus the Jacobian is the n? X n? matrix with entries

_ {1 if <G, =<k D,
X=0

0 otherwise,

9(8;; + x;; + higher degree terms)
axkl

and hence is the identity n* x n? matrix. From the Implicit Function Theo-

rem it follows that exp is one-one on some neighborhood of O € M, (X)

to some neighborhood of I € Gl(n, K) and has an analytic inverse there.
Note that

BA2B-!
2!

eBAB—1:I+BAB-1_|_ + ..

2
=B+ 4 + -‘24—,— + --.)B™1 = Be4B-1,
Also exp over R is just the restriction of exp over C to M, (R) = M,,(C).

For any 4 € M,,(C) there is a B € Gl(n, C) such that B4B~! has super
diagonal form

BAB = . ,




2. THE CLASSICAL GROUPS 7

where the A; are the eigenvalues of 4. From this it is trivial to calculate

that
o

4p-1 BAB™ ek
BedBl=¢ =

eln

and thus the e¢* are the eigenvalues of e4 with the correct multiplicities.
In particular, their product shows that

det eA —_ etrace(A)

[where trace(4) =4, + --- +4,]. In particular, dete4 %0 for all 4,
and hence the image of exp is in Gl(n, K).

21. Lemma If A and B commute, then e4+8 = edeB,

Proof For A and B fixed, let s and r be real variables and consider the
analytic functions e*4+t8 and e*4e’B of s and t. We have

P AHtB Z (sA —I—' tBy"

& n!
& (sAY (B
n=0 j=0 J'(n - .])'

_ (i (si‘i)i)(]i (tBY )

P = J!

where the last product is to be regarded as a formal product of matrices
of power series in s and ¢ and the last equality means an equality of matrices
of formal power series in s and ¢. However, the last term is just the power
series expansion of e*4e'B, as is seen by computation of the partial deriva-
tives in s and f. Since e’4+!8 and e*e!f are analytic functions of s and ¢
it follows that they coincide for all s and ¢. |

It follows that for any given 4 € M,(K) the map
K— Gl(n, K)

given by
t—>etd
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is a homomorphism of topological groups (with the additive group structure
on K), In particular, e=4 = (e4)™.

Since Gl(n, K) is open in the K-vector space M, (K), the tangent vector
to a curve in Gl(n, K), or in M, (K), can be regarded as an element of
M, (K). In particular, for the curve t+>e'4 of R — Gl(n, K) [for fixed
A € M, (K)] we compute that its tangent vector at t = 0 is

A __ 2
lim £ I=lim(A+t%+---)=A.

t—>0 t—>0

Thus the real tangent space at 7 in Gl(n, K) coincides with the space of tan-
gent vectors at 1 = 0 to the real one-parameter groups ¢+ e?4,
In the same way, for the operation of Gl(n, K) on K", the tangent vector
to the curve t+—> e . v in K*, where 4 € M,,(K) and v € K* are fixed, is
tA ., _ 2
lim %’i: lim(Av + t%) + ) = Av.

>0 >0
If e*4 - v = v for all 7, then it follows that Av = 0. Conversely, if Av = 0,

then €4 - vy = (I 4 t4 4 -.-)» = v. Thus we have the following propo-
sition.

2.2. Proposition For v € K* and A € M, (K), the tangent vector to the
curve t—>e'd . vatt =0is0iffetd - v=v forallt |

2.3. Theorem For A € M, (C) we have the following facts:

(1) If A is real, then e is real.

) If A is skew symmetric (A’ = —A), then e4 € O(n, C).
(3) If A is skew Hermitian (A* = —A), then et € U(n).
(4) If A has trace 0, then e4 € Sl(n, C).

Moreover, for A in a suitable neighborhood of 0 € M, (C), the reverse implica-
tions all hold.

Proof For example, suppose that 4" = —A4. Then (ed) =ed =4
= (e4)! so that e4 € O(n, C). Conversely, if (e4)’ = (e4)},then ¢4’ = ¢4
which implies that 4" = — A4 provided that 4 is sufficiently near 0, since

exp is one-one near 0. The proof of the other implications are all similar
to this and will be omitted. ||
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Note the various combinations of the conditions in 2.3. It is also important
to note that the conditions of 2.3 are all real linear and define real vector
subspaces of M,,(C) whose dimensions are easy to calculate. Thus we have
the following easy consequence of 2.3.

2.4. Corollary Let G < Gl(n, C) be one of the groups Gl(n, C), Gl(n, R),
SI(n, C), SI(n, R), U(n), SU(n), O(n, C), SO(n, C), O(n, R), or SO(n, R).
Then there is a real vector subspace Tg of M,(C) such that exp: M,(C)
— Gl(n, C) maps a neighborhood of 0 in Ty homeomorphically onto a neigh-
borhood of I in G. The dimensions of these subspaces are, respectively,
2n, 2, 22 —2, P — 1, n, n — 1, n(n— 1), n(n— 1), $n(n — 1), and

tn(n—1). 1

Let U < Gl(n, C) be a symmetric open neighborhood of I on which the
inverse, log: U— M, (C), of exp is defined and analytic. Let V' be a sym-
metric open neighborhood of 7 with ¥2 < U and put W = log(V). Then
the composition

log

Vx V2. U2 M, (C)

exp X exp
—_—

Wx W
is real analytic, where p(gh) = gh1, and takes
(Wﬂ Tg) X (Wﬁ Tg)—>Tg.

This is just the expression of the multiplication map ¢ in terms of the co-
ordinates about 7 in G given by log. Thus each of the above groups has
coordinates about I in which multiplication and inversion are expressed
as real analytic functions of the coordinates.

We now turn to the discussion of one family of classical groups that we
have thus far omitted, the symplectic groups Sp(n). The group Sp(n) is
defined to be the group of all n X n quaternionic matrices 4 with 44* = I.
Here A* = A’, where A is the quaternionic conjugate of A4;thatis 4 =
[a;] when A = [a;] and where ¢ = a -+ bi+ ¢j + dk has conjugate
g = a — bi — ¢j — dk. For a quaternionic » X n matrix P we can write

P= A+ Bj,

where 4, B € M, (C). Note that jB = Bj and thus multiplication is given
by
(4 + Bj)(C + Dj) = (AC — BD) + (4D + BC);.



10 0. BACKGROUND ON TOPOLOGICAL GROUPS AND LIE GROUPS
For P = A + Bj we define

#P) = |

B
5 oAl
A short calculation shows that ¢ is an isomorphism of the algebra of all
n X n quaternionic matrices into that of 2n x 2n complex matrices, and
that p(P*) = @(P)*. Thus P is symplectic (PP* = I) iff I = p(I) = @(PP¥*)
= @(P)p(P*) = p(P)p(P)* which holds iff ¢(P) is unitary. It is easy to
calculate that a 2n X 2n complex matrix Q has the form

SIS

A B
o=|_% 1
iff
JoJ = Q,
where
0 1
=17 ol
For Q unitary, this equation becomes
QJQ =1J.

Thus the symplectic group Sp(n) is isomorphic via ¢ to the subgroup of
U(2n) consisting of those unitary matrices preserving the bilinear form
J (ie., Q'JQ =J).

Asin 2.3 one sees that if 4 € M,,(C) andif 4* = —4andJ4 + A'J =0,
then ¢4 € p(Sp(n)), and the converse holds for A sufficiently close to 0.
Thus 2.4 also holds for G = p(Sp(n)) =~ Sp(n) and the dimension of T¢
can be computed to be 2n% + n.

We conclude this section by defining the notion of a representation. If
G is a topological group, then a real representation of G is just a (contin-
uous) homomorphism of G into Gl(n, R). This can be thought of as an
action of G on R” by linear transformations. Similarly, a complex representa-
tion of G is a homomorphism G — Gl(n, C). Since Gl(n, R) < Gl(n, C)
each real representation gives rise to a complex one called its complexifica-
tion. By a unitary or an orthogonal representation of G we mean a homo-
morphism of G into U(n) or O(n), respectively.

Two representations ¢, y: G — Gl(n) are said to be equivalent if there
is an 4 € Gl(n) with y(g) = A-'¢(g)4 for all g € G. They are orthogonally,
or unitarily, equivalent if 4 € O(n) or 4 € U(n), respectively.
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Since 4: R* = R” can be thought of as a change of basis, the equiva-
lence of two representations ¢, y: G — Gl(n) simply means that they have
identical matrix form with respect to suitable nonstandard bases (different
for ¢ and y) of R™ In particular, a representation ¢: G — Gl(n, R) is equiv-
alent to an orthogonal representation iff there exists a (positive definite)
inner product ., -> on R" preserved by ¢ (thatis, {p(g)v, ¢(g)w) = {v, w>
for all g € G and v, w € R?), for then each ¢(g) would have an orthogonal
matrix form with respect to an orthonormal basis on R” for this inner
product.

3. INTEGRATION ON COMPACT GROUPS

Let G be a topological group and f: G — R a real-valued function. For
h € G, define functions R, f and L,f by (R,f)(g) = f(gh) and (L,f)(g)
= f(h'g).

3.1. Theorem Let G be a compact group. Then there is a unique real-
valued function I (called the Haar integral) defined for continuous real-
valued functions f on G, such that

@ I +f) = IR+ I(f).

(b) I(cf) = cI(f), where c € R.

() Iff(g) =0 foralgeG, then I(f)>=0.
(d I1)=1

(©) HRpf)=I(f)=ILpf) for all he G. |

We shall not give the proof of this theorem here. A simple elementary
proof for compact groups was given by von Neumann and this proof can
be found in Pontriagin {1]. There is a generalization of this integral for lo-
cally compact groups, proved by Haar, with weaker properties. This can
be found in many places, including Loomis [1] and Montgomery and
Zippin [4]. (These references give versions of Haar’s original proof. A to-
tally different proof can be found in Bredon [9].)

We shall often use the notation [ f(g) dg for I(f), so that (e) can be
written

[ seeh de - [ 76y de - [ rer1a) de.

Note that if fis nonnegative and not identically O then, by compactness of
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G, we can find elements 4, ..., h, in G with 3 R, f everywhere positive.
Then ¥ R, f= c for some constant ¢ > 0 and we have
nl(f)— ¢ =I((XRpf) — ¢) = 0.

Thus I(f) > 0.
Similarly, if f,(g) = fi(g) for all g, then I(f,) = I(f,). Also | I(f)]
<sup{| flg) | | g € G}.

3.2. Proposition Let f: G X A—R be continuous, where A is any
topological space and G is a compact group. Then the function F: A —>R
defined by

Fl@) = jf(g, a) dg

is continuous.

Proof Let ¢ > 0 and a € 4 be given. By continuity of f and compactness
of G there is a neighborhood U of a such that

| flg, b)) — flg,a)| <&
for all b € U. Then

| F®) ~ F@) | = | | e, b) dg — [ fig. ) d|

| [t Az, an dg | <
forallbe U. |}

3.3. Theorem Ler f: G X R— R be continuous, where G is a compact
group, and suppose that f(g, t) is differentiable in t with a derivative df(g, t)/dt
which is continuous on G X R. Then F(t) = [ f(g, t) dg is also differentiable

and p p
< F0 = [ - fle. 0 de.

Proof For real number s 0 we have

f(g’ t+ S) —f(g’ ’) _

s

d
th(g’ t + ps)

for some 0 << ¢ < 1. Since df{(g, t)/dt is uniformly continuous on compact
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subsets of G X R, it follows that, for fixed ¢ € R, this difference quotient
converges to df(g, t)/dt uniformly in g € G as s — 0. Therefore, given ¢ > 0,
there is a > 0 such that if | 5| < 6, then

‘f(g, t+s)—flgt)
A

e n| <e

for all g € G. Then also
‘ Jf(g, t+ sz — fle, t)dg _ J

d
S fe 0 dg| <o

that is,

Ft+s)—F¢ [ d
| ) | Frend| <
which implies the desired conclusion. [J

Note that an inductive use of 3.3 shows that if /1 G X R* >R is a
function such that f(g, t,, ..., t,) is C* in the ¢, for fixed g € G and such
that the partial derivatives of all orders are continuous on G X R?”, then

F(t,, ..., t))=[flg. ty, ..., 1,) dg is also C*.

3.4. Proposition If f: G x G—> R is continuous, then [ [ f(g, h) dg dh
= [ f(g, h) dh dg.

Proof Each of these satisfies the conditions for the integral on G X G
so that uniqueness of the integral implies this fact. |

By simply integrating componentwise, the integral can be extended to
an integral on vector-valued continuous functions f: G— R* giving
| f(2) dg € R™. The linearity conditions (a) and (b) of 3.1 imply immediately
that if 7: R*— R¥ is any linear transformation, then

j T(fg)) dg = T(jf(g) dg).

If V is a vector space, then GI(}") denotes the group of linear automor-
phisms of ¥ and a representation of G on V is a homomorphism G — GI(¥).
For a real vector space V of finite dimension n, each such representation
is clearly equivalent, in the obvious sense, to a representation G — Gl(n, R)
on euclidean space, and we require continuity of this.
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The major use for the Haar integral is in constructing invariant things
by integrating noninvariant things. An illustration of this is the proof of
the following theorem:

3.5. Theorem Each representation of a compact group G on an n-di-
mensional real vector space V is equivalent to an orthogonal representation of
G on R”.

Proof We can assume that ¥ = R” Let us denote the action of G on R"
via the given representation by (g, v) > gv. As pointed out in Section 2,
it suffices to find a positive definite inner product (-, -> on R* which is
invariant under G, i.e., {gv,gw) = (v, w) for all g€ G and v, we R
Let us denote the usual euclidean inner product by v - w; that is, v - w
= Yv;w;, where v = (v;, ...,v,) and w= (w;, ..., w,). Define

uwy = | (@) - (gw) d.
This is clearly bilinear and symmetric. It is positive definite since, for v 7£ 0,
a0y = | (gv) - () dg > 0
since the integrand is positive. This inner product is also invariant since
o,y = [ (gh) - (ghw) dg = [ (g9) - (gw) dg = <o, w)
by property (e) of the integral. J]

The same proof shows that every complex representation of a compact
group is equivalent to a unitary representation.

If o: G—> GI(V) and p: G— GI(W) are representations, then ¢ Dy
denotes the representation G — GI(V @ W) given by (p D y)(g) - (v, w)
= (p(g, p(gw).

A (finite-dimensional) representation ¢: G — GI(V) is said to be redu-
cible if there is a subspace 0 £ W £ V of V such that ¢(g)(W) = W for
all g € G. Otherwise it is called irreducible. It is called completely reducible
if it is equivalent to the direct sum ¢ =~ v, P, D - -+ @ y;, of irreducible
representations ;. It is not hard to see, in this case, that the y, are unique
up to order and equivalence.
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3.6. Proposition Every finite-dimensional real representation G — GI(V)
of a compact group is completely reducible.

Proof By 3.5 we can assume that ¥ = R™ and the representation is ortho-
gonal ¢: G— O(n). If W < R* is invariant, then we claim that W1
={veV=R"| v-w=0 for all we W} is also invariant. This follows
from the equation

(pgw) - w=v-@@'w=rv-pg"w.

Thus ¢ =~ (p | W) @ (¢ | W) and the result follows by an easy induction. J

4. CHARACTERISTIC FUNCTIONS ON COMPACT GROUPS

Let G be a compact group. The letters x and y will be used for elements
of G in this section. For a given positive integer n let ¥ denote the (infinite-
dimensional) real vector space of all continuous functions f: G — R™
(For most purposes n can be taken to be 1, but it will be convenient to
allow the general case.) For f, g: G — R™ define

gy = jf(x) . g(x) d,

where the integrand is the usual euclidean inner product.
Suppose we are given a continuous function

k: G xG—R

with k(x, y) = k(y, x), called a “kernel function.” Then we define an op-
erator K: V— V by

(KF)(x) = j k(x, ) f7) dy.

It is easily seen that X maps the unit sphere { /| {f, f> = 1} to a uniformly
bounded and equicontinuous set of functions. Also K is symmetric, {Kf, g)
= (f, Kg), by interchange of order of integration.

A function 0 7 @ € ¥V is said to be a characteristic function (of K) be-
longing to the characteristic value A € R if K¢ = Ag.

Let us list, without proof, three well-known facts which are consequences
of the above properties of K. The proofs can be found in many places,
such as Hochschild [1, pp. 14-18] or Chevalley [I, pp. 204-209].
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(a) For any ¢ > O there are finitely many characteristic values 4 with
[A]=c.

(b) For A 0 the characteristic functions belonging to A form a finite-
dimensional vector space.

Note that from these facts we can find a sequence ¢, , @,, ... of charac-
teristic functions belonging to the nonzero characteristic values c;, ¢,, . ..
such that the | ¢;| converge monotonically to zero, such that <{g;, ¢;>
= §;;, and such that each characteristic function belonging to 47 0 is
a linear combination of those ¢; with ¢; = A. Then another basic property
is:

(c) If g = Kf for some f€ V, then the “Fourier series” 3 {g, ;>®;
converges uniformly to g.

Recall that for f € V the right translate R, f € V is defined by (R, f)(x)
= f(xy) and the left translate L,fe V by (L,f)(x) =f(y"'x). Since
R,R,= R,, and L,L, = L,, these both represent G by linear transforma-
tions on the infinite-dimensional vector space V.

We shall assume from now on that the kernel function k has the form

k(x, y) = h(xy™)
where 4: G — R satisfies h(x) = h(x?).
For any linear map 4: R* — R", composition with f: G — R® defines

Af: G — R" and f+—> Af defines a linear transformation A: ¥V — V denoted
by the same symbol.

4.1. Lemma In the above situation we have R,o K= Ko R, for all y,
and A o K = K o A. If h also satisfies h(yxy™) = h(x) for all x, then L, o K
=KoL,

Proof We compute

KR, £)(x) = j h(xz-1) f(zy) dz
- jh(xy(zy)-l) fzy) dz

- jh((xy)z—l) f(z) dz
— (KF)(xy) = (RYKP)) ().
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Also
KUP)) = [ oy A () dy
= [4@er100) @
— 4 | Ky ) ) dy = AT ).
For the last statement we compute
KLe) = [ A fi'z) de
= [ ROy 2072 friz) a2
— [ hoytxzy ) ) @

- Jh(y—lxz“)f(z) dz
— (K%)= (LKD) ). |

It follows from 4.1 that each R, and each A4 (as above) transforms the
space of characteristic functions belonging to 4 into itself. For ¢ > 0 we
let ¥, denote the subspace of ¥ spanned by those characteristic functions
belonging to characteristic values 4 with | 4 | = ¢. Then V, is finite-dimen-
sional by (a) and (b), and is preserved by each R, and each A. Put V-
={ge V| g f>=0forall fe V,}. Now V, is spanned by some of the
@i, say @, ..., ®,. Then f€ V can be written

f= z Lrpopit (1= z Srwom)

which shows that V' =V, @ V..

Since {Ag, > = {g, A/, for A: R* — R" linear and A’ its transpose,
we see that A preserves V. L. Also computation gives

<Rygaf> = <g’ Ry-1f>

which shows that R, preserves V..
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Let P,: V>V, be the orthogonal projection P,f =21, {fp @
taking V.t to 0. Then we see that

P.oR,=R,0P, and P.ocA=A4cP,

in the above situation. In the same way, if A(yxy—!) = h(x) for all x € G,
then L, commutes with K by 4.1 and hence also commutes with P,.

4.2. Theorem Let G be a compact group and H a closed subgroup. Let
o: H— Gl(n, R) be a representation of H. Then there exists a representation
n: G — Gl(m, R) for some m, such that ¢ is contained in the restriction of 7
to H; that is, 7| H =~ p ® u for some representation u of H.

Proof It clearly suffices to prove this for the case in which g is irreducible.
As above, let V be the space of continuous functions G — R”. Let i: G — R
be a given map satisfying A(x) = A(x~') and A(yxy~!) = A(x) for all x,
y € G. Define (Kf)(x) = [ h(xy~") f(y) dy as above. We shall make an
appropriate choice of h later.

Let W < V be the subspace consisting of those functions f: G — R”
such that

SOx) = o )(x) for all ye H and x € G.

That is,
Lyaf=090®)of for all yeH,

With 4 = p(y) in the above remarks, we see that for any ¢ > 0 (to be
chosen later) the projection P, preserves W and K also preserves W, since
both of these commute with each L, and each 4 = g(»). Also note that
each R, preserves W for x € G (but the L, do not).

Put W, = P,W < W. Then the R,, for x € G, define a finite-dimen-
sional representation n of G on W,. Consider the linear map

J: W,—R"
given by J(f) == f(e). For y € H we have
JRf) = (Ryf)e) = f») = e)fle) = e(NJI(S)

which means that J carries the representation % | H to ¢. The kernel of
J is a representation u of H which has a complement © by 3.6, since H is
compact. Thus | H = u @ v and J takes 7 monomorphically to ¢. If
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JF#0, then J: 7— ¢ would be an equivalence of representations of H,
since p is irreducible, and we would be done. Thus it suffices to show that
we can pick the function / (and hence the operator K) and ¢ > 0 so that
there is a function /€ W, with f(e) = J(f)F# 0.

To this end let v = (1,0, ...,0) € R® and define g: H— R" by g(y)
= o(y) - v. This extends to a map g: G-—> R" by the Tietze Theorem
since G is compact and hence normal. Put

g*(x) = jH o DE(x) dy.

For x, y € H we have g(yx) = o(yx)v = o(»)e(x)v and thus g* | H = g.
For all x € G and z € H we have

g*(zx) = jH o()E(zx) dy
- jH o(2(y2) DE(zx) dy
=j o(zyE(x) dy
H

— o(2) jH o(OZ(x) dy
= o(2)g*(x)

and thus g* € W. Since g* extends g we shall now drop the star, giving
ge W with gle) =v= (1,0, ...,0).

Let g,(x) be the first component of g(x), so that g,(e¢) = 1. By conti-
nuity there is a neighborhood U of e in G on which g, is positive. We may
assume that U is symmetric and-invariant under conjugation by 1.10. Let
q: G- R be a nonnegative map vanishing outside U and with g(e) = 1.
Put

h(x) = %JG (gxy=1) + q(yxty~2)) dy.

Then % is nonnegative, vanishes outside U, has h(e) = 1, and satisfies
h(x) = h(x™') and h(yxy—') = h(x). Then, for this choice of h, we have

(Kg)(e) = jG h(ey)g(y) dy #0,

since its first component [ A(y~1)g,(y) dy is positive. Recall that by prop-
erty (c) above, P,Kg converges uniformly to Kg as ¢ — 0. Thus we can
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choose ¢ > O sufficiently small so that (P,Kg)(e) 5~ 0. Then f = P .Kg € W,
is our desired function. |

If p: G— GI(V) is a representation and if v € V, we put
G, ={g€ G| o(g) = v}

which is called the isotropy subgroup of G at v. (Also see Chapter 1, Section
2.) It is clearly a closed subgroup of G.

4.3. Theorem Let G be a compact group and H a closed subgroup. Let
U be a neighborhood of e in G. Then there exists a representation p: G
— Gl(n, R) for some n, and a point v € R* with H < G, c UH.

Proof Let W be a symmetric neighborhood of e in G with W2 < U and
let h: G— R be a nonnegative continuous function satisfying A(e) = 1,
h(x) = h(x1), and h(x) = O for x ¢ W. Let the operator K be defined by

(KF)(x) = ja hGxy=) () dy.

Since G/H is compact Hausdorff, and hence normal, there is a continuous
nonnegative function f': G/H — R with f'(eH) =1 and f'(xH) = 0 for
x ¢ WH. Let f: G—R be f(x) = f'(xH). Then f(e) = 1, f(x) =0 for
x ¢ WH and R,f = ffor all y € H. Put g = Kf. Since R, commutes with
K we have R, g =g for ye H.

Now if

0 £6) = | hGy)10) .
then for some y € G we must have xy~* € Wand y € WH, so that x € W?H
< UH. Thus .

g(x)=0 for x ¢ UH.
On the other hand,

86) = [ Ko™ f0) dy > 0.

Since P.g converges uniformly to g as ¢ — 0, by property (c) above, we
can take ¢ so small that (R, P,g)(e) = (P.g)(x) < (P,g)(e) for all xe G
— UH. For this value of ¢, let p = P,g. Then G acts on the finite-dimensional
vector space V, via the R,, and we have the vector ¢ € V, with

Ryp+# o for x¢ UH
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(since they differ at ¢) and
Ro=9o for all ye H,

since R, commutes with P,.
Thus the isotropy group G, contains H and is contained in UH. |

By 3.5 and 4.3 applied to H = {e}, we have the following corollary.

4.4. Corollary Let G be a compact group and U a neighborhood of e
in G. Then there is a homomorphism y: G — O(n) with ker y < U. ||

We say that a group G has no small subgroups if there is a neighborhood
U of e in G containing no subgroup of G other than {e}.

4.5. Corollary A compact group G has no small subgroups iff it is iso-
morphic to a closed subgroup of O(n).

Proof By 4.4 there is a monomorphism y: G -~ O(n). Since y is one—one,
O(n) is Hausdorff, and G is compact, y is a homeomorphism (and an iso-
morphism of groups) to its image.

For the converse it suffices to show that Gl(n, R) has no small subgroups.
For this, consider a convex neighborhood U of 0 in M, (R) =~ R™ for
which exp: 2U — Gl(n, R) is a homeomorphism to some neighborhood
of Iin Gl(n, R); see Section 2. Suppose that H < exp(U) is a subgroup of
Gl(n,R) and that I3 Be H. Let 05%4 4 € U be such that e = B. Then
274 € 2U — U for some integer r = 1 and B¥ = ¥4 € exp(2U) — exp(U)
by 2.1. This contradicts the assumption that B¥ € H < exp(U). |}

Remarks Theorem 4.2 is well known, as is the case with all the results of
this chapter. The author is indebted to Wallach for the idea of the present
proof. Theorem 4.3 (and 5.2 of the next section) is due independently to
Mostow [1] and Palais [2], while the special case 4.4 (and 4.5) was previously
proved by von Neumann.

5. LIE GROUPS

In this section we shall outline the elementary theory of Lie groups,
omitting most of the standard proofs and discussing only those things of
importance for later chapters. The discussion is intended for readers who
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are not already familiar with Lie groups (and, possibly, not even with dif-
ferentiable manifolds). It is designed simply to indicate what a Lie group
is and to indicate a few elementary facts which we shall need. Those few
things which we need are easily understood and believable, and we feel
that the reader need not know how to prove these results. For the proofs,
and indeed for much better expositions, of these facts, the reader may
consult any number of readily available sources, such as Chevalley [1] or
Hochschild [1].

Let G be a topological group. Then G is called a Lie group if there is
an open neighborhood U of e in G and a homeomorphism x: U— W onto
an open set W < R”, for some n and with x(e) = 0, such that the group
operations are real analytic near e in these local coordinates. More precisely,
let x;(g) denote the ith coordinate of x(g) € R” for g € U. Then there are
real analytic functions ¢; defined on some neighborhood of 0 € R®* such
that

xi(gh) = @i(x1(8), - - . Xa(8), X1 (h), ..., xu(h))
for all g and 4 in some open neighborhood ¥ < U of e. Similarly
xi(g_l) = Wi(xl(g), cees xn(g))

for g near e, where the y; are real analytic and defined near 0 € R

A one-parameter group y: R — G [i.e., a continuous homomorphism,
y(s + t) = p(s)y(¢)] is called analytic if each x; oy is analytic near 0 € R.
(We can give G the structure of an analytic manifold for which the group
operations are analytic, and it follows that y is everywhere analytic.) The
derivatives a; = dx;(y(¢))/dt |, are the coordinates of the “tangent vector”
to y at t = 0 with respect to the given coordinate system x. From the
elementary theory of differential equations it can be shown that y is com-
pletely determined by this vector X = (qq, ..., a,) € R* and, moreover,
that every X € R” arises in this way from some analytic one-parameter
group yx. It also follows from this theory that the map

exp: R"— G

defined by exp X = yx(1) is analytic for X near 0. Since computation shows
that f—y,x(¢) and t+>yx(st) are analytic one-parameter groups having
the same tangent vector at ¢ = 0 we have

vax(1) = yx(s)

for all s € R. Then an easy calculation shows that the Jacobian matrix of
x oexp at 0 s just the identity. The Inverse Function Theorem then shows
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that, near 0, exp has an inverse function, called *“log,” which is also analytic
(i.e., log o x~1 is analytic). Note that log then defines a coordinate system
near e (i.e., we could take x = log). These coordinates are called “canonical
coordinates of the first kind.” In these coordinates the analytic one-par-
ameter groups are just the straight lines through the origin. It is easy to see
from this that every continuous one-parameter group ¥: R— G is auto-
matically analytic, and hence has the form y(¢) = exp(¢X) for some X € R
This significant fact implies, in turn, that every continuous homomorphism
G — H between two Lie groups is analytic near e. Consequently, a coor-
dinate system x near e on G, making G into a Lie group, is unique near e
up to analytic change of coordinates. (This is the reason that a given such
structure is not taken as part of the definition of a Lie group.)

Just as in the proof of 4.5 it can be shown that a Lie group G has no small
subgroups.

Suppose that H is a closed subgroup of the Lie group G. By a careful
investigation of the exponential map it can be shown that H coincides
near e¢ with the image under exp: R*— G of a linear subspace ¥V < R"
(and, in fact, of any neighborhood of 0 in ¥). If VL is the orthogonal
complement (or any complement) of ¥ in R®, then the map ¢: R* =
VL@ V — G given by

P(w, v) = (exp w)(exp v)

has (with respect to local coordinates) the identity as its Jacobian matrix.
Thus the local inverse of ¢ gives a system x = (x,, ..., x,) of local coor-
dinates at e in G, defined, for example, on U= {ge G| | xi(g) | < 1},
and having the property that each U N gH, for g € G, is given by the equa-
tions

X; = C;, i=1,...,k

(where the ¢, are constants depending on the choice of the coset gH, and
n — k is the dimension of H). In particular, it follows that H is itself a
Lie group.

Applying this to G = O(n), the next result follows from 4.5.

5.1. Theorem A compact group is a Lie group iff it is isomorphic to a
closed subgroup of O(n) for some n. ||

Given H < G closed, and local coordinates x = (x;, ..., x,) as above,
let C be the set of points in the coordinate neighborhood with x;; = - -+
=x, =0 (i.e., C = exp W, where W is a small neighborhood of O in
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V1). Then CH is open in G and the multiplication

Cx H—-CH

is a bijection. Put C’ = exp #W. Suppose that K = G is a subgroup with
Hc K< C'H. If K H, then it follows that K contains an element
e =~ k € C'. However, lines through the origin of C (in the given coordi-
nates) are one-parameter groups. Thus it follows (as in the proof of 4.5)
that some power of k is in C — C’ and this contradicts the assumption that
K < C'H. Since C'H is open in G this, together with 4.3 and 3.5, implies
the following result.

5.2. Theorem Let G be a compact Lie group and H = G a closed sub-
group. Then there exists a representation o: G — O(m), for some m, and
a point v € R™ with G,= H. |

With the above notation, note that the local cross section C of the left
cosets of H in G at e maps homeomorphically to a neighborhood of eH
in G/H. The inverse of this can be used to define local coordinates on G/H
near eH. Suppose that H = G, for a given representation ¢: G — O(m)
asin 5.2 (with G compact Lie). Then gH — g(v) defines a map 6: G/H — R™
which is easily seen to be a homeomorphism into. In terms of the indicated
local coordinates, the differential of 6 at eH can be thought of as the map
taking we W to the tangent vector 0,(w) at t =0 to the curve t+—
o(exp tw)(v) in R™. Since p(exp tw) is a one-parameter group in O(m), it has
the form e4 for some m X m matrix 4. By 2.2 it follows that 0,(w) = 0 iff
v = ey = p(exp tw)(v) for all r. However, this holds iff exp(tw) € G, = H
for all ¢, which holds only for w = 0 by the definition of W < V2.

Thus the differential of 6: G/H — R™ at eH is a monomorphism. In
fact, coordinate systems can be defined near the other points of G/H by
left translation of the given coordinates, and it follows that, with this ana-
lytic structure on G/H, 6 embeds G/H as an analytic submanifold of R™.

We conclude this section with a discussion of the simply connected
covering group of a Lie group G. Since the underlying topological space of
a connected Lie group G has nice local properties, there is a simply connected
covering space G of G. We select a point é € G over e € G, once and for
all. Since G x G is a simply connected covering space of G X G, there
is a unique map G x G — G which takes (&, &) — é and covers the multi-
plication map G X G — G. We denote this map by (g, k) > gh. The two
maps (g, h, k) (gh)k and (g, k, k) g(hk) of G x G x G— G both
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take (€, &, &) to € and cover the same map G X G X G — G. Thus they
coincide. The map G — G taking g to é covers the identity on G and takes
éto &. Thus 3é = g for all g € G. Similarly, ég = g for all § € G. There is
also a unique map G — G taking & to & and covering g+>g~* on G. If
we denote by - the image of g € G under this map, then the map g +—>gg*
of G — G covers the constant map g — e and takes & to é. Thus gg—' = &
for all ge G.

These remarks show that, with the given choice of & € G, there is a unique
topological group structure on G such that the projection G — G is a
homomorphism. Since é has a neighborhood U in G’ mapping homeomor-
phically onto a neighborhood U of e in G, it follows that G is a Lie group.
It is called the universal covering group of G. The kernel K of the projection
G — G is a discrete normal subgroup of G and hence is central in G by 1.11.
Thus every connected Lie group G can be obtained from some simply con-
nected Lie group G by factoring out by a discrete subgroup K in the center
of G. Two connected Lie groups are said to be locally isomorphic if they
have isomorphic universal covering groups.

Let us now consider the case in which G is connected and abelian.

5.3. Lemma Let G be a connected abelian n-dimensional Lie group.
Then exp: R*— G is a homomorphism (where R™ has its additive group
structure) and identifies R™ with the universal covering group of G.

Proof Foru,v € R*and ¢t € R the map ¢: R — G given by ¢(#) = exp(rw)
exp(tv) clearly defines a one-parameter group, since G is abelian. The
tangent vector to this at = 0 is just u,(u, v), where u,: R* X R* —R”
is the differential at (e, e) of the multiplication map u: G X G— G.
However, u, is linear and pu,(u, 0) = u and u,(0, v) = v, since u(g, e) = g
and u(e, g) = g. Thus p,(u,v) = u + v and we conclude that ¢ is just
the one-parameter group ¢(t) = exp(¢#(u + v)) with tangent vector u +- v.
Putting ¢ = 1, we have

exp(u + v) = exp(u) exp(v),

so that exp is a homomorphism. The image of exp is then clearly an open
subgroup of G. It is also closed since its complement is a union of cosets,
which must also be open. Thus exp: R* — G is a covering. ||

It follows, for a connected abelian Lie group G, that G = R*/N, where
N is a discrete subgroup of R™. It is not very difficult to show that there is
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a basis v, ..., v, of R” such that N is just the subgroup generated by
vy, ..., vy for some k. Thus G = T¥ x R*-k, where T* is the k-dimensional
torus (i.e., the product of k copies of the circle group S' = U(1) =~ R/Z).
Thus we have the following characterization of connected abelian Lie
groups:

5.4. Theorem A connected abelian Lie group G is isomorphic to T¥Xx
R™* for some n, k. ||

6. THE STRUCTURE OF COMPACT LIE GROUPS

In this section we shall first develop the properties of maximal tori in
compact Lie groups. We shall do this is some detail since it will frequently
be important to us in later chapters. Then we shall outline the classification
theory of compact connected Lie groups. Since we will not make use of the
latter material in this book, we shall make no attempt at indicating the
proofs of most of the results on classification.

A toral group is a compact, connected, abelian, Lie group, and hence a
product of circle groups. A maximal torus 7" in a compact Lie group G
is a toral subgroup of G which is not properly contained in any larger toral
subgroup of G.

6.1. Lemma The automorphism group AutT of a torus T is discrete in
the compact-open topology.

Proof Regard R™ as the universal covering group of 7= R*/Z" Each
automorphism of T clearly lifts to an automorphism of R” preserving Z”,
and conversely. Thus Aut 7 may be regarded as the subgroup of Aut R"
= Gl(n, R) preserving the integer lattice Z®. That is, these are matrices with
integer coefficients and determinant -1, and these form a discrete sub-
group of Gl(n,R). ||

6.2. Corollary If T is a maximal torus of G, then N(T)/T is finite, where
N(T) is the normalizer of T in G.

Proof The normalizer N(T')is closed and hence is a Lie group. Its connected
component No(T) of the identity operates trivially on T (by conjugation)
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by 6.1. If dim Ny(T) > dim T, let S be the image of a one-parameter group
in Ny(T) which is not in 7. Then S and T generate a connected abelian
group whose closure T” is also abelian, connected, and compact. This con-
tradicts maximality of T, and hence No(T) = T. Since N(T) is a Lie group,
this implies that T is open in N(T) and hence that N(T)/T is finite. J

We remark that N(T)/T is called the Weyl group of G.
We use
1(M) =% (—1) rank Hy(M)

to denote the euler characteristic of a space M.

6.3. Proposition Let T be a maximal torus in the compact Lie group
G and put N= N(T). Then 3(G/N) =1 and %(G/T) = ord(N/T).

Proof Consider the action of T on G/N by left translation (see Chapter
I). The point eN of G/N is clearly fixed by this action, since T < N. The
differential of this action at the fixed point eN (with respect to local coordi-
nates about this point) is a representation of 7. By 3.5, this representation
is equivalent to an orthogonal representation, and this means that local
coordinates may be taken in G/N about the point eN in terms of which T
acts orthogonally in the coordinate patch. In particular, there is a disk
D™ < G/N about eN as origin which is preserved by the action of 7. Thus
D™, D™, int D™, and M = (G/N) — int D™ are preserved by this action
of T.

It is not hard to see that there is an element ¢ € T whose powers are dense
in T. (Such an element is called a “‘generator” of 7.) Now gN is fixed by
t iff tgN = gN. This holds iff g~'tg € N and hence iff g-'Tg — N since
the powers of ¢ are dense in 7. However, this holds iff g-'Tg =T (i.e.,
g € N) since T is the identity component of N. Thus eN is the only fixed
point of £ on G/N. Since ¢ has no fixed points on dD™ = S™ ' and is homo-
topic to the identity (since it is contained in the action of the connected
group T), the Lefschetz Fixed Point Theorem implies that m is even [i.e.,
x(S™1) = 0]. Similarly, ¢ has no fixed points on M = (G/N) — int D™
and is homotopic to the identity there, so that y(M) = 0 by the Lefschetz
Fixed Point Theorem. From the exact homology sequence

-+ = Hy(M)— Hy(G/N) — Hy(G/N, M) > H; ,(M) — -

and the fact that
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we see that
%(G/N) = y(M) + (—1)* =1

since m is even. Now G/T is a covering space of G/N with ord(N/T) sheets.
By counting simplices in a triangulation of G/N and those in the induced
triangulation of G/T over it, we see that

%(G/T) = ord(N/T)x(G/N) = ord(N/T). |}

6.4. Theorem Let T be a maximal torus of the compact connected Lie
group G and let g € G. Then there exists an element k € G such that k-'gk € T.

Proof Consider the transformation G/T — G/T taking AT to ghT. This
is homotopic to the identity since G is connected. Thus the Lefschetz number
of this map is y(G/T) 7~ 0, and it follows that there is a fixed point kT.
Then gkT = kT, so that k-gk e T. |

6.5. Corollary Any two maximal tori of a compact Lie group G are
conjugate in G.

Proof If T and T’ are maximal tori, let # € T’ generate T’ (i.e., its powers
are dense in T”). Then g~'tg € T for some g € G and it follows that g-1T'g
< T. Thus gTg! o> T’ and they must be equal by maximality. ||

6.6. Corollary Let T be a maximal torus of a compact Lie group G and
let A = T be any subset. Suppose that g € G is such that gAg—' < T. Then
there exists an element k € N(T) such that kak—' = gag™! for all a € A.

Proof Let H be the identity component of the subgroup {# € G| hah™!
= afor all a € A}. (This is closed in G and hence a Lie group.) Then T =« H
and, since 4 < g-Tg, we also have g~'Tg < H. Thus these are both maximal
tori of H and 6.5 implies that there is an element h € H with hTh™! = g-'Tg.
Put k = gh e N(T). Then kak' = ghah'g~' = gag™' for all ac 4. |]

6.7. Corollary Let T be an arbitrary torus in the compact connected Lie
group G and let g € G be an element that commutes with each element of T.
Then there is a maximal torus of G containing both g and T.

Proof Let g € T,, a maximal torus of G. Let H be the identity component
of the subgroup {he€ G| hg = gh}. Then T = H and T, = H, so that
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hT,h! > T for some h € H by 6.5 applied to H. However, hgh 1 = g, so
that hT,h! is the required maximal torus. |[]

6.8. Corollary Let T be an arbitrary torus in the compact connected Lie
group G. Then the centralizer Z(T) of T in G is connected and is precisely
the identity component of N(T).

Proof From 6.7 we see that Z(T) is the union of the maximal tori con-
taining 7, and hence it is connected. Thus Z(T) < Ny(T). Conversely,
No(T) < Z(T) by 6.1. |

As promised, we now turn to the classification theory of compact con-
nected Lie groups G, omitting most of the proofs.

Consider the action of G on itself by conjugation. If » = dim G, then the
differential of this action at e € G gives a representation Ad: G — Gl(n, R)
called the adjoint representation. Since G is compact, this is an orthogonal
representation with respect to a suitable basis. By 3.6 this representation
is the direct sum of irreducible representations. Let ¥, denote the subspace
of fixed vectors and let ¥, ..., V, denote the nontrivial irreducible com-
ponents of the adjoint representation. Thus R =V, VP --- PV,
as a representation space of G. If v € ¥V, then exp(#v) is fixed under conjuga-
tion, so that this is a one-parameter group in the center of G. From this
it is clear that exp(V,) is precisely the identity component 7, (a torus)
of the center of G. If i > 1, then it can be shown that exp(V;) is a com-
pact connected subgroup G; = G and has exp(U;) as a neighborhood of
e, where U; is a small neighborhood of 0 in V;. (This is difficult.) It is clear
that G, is a normal subgroup of G.

Moreover, it is clear that the G, are simple, by which we mean that they
are nonabelian and have no nontrivial, proper, connected normal subgroups
(since the V; are irreducible). Conversely, it can be seen that each simple
normal subgroup of G is one of the G;. Thus this decomposition is unique.
If g€ G; and h e G; for i j, then ghg~'h'e G; N G;. For g and A
both near e, this implies that gh = hg. Since the G; are connected, we con-
clude that G; commutes with G, for {7 j. The inclusions then induce a
homomorphism of Lie groups

Ty X Gy X +++ X Gpy—> G
which is a homeomorphism in the neighborhood of e. Thus the kernel of

this is a finite normal (hence central) subgroup of the left-hand side. This
shows the following basic fact.
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6.9. Theorem Every compact connected Lie group G has the form
G= (T, X Gy X --- X G)/K,

where K is a finite subgroup of the center of the product, T, is the identity
component of the center of G, and the G are the simple normal subgroups of

6. 1

We remark that if 7, is trivial, then G is called semisimple; that is, it is
locally isomorphic to a product of simple compact Lie groups. The follow-
ing fact shows that the G; may be replaced by their simply connected cov-
ering groups in 6.9 without losing compactness.

6.10. Theorem The universal covering group of a semisimple compact Lie
group G is also compact.

Proof We shall only indicate the argument for this. It suffices to show
that ,(G) is finite. Since it is abelian, we need only show that H,(G) is
finite. By the Universal Coefficient Theorem it suffices to show that H'(G; R)
= 0. By the de Rham Theorem and an integration argument, it suffices
to show that there are no nonzero differential one-forms w on G which
are invariant under both right and left translation (and hence under con-
jugation). However such a one-form ® 70 annihilates an (n — 1)-
dimensional subspace ¥ of R” (the tangent space at e in G) and this subspace
V' is invariant under the adjoint representation. The orthogonal comple-
ment V1 is then fixed under the adjoint representation (since it has dimension
1 and G is connected and compact). Thus exp: V1> G defines a one-
parameter group in the center of G, contrary to G being semisimple. []

By 6.9 we know all compact connected Lie groups once we know the
simply connected, simple, compact Lie groups and their centers. We shall
simply state the well-known results on this, Let A; denote the local isomor-
phism class of SU(k + 1); B, that of SO(2k + 1); Cy;, that of Sp(k);
and Dy, that of SO(2k). (The subscripts k represent the rank of the group,
which is defined to be the dimension of its maximal torus.)

There are five so-called “‘exceptional” simple Lie groups, whose local
isomorphism classes are denoted by G,, F,, E¢, E;, and E;. (The dimen-
sions of these groups are, respectively, 14, 52, 78, 133, and 248.)

It is known that the A, k> 1; B,, k>2; C., k>3, D;, k> 4;
G,; Fy; Eg; E;; and E; form a complete list, without repetition, of the local
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isomorphism classes of the compact simple Lie groups. For low values
of the rank k, there are the following local isomorphisms: D; = S! (not
semisimple); C, =B, = A;; C, = B,; D, = A, X A;; and D, = A,.

By an inductive argument using fibrations over spheres [SU(k 4~ 1)/SU(k)
=~ S¥+1 etc.] one sees that SU(k + 1) and Sp(k) are already simply con-
nected, while SO(n) has fundamental group Z, for n >> 3. The universal
(double) covering group of SO(n) is called the ‘“spinor group” and is
denoted by Spin(n). The centers of the simply connected representatives of
the simple groups are given by the following table.

G: A, B, C D,; Dyt G F, E; E;, Eg

center G: Zy, Z, Z, Z,DZ, Z, o o0 Z, Z, O



CHAPTER |

TRANSFORMATION GROUPS

In the first five sections of this chapter we shall give the definitions and a
few simple properties of the basic notions which we shall deal with in this
book. Thus a topological transformation group is defined in Section 1.
Equivariant maps, equivalence of transformation groups, and the notion
of an isotropy group are discussed in Section 2 and an equivariant version,
due to Gleason, of the Tietze Extension Theorem is proved. Orbits and
orbit spaces are discussed in Section 3 and the notion of orbit type is studied
in Section 4, Section 5 contains a discussion of fixed point sets.

In Section 6 we discuss three general constructions of new transforma-
tion groups out of old ones, twisted products, fibered products or pullbacks,
and equivariant attachings.

In Sections 7 and 8 we construct several strange examples of transforma-
tion groups, due to Conner, Floyd, Richardson, and the author. These
will be of fundamental interest throughout the book.

In Section 9 we study the problem of lifting a transformation group on
a space X to one on a covering space of X.

1. GROUP ACTIONS

By a topological transformation group we mean a triple (G, X, ©),
where G is a topological group, X is a Hausdorff topological space, and
©: G x X— X is a map such that:

1) (g, O, x)) = O(gh, x) for all g, he G and x € X;
(2) 6(e, x) = x for all x € X, where e is the identity of G.

The map @ is called an action of G on X. The space X, together with a
given action @ of G, is called a G-space (or, more precisely, a left G-space;
the obvious analogous notion of a right G-space will also be used on a few
occasions).

We shall often abuse precise terminology and use the same notation
for a G-space as for the underlying Hausdorff topological space, regarding

32
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@ as understood. When @ is understood from the context we shall often
use the notation g(x) or gx for @(g, x) (or xg in the case of a right G-space)
so that (1) and (2) become g(h(x)) = (gh)(x) and e(x) = x. Similarly, for
Cc Gand 4 c X we put C(4) = {g(x)| g€ C, x € A}. A set 4 is said
to be invariant under G if G(4) = A.

For g € G let ,: X — X be the map defined by 0,(x) = g(x) = O(g, x).
Then 6,0, = 6,, and 6, = 1y, the identity map of X, by (1) and (2). Thus

00,1 =0, = lg=0,.0,

which shows that each 0, is a homeomorphism of X.
If Homeo(X) denotes the group (under composition) of all homeomor-
phisms of X onto itself, then g+ 0, defines a homomorphism

0: G — Homeo(X).

The kernel of this homomorphism 8 will be called the “kernel of the
action 6.” Thus

ker @ = {g e G| g(x) = x for all x € X}

and is a normal subgroup of G. It is clearly closed in G.
The action @ is called effective if ker @ is trivial (that is, if 0 is an injec-
tion) and it is called almost effective if ker @ is a discrete subgroup of G.
For most purposes it suffices to consider only effective actions because
of the following elementary proposition. It is, however, convenient for
some purposes to allow some actions to be noneffective.

1.1. Proposition Let @ be an action of G on X and let N = ker 6.
Then there is a canonically induced effective action @fker © of G/N on X.

Proof Define O/ker ©: (G/N) x X — X by (gN)(x) = g(x). We must
check continuity of this map. The projection =: G — G/N is open and thus

from the diagram
2]

GXxX X X
nxll /@/vker (2]
GIN x X

the continuity of @/ker & follows from the equation
(Ofker O)(U) = (= x 1)(O-X(U))
for U open in X. Clearly, O/ker O is effective. [}
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Now we shall prove some basic facts which hold only for actions of
compact groups.

1.2. Theorem If ©: G X X— X is an action of a compact group G
on X, then @ is a closed map.

Proof Recall our standing assumption that X is Hausdorff. Let C <
G X X be closed and let y be in the closure of @(C). Then there is a net
(2., x,) in C such that &(g,, x,) = g,(x,) converges to y. Passing to a
subnet we may assume that g, converges to g, since G is compact. Then
x, = O(gz', g.(x,)) converges to O(g~',y) = g~(y). Thus (g,, x,) con-
verges to (g, g71(y)) € Csince Cis closed. Thus y = @(g, g(»)) € O(C). |

1.3. Corollary If G is compact and X is a G-space, then G(A) is closed
in X for each closed A — X, and G(A) is compact if A is compact. ||

We shall now give some examples of actions. First there are some actions
associated with any topological group G. Let H < G be a closed subgroup.
Then G acts on G/H through left translation L (g'H) = gg'H. The
kernel of this action is clearly (),.q gHg™!. If N(H) is the normalizer
of H in G, then N(H) acts on G/H by right translation R, (gH) = gn"'H
and H is clearly the kernel of this action, so that there is an induced effective
action of N(H)/H on G/H. Another example is the action of G on itself
by conjugation C,(h) = ghg~'. The kernel of this is the center of G. The
continuity of all of these actions is an immediate consequence of the con-
tinuity of multiplication G X G — G and of the inverse G — G in G.

The general linear group Gl(n, R) acts on R” (similarly over the complex
numbers or the quaternions). Thus any representation G — Gl(n, R) de-
fines an action of G on R™ Orthogonal representations G — O(n, R) also
give actions of G on the unit disk D" and on the unit sphere S*-! in R".

If S* denotes the group of complex numbers of norm 1, and we let T2
be the torus S! x S!, then there is an interesting action of the additive
group R of real numbers on T2 called an ‘irrational flow,” defined by

gr(ezmlz’ ezm'y) — (ezml(z+r), ez:zi(y+ar))’

where a is irrational. Of course this is just the homomorphism r1— (e,
e*™ary of R — T2 followed by left translation of T? on itself.

The examples given above are all important ones, but, of course, they
are rather elementary. Later we shall give many examples of a deeper
and more interesting nature.
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2. EQUIVARIANT MAPS AND ISOTROPY GROUPS

For a fixed topological group G, the G-spaces form a category whose
morphisms are called “equivariant maps.” An equivariant map (or a G-
map) ¢: X — Y between G-spaces is a map which commutes with the
group actions, that is,

o(g(x)) = g(p(x)) for all g€ G and x € X.

An equivariant map ¢: X' — Y which is also a homeomorphism is called
an equivalence of G-spaces. In this case we note that the inverse ¢! of ¢
is also equivariant, for if y = ¢(x), then

#(2()) = ¢ (@) = ¢~ 9(g(x)) = g(x) = g(g (W)

Two actions which are equivalent cannot be topologically distinguished
from one another. Thus they are regarded as essentially the same. It is also
reasonable to regard two actions as essentially the same if they differ only
by an automorphism of G. Thus we say that two G-spaces X and Y are
weakly equivalent if there is an automorphism a (continuous) of G and a
homeomorphism ¢: X — Y with

P(g(x)) = a(g)(p(x)) for all g€ G and x € X.

Example Let G be the cyclic group of order 5, whose elements are the
fifth roots of unity. Let X be the unit circle in the complex plane. Then the
action given by (y, z) —yz is inequivalent to that given by (y, z) — y2z.
(Why?) However, these two actions are weakly equivalent since y +—> 2
is an automorphism of G.

Now suppose that X is a G-space and let x € X. The set

G,={ge G| gx)=x}

of elements of G leaving x fixed is clearly a closed subgroup of G. Thus G,
is called the isotropy subgroup (or stability subgroup) of G at x. Since
8G,87Y(g(x)) = 8G,(x) = g(x) we have that gG,g~* < G(,,. Conversely
&6 yng < Gy1gsy = G, so that

(21) Gg(:z:) = ngg_l.

Thus the translates by G of a given point all have conjugate isotropy sub-
groups, and all conjugates appear.
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2.2. Proposition If ¢: X — Y is an equivariant map between G-spaces,
then G, < Gy, for all xe X. |}

Note that the kernel of an action is just (),.x G,. An action of G on X
is said to be free if G, is trivial for each x € X. We shall see later that free
actions of compact Lie groups are particularly simple. An action is called
semifree if, for each x € X, G, is either trivial or is all of G.

We rephrase these definitions: An action of G on X is effective if each
g # e in G moves at least one point. It is semifree if each point of X is either
left fixed by all elements of G or is moved by all nontrivial elements of G.
It is free if each nontrivial element of G moves every point of X.

To conclude this section we shall prove the following important result
concerning extension of equivariant maps.

2.3. Tietze—Gleason Theorem® Ler G be a compact group acting on
a normal space X and let A < X be a closed invariant subspace. Let p: G
— Gl(n, R) be a representation of G and let ¢: A — R* be equivariant;
that is (g(a)) = o(g) - p(a). Then there exists an equivariant extension
p: X—>R" of ¢.

Proof By the Tietze Extension Theorem ¢ extends to a map ¢': X — R~
To produce an eguivariant extension we simply “average” ¢’ as follows.
Define

w0 = | ol (s)) dg
where the integral is the normalized Haar integral on G (applied to the

indicated vector-valued function); see Chapter 0, Section 3. Then for k€ G
we compute

p(h(x)) = j o(g)' (g(h(x)) ) dg
- j o (h(gh)™)g' (gh(x) ) dg
- j o(h)e((gh) )¢ (gh(x)) dg

= o(h) j o (k=)' (k(x) ) dk
= o(Mp(x)

t See Gleason [1], Palais [3, 4].
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by the linearity of integration and the invariance of the integral under
right translation (by k). Thus ¥ is equivariant. Moreover, for a € 4 we
have

v(a) = j o(e)7 (2(@)) dg
= J o(g Vp(g(a))dg
- j o(a) dg = 9(a) j dg = p(a)

by the equivariance of ¢ and normalization of the integral. Thus ¢ does
extend @. Finally, v is continuous by 0.3.2. |

3. ORBITS AND ORBIT SPACES

If X is a G-space and x € X, then the subspace
G(x) = {g(x) e X| g € G}

is called the orbit of x (under G). Note that if g(x) = h(y)forsomeg, he G
and x, y € X, then for any g’ € G, g'(x) = g'g'g(x) = g'gh(y) € G(»)
so that G(x) = G(»); conversely G(y) = G(x). Thus the orbits G(x) and
G(y) of any two points x, y in X are either equal or disjoint.

We let X/G denote the set whose elements are the orbits x* = G(x) of
G on X. (Thus x* = y* iff x and y are in the same orbit.) Let = = my:
X — X/G denote the natural map taking x into its orbit x* = G(x). Then
X/G endowed with the quotient topology (U < X/G is open iff a='(U)
is open in X) is called the orbit space of X (with respect to G).

If A< X, then n-'n(4) = {g(a)| g€ G and a € A} = G(4) is the
union of the orbits of elements of 4 and is called the saturation of A.

If U is open, then G(U) = U ¢ g(U) is open since each g(U) = 8,(U)
is open (8, being a homeomorphism of X). Thus n'n(U) = G(U) is open
for U open in X and, by definition, this means that a(U) is open in X/G.
Thus n: X — X/G is a continuous open map.

The reader may note that for the irrational flow on the torus, defined
in Section 1, the orbit space has the trivial (indiscrete) topology and hence
is not a very interesting space. However, for actions of compact groups G,
the orbit space has reasonably pleasant properties, as we show below.
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3.1. Theorem If X is a G-space with G compact, then

(1) X/G is Hausdorff.

2) =n: X— X/G is closed.

(3) =n: X— X/G is proper [n—'(compact) is compact].
(4) X is compact iff X/G is compact.

(5) X is locally compact iff X/G is locally compact.

Proof To prove (2) let A < X be closed. Then G(4) is closed by 1.3.
But G(4) = n~(A) so that z(A) is closed by definition of the topology of
X/G (look at complements).

To prove (1) suppose G(x) 7% G(y). Since G — G X {y} — G(y) is con-
tinuous, each orbit G(y) is compact. It is a standard fact that in a Haus-
dorff space any two disjoint compact subsets can be separated by open
sets. In particular, there is an open neighborhood U of x with U n G(y)
= @. Since n(y) ¢ n(0) it follows that 7(U) and X/G — n(U) are disjoint
open sets separating x* and y*.

Since the orbits are compact, (3) follows from the general fact that a
closed map n: X — Y is proper if #~1(y) is compact for each y € Y. For
completeness we shall prove this. Let C < Y be compactandlet {U, |« € A}
be an open covering of x~1(C). For each y € C there is a finite subset
A, < A of indices such that the U,, a € 4,, cover n~'(y). Put U,
= NH{U,|ae 4,} > a'(y) and let V, = ¥ — a(X — U,) which is open.
Note that o'V, < U,, and ye€ V,. Let V,, ..., ¥, cover C. Then

N (C)caV, U - vaty, <cU,u- - 0U,
= WU, |eed,;i=1,...,n},
a finite union.

Part (4) is clear from (1) and (3). To prove (5) suppose that U < X
is open, x € U, and U is compact. Then z(x) € n(U) = (0) so that =(T)
is a compact neighborhood of z(x). Conversely, if C is a compact neigh-
borhood of 7(x), then z~1(C) is a compact neighborhood of x by (3). |

We can now state a long-standing conjecture.

Conjecture (Conner [9]) The orbit space of any action of a com-
pact Lie group on euclidean space R”®, or on a disk D", is contractible.

More general conjectures of the same type and some interesting partial
information can be found in Conner [9], Conner and Floyd [1, 2], and
Floyd [I].
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A cross section for n: X — X/G is a continuous map ¢: X/G — X such
that «zo is the identity on X/G. A local cross section defined on U = X/G
is a cross section of s|7~1(U). Local cross sections do not generally exist
even for actions of compact Lie groups. For example, consider the action
of the subgroup G = {I, —1I} of O(3) on R® Then there is no local cross
section defined in the neighborhood of #(0) in R%/G. However, there are
many cases for which local cross sections do exist and they are useful. A
closely related notion, called a “slice,” does exist under very general con-
ditions for actions of compact Lie groups, and will be studied later.

3.2, Proposition Let X be a G-space with G compact. Let C be a closed
subset of X touching each orbit in exactly one point. Then the map ¢: X/G
— X defined by {6(x*)} = G(x) N C is a cross section. Conversely, the image
of a cross section is closed in X.

Proof We need to show that ¢ is continuous. For this let 4 < C be
closed. By 3.1, 671(4) = m(A) is closed, as desired. For the converse, let
C = o(X/G) and let {x,} be a net in C converging to x € X. We have
lim 7z(x,) = n(x) so that

x =lim x, = lim on(x,) = on(x) € C
and hence C is closed. |

Because of this result, we shall often use the term ““cross section” for the
closed set which is the image of a cross section.

3.3. Theorem Let G be a compact group acting on the spaces X and Y.
Let C < X be any closed set and let ¢: C — Y be a map such that whenever
¢ and g(c) are both in C (for some g € G), then ¢(g(c)) = g(¢(c)). Then
@ can be extended uniquely to an equivariant map ¢’ of G(C) into Y.

Proof For g€ G and ¢ € C we put ¢'(g(c)) = g(¢(c)) which is clearly
the only possibility for an equivariant extension. To see that ¢ is well
defined let g(c) = g'(c’). Then ¢ = g'g’(c’) so that ¢(c) = ¢(g~g'(¢"))
= g~1¢’p(c’) by assumption. Thus ge(c) = g'p(c") as desired. To see that
¢’ is continuous, let {x,} be a net in G(C) converging to x € G(C). Put
x, = g,(c,). By passing to a subnet we may assume that {g,} converges to g.
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Then lim ¢, = lim gz'(x,) = g~'(x) € C since C is closed. Let ¢ = g~!(x).
Then
lim ¢'(x,) = lim ¢'(g.(c.))
= lim gp(c,)
=gp(0) = ¢'(g(0)) =¢'(x). 1

3.4. Corollary Let G be a compact group acting on the spaces X and Y
and let C < X be a cross section of n: X — X/G. Let ¢: C— Y be any
map such that G, < Gy, for all c € C. Then there is a unique extension of
@ to an equivariant map ¢': X — Y.

Proof 1f ¢, g(c) are both in C, then g € G, © G, so that ¢(g(c)) = ¢(c)
= gp(c)- 1

4. HOMOGENEOUS SPACES AND ORBIT TYPES

An action of G on X is said to be tramsitive if there is precisely one orbit,
X itself. An example is a left coset space G/H of a topological group G by a
closed subgroup H together with the action of G by left translation:
O(g, g'H) = gg'H.

If x is a point in any G-space X, then there is the natural map

o G/G,—~ G(x)

defined by «.(gG.) = g(x). By the definition of the topology on G/G,
and by the continuity of g — g(x), @, is continuous. It is also clear that a,
is one—one and onto. However, a, may not be a homeomorphism. For
example, it is not a homeomorphism in the case of the irrational flow on
the torus. Since, however, a one-one map of a compact space onto a Haus-
dorff space is a homeomorphism, we have the following proposition.

4.1. Proposition If G is compact, then a,: G|G,— G(x) is a homeomor-
phism. |}

Note also that «, is equivariant with respect to the left translation of G
on G/G, and the restricted action of G on G(x) < X. Thus, for G com-
pact, «, is an equivalence of transitive G-spaces.
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We shall now restrict our attention in this section exclusively to actions
of a given compact group G. The class of such G-spaces forms a category
whose morphisms are the equivariant maps. The full subcategory of tran-
sitive G-spaces will be called the category of G-orbits. Note that by 4.1 any
object in this category is isomorphic to some coset space G/H. Thus we
shall characterize the morphisms on the coset spaces of G.

4.2. Theorem Let G be compact and H and K closed subgroups. Then:

(1) There exists an equivariant map G/H — G/K iff H is conjugate to
a subgroup of K.

(2) Ifae GandaHa™ < K let REH: G/H — G/K be given by RE-H(gH)
= ga K. Then REH is equivariant and well defined.

(3) Every equivariant map G/H — G/K has the form RE-H for somea € G
with aHa™ < K.

(4) REH — RE.H jfr gp-1 ¢ K.

Proof Suppose f: G/H — G/K is any map and put f(H) = a—'K for some
a € G. Then f is equivariant iff f(gH) = ga~'K for all g € G. Conversely,
the formula f(gH) = ga—'K defines a map (i.e., is well defined), necessarily
equivariant, provided only that f(ghH) = f(gH) for all h € H. That is,
we must have gha 'K = ga—'K for all h € H. This holds iff aha'e K
for all & € H, that is, aHa' < K. This establishes (1)-(3). Clearly REH
= REH iff a-'K = b~'K, that is, ab'K =K. ]

Note that if X = aHa™*, then REH is right translation gH+> gHa™!
= (gaV)aHa = ga—'K. More generally for K > gHa!, then REH
= RE.aHa™! o RaHa™LH which is the composition of right translation gH
= gHa! = (ga')aHa ! with the natural map G/aHa! — G/K induced
by the inclusion aHa' < K.

Also note that if gHa' < H, then qHa* = H by 0.1.9 since G is com-
pact.

4.3. Corollary Every equivariant map G/H — G/H is right translation
by an element of N(H) and is an equivalence of G-spaces. The map a — RIH
induces an isomorphism of N(H)/H onto the group Homeo%(G/H) (under
composition) of self-equivalences of the G-space G|H with the compact-open
topology.
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Proof The right translation action G/H x N(H)— GJ/H is clearly con-
tinuous, and this implies the continuity of the map N(H) — Homeo®(G/H)
taking ar> REH (see Dugundji [1]). Thus N(H)/H — Homeo%(G/H) is
continuous, one-one, and onto, and hence it is a homeomorphism since
N(H)/H is compact. |]

4.4. Corollary If there exist equivariant maps G/H — G/K and G|/K
— G/H, then each is an equivalence and H is conjugate to K. ||

If we divide the category of G-orbits by equivalences, then we obtain
the category of G-orbit types. This is the category of equivalence classes of
transitive G-spaces (orbits). If X is a G-orbit, then we let type(X) denote
its type, that is, its equivalence class under equivariant homeomorphisms.
From the discussion above, type(X) contains a coset space G/H. Moreover,
type(G/H) = type(G/K) iff H and K are conjugate in G. A morphism
type(G/H) — type(G/K) exists iff there is an equivariant map G/H — G/K
and this holds iff H is conjugate to a subgroup of K. If X and Y are G-orbits
and a morphism type(X) — type(Y) exists (i.e., if there is an equivariant
map X — Y), then we write

type(X) = type(Y).

This gives a partial ordering of the orbit types with type(*) = type(G/G)
a minimum and type(G) a maximum. Note that this partially ordered set
is not the same as the category of G-orbit types, but results from it by the
identification of certain morphisms; see V.4.3.

By (2.1) the isotropy groups which occur at points in an orbit form a
complete conjugacy class of subgroups of G. Thus for an orbit X we let
its G-isotropy type(H) be the conjugacy class of H in G, where X is equiv-
alent to G/H. Then for H, K subgroups of G we have type(G/H) = type
(G/K) iff H is conjugate to a subgroup of K; written (H) << (K). Thus the
partially ordered set of G-orbit types is canonically antiisomorphic to that
of G-isotropy types.

[In the literature, an isotropy type is called an “orbit type” and the notion
we have called “orbit type” has no name. We prefer the terminology in-
troduced here as being more descriptive.]

Example Let G be the rotation group SO(3). Let X be the space of all
symmetric 3 x 3 real matrices of trace 0. (Note that this is a real vector
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space of dimension 5, so that X = R53) For g € G and x € X define
0,(x) = gxg™!

(using matrix multiplication). It is a well-known fact from linear algebra
that x and y are in the same orbit of this action iff the eigenvalues of the
matrices x and y are equal, counting multiplicities. Thus, let Y be the
(topological) subspace of R® consisting of triples (4;, 4;, 4;) with 4, = 4,
> A, and 4, + A4, + 24, = 0. Then the map =#: X — Y, taking the matrix
x into its eigenvalues in decreasing order, satisfies 7(x) = z(x") <> G(x)
= G(x').
This map has a right inverse ¢: Y — X, where

, 0

o o

2

A
G()'l s )'2’ )'3) = 0
0

N

A
0 4
It follows that Y ~ X/G with & corresponding to the orbit map and o cor-
responding to a cross section.

A =Az=23=0 *

FiGure I-1

Now 2; + 4, + A; = 0 defines a plane in R® and the inequalities 4, = 4,
and A, > 4, show that Y is the region in the plane formed by two rays
from the origin at an angle of 60°, together with the interior, It is illustrated
in Figure I-1.

The isotropy group of the point o(4;, 4,, 4;) is

+1 0 0
0 41 0
0 0 +1
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for A, > A, > A;. This group is isomorphic to Z, & Z, [since G = SO(3)].
For 4, = 4, > A, the isotropy group consists of matrices of the form

0

0

0 041

which is the normalizer of SO(2). Similarly for 4, > 4, = ;. Such orbits
are projective planes. Of course, for 4, = 1, = A4; = 0 the isotropy group
is SO(3) itself and the orbit is a point. The orbit space together with rep-
resentatives for the orbit types are illustrated on the right-hand side of
Figure I-1.

5. FIXED POINTS

A point x in a G-space X is said to be stationary if G(x) = {x}, that is,
G, = G. A stationary point is also called a fixed point of G on X. [In some
contexts a point which is left fixed by some nontrivial element of G (i.e.,
G, 7~ {e}) is called a “fixed point.” However, it is a general practice (which
we shall adhere to), in the theory of compact transformation groups, to
regard the terms “‘stationary” and “fixed” as synonymous.] We denote the
subspace of fixed points of G on X by

X¢={xeX|g(x)=x for all ge G}

and also by
F(G, X) = X6.

[Of course when H is a subgroup of G, the set of points fixed under H is
denoted by F(H, X) or X1]

For a linear representation of G on R*, F(G, R*) is clearly a linear
subspace of R"+L, Thus for an orthogonal action of G on S” the fixed point
set is a sphere S7. Consequently, if a G-space X is equivalent to an ortho-
gonal action on 8%, then X¢ is homeomorphic to a sphere. It is natural to
ask whether any action of a compact group on a sphere is equivalent to
an orthogonal action. A weaker question is whether the fixed point set of an
action on a sphere must be a sphere. The answer to this question was
unknown for a long period of time. The first results concerning it were
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the positive results of Smith. We shall consider these important classical
results of Smith in Chapter III. The first negative results in this direction
were the examples of Floyd [2, 7, 91. Other counterexamples of this type
were given in Bredon [12, 19], Conner and Floyd [3], Conner and Mont-
gomery [2], Floyd and Richardson [1], and Kister [1]. In Sections 7 and 8
we shall construct some of these counterexamples.

In the study of transformation groups it is often useful to consider the
fixed point sets of subgroups H of G. In this regard we note that there is a
natural action of the normalizer N(H) on X¥, where X is a G-space; that
is, the restriction of the G-action on X to N(X) on XZ. One need only note
that N(H) leaves X¥ invariant since, for x € X¥ and n € N(H), we have
Hn(x) = nH(x) = n(x) and thus n(x) € X%

As an example consider F(H, G/H). A coset gH is fixed under H iff
HgH < gH, which holds iff g-'Hg < H. If H is a compact Lie group,
then this implies that g~1Hg = H since g~!Hg has the same dimension and
number of components as does H. Thus, in this case, we have that g € N(H)
so that

F(H, G/H) = N(H)/H.

Similarly we see that, for K = G, F(K, G/H) 7~ ( iff K is conjugate to a
subgroup of H.

For another example let H be a closed subgroup of a compact Lie group
G and let T be a maximal torus of H. Consider F(T, G/H). As above we
see that gH € F(T, G/H) iff g'Tg < H. Since g'Tg is also a maximal
torus of H and all maximal tori are conjugate in H there exists an h € H
with (gh)Tgh = h'g'Tgh = T; that is, gh€ N(T). Thus g e N(T)H
and
N{IT)H N

e —g—~mAnND)

The converse clearly holds and thus we have

NIDH N
H  HNND'

KT, G/H) =

From the above two examples, one might expect that for any K <« H,
F(K, G/H) is a coset space of N(K) (as an N(K)-space). We shall disabuse
the reader of this expectation by the following example.

Let G = U(3) act on complex projective space CP? by the usual matrix
action on homogeneous coordinates (z,: z,: z,). Let x be the point with
coordinates (0:0:1). Then G, = UQR) x U(1l) =« U(3) and by Section 4
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this gives an equivalence of the G-spaces CP? and U(3)/ (U(2) x U(1)).
Letting H = U(2) x U(1) and K the subgroup of order 2 generated by

—1 0
A=] 0 1
00

-0 O

then the action of 4 on CP2? is just (z,: z,: z,) = (—2y: z;: Z,) and we see
easily that its fixed point set is the disjoint union of the point (1:0:0)
and the two-sphere {(0:z,:z,)}. Since these components of F(K, CP?)
have different dimensions, F(K, G/H) is not a coset space.

6. ELEMENTARY CONSTRUCTIONS

In this section we shall discuss three elementary methods of constructing
new transformation groups out of old ones.

(A) Twisted products Let H be a compact subgroup of G and let H
act on a space A. Then H acts on G X 4 by (h, (g, a))r—> (gh, ha). Let
G Xz A denote the orbit space of this H-action. The H-orbit of (g, a)
will be denoted by [g, a], so that [g, a] = [¢’, a'] iff there is an h € H with
g’ = gh ! and d' = ha. Define a G-action on G X A by putting

g'lg, al = [g'g, al.

Let i,: A— G Xz A be ifa) = [e,a]. Then i, is H-equivariant since
[e, ha]l = [h, a] = hle, a]. 1t is clearly continuous and one-one. Also i, is
closed since it is the composition 4 — G X A — G Xy A of closed maps.
Thus i, is an embedding (homeomorphism onto its image).

The projection G X A— G induces an equivariant map p: G Xy A4
— G/H (given by [g, a] — gH). Suppose that #: G — G/H has local cross
sections (this is the case when G is Lie). Let C < G/H be a closed neigh-
borhood of a point and let 6: C— G be a cross section, so that ¢ X &

> a(c)h is a product representation C x H = n—1(C). Consider the map
Cx A— G Xy A defined by ¢ X a+> [0(c), a]. This is clearly one-one
onto p~1(C). It is also continuous and is closed since it is the composition
C X A— G X A— G xg A of closed maps. Thus, this map is a homeomor-
phism, and shows that p: G Xy 4 — G/H is a locally trivial fiber map
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with fiber A. (It is, in fact, just the A-bundle which is associated with the
principal H-bundle G — G/H. We shall study this in more detail and gen-
erality in Chapter II.)

As we shall see in Chapter II, twisted products are basic to the study of
the structure of transformation groups.

(B) Fibered products Let X, Y, and Z be G-spaces and let f/: X — Z
and h: Y — Z be equivariant maps. The fibered product (or pull-back)
X x 5 Y is the subspace of X x Y consisting of pairs (x, y) such that f(x)
= h(y). The diagonal G-action (g, (x,y))— (gx, gy) clearly preserves
X Xz Y and thus makes it into a G-space. The projections f': X Xz Y
—Y and #: X Xz Y— X are clearly equivariant.

The fibered product X x , Y satisfies the universal property of pull-backs.
That is, if W is a G-space and «: W — X and f: W — Y are equivariant
and such that fo = A8, then there is a unique map 6: W— X X z Y such
that the diagram

w
N W
Bl Xxp,Y |f

L

Y Z

k

commutes. In fact 6 is given by 6(w) = (a(w), B(w)).
In the pull-back diagram

X xzY X
f,[ lf
Y Z

we note that f’ is onto if fis. Also note that f’ is open if fis open (and
similarly with A" and k). To see this, let (x, y) be in X X z Y [that is, f(x)
= h(y)] and let U be an open neighborhood of x. Then f(U) is open and
y€ h(fU). Let V < hi"Y(fU) be any open neighborhood of y. Now
(X Xz Y)n (U X V) clearly projects onto V via f’, which implies that
f' is open.

An important special case is that for which Z = X/G, f = ng: X — X/G
is the orbit map, and Y has trivial G-action. In this case, the fibered product
will be denoted by A*X and called the pull-back of X via s We have the
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diagram
mx—" . x
Y X/G

h

and n’ is equivariant from the G-space h*X to the trivial G-space Y.
Thus n’ induces a map o: (h*X)/G — Y. Now =’ is open and onto, since
7 is, and thus o is also open and onto. If (x, y) and (x/, y) are both in
h*X, then zn(x) = h(y) = n(x’), so that x and x’ are in the same orbit,
whence (x,y) and (x', y) are in the same orbit.

This shows that o is one—one, and hence that

o (B*X)GS Y

is a homeomorphism. Since ¢ is canonical, we may regard Y as the orbit
space (h*X)/G.

(C) Equivariant attachings Let X and Y be G-spacesandlet 4 <« X
be a closed invariant subspace. If ¢: 4 — Y is equivariant, then the adjunc-
tion space X U, Y (when Hausdorfl) inherits a natural G-action. In par-
ticular, mapping cones and cylinders of equivariant maps between G-
spaces are again G-spaces.

Of particular interest is the case in which ¢ is an equivariant homeomor-
phism of A to its image. In this case, it is no loss of generality to suppose
that A = X N Y is a subspace of both X and Y with the same G-action
on A in both cases. (Thus X U Y is the adjunction by the identity on A4.)
We are interested in changing X U Y by cutting it apart and gluing it
together again by means of some other equivariant homeomorphism
@: A — A4 (precisely, we adjoin disjoint copies of X and Y by the map
induced by ¢). If p: 4— A extends to an equivariant homeomorphism
of X — X (or of Y), then X U, Y= X U Y as a G-space, the homeomor-
phism being given by ¢ on X and the identity on Y. However, if ¢ does
not extend to X or to Y, then X U, ¥ may be a new G-space. To construct
such examples we must find such suitable equivariant self-homeomor-
phisms of a G-space 4. We shall now discuss one method of finding such
maps.

Notice that the equivariant self-homeomorphisms of a G-space A form
a group Homeo%(4) under composition. Now suppose that we are given
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an equivariant map 0: 4 — G taking a+> 0, (note this notation) where
the action on G is by conjugation C,(h) = ghg~*. Such maps 6 form a
group by (66/)a = 6116(’1 since (Bol)ga = ogao(;a = (goag_l)(ge(lzg_l) = g0,0.8~"
= g(60"),g!. We shall denote this group by Map®(4, G).

We define a function Map®(4, G) - Homeo%(4) by 6+ 0*, where
6*(a) = 6,(a). To prove the claimed properties we first note that 6* is
equivariant since 6*(ga) = 0,,(ga) = (g0,87")(ga) = g(0.(a)) = g(6*(a)).
Next we note that 0> 0% is an antihomomorphism since (6* o A*)(a)
— 0*(1*(@)) = 0*(1,(@) = A(0*@) = 2,(0.(0)) = (28,)(@) = (36),(a)
= (A6)*(a). In particular, this implies that (6-)* = (6*)~* and hence that
6* is indeed a homeomorphism. (It is worth noting that if 4 is a differen-
tiable manifold and G is a Lie group acting differentiably on A, then dif-
ferentiable maps 6 go into diffeomorphisms 6*.)

Of course these remarks do not solve our problem of finding equivariant
homeomorphisms, but it is generally easier to find equivariant maps than
homeomorphisms, and, in fact, the construction given above will prove to
be useful in the next section. We will also make use of the following remarks.
Suppose that we are given an equivariant map 6: 4 — G as above, and
let A x A have the diagonal G-action g(a, a’) = (g(a), g(a’)). Then the
map A X A— G given by (a,a’) >0, is obviously equivariant. By the
remarks above, we deduce that (a, @’) — (6,(a), 6,(a’)) is an equivariant
homeomorphism of 4 X A. Now (a,a’)+> (a', a) is also equivariant so
that (a, a’) — (0,(a’), 0,(a)) is an equivariant homeomorphism.

In the next section we shall be interested in the case for which 6,(a) = a.
Thus we note, in particular, that if a6, is an equivariant map 4 — G
such that 6,(a) = a for all a, then the map 4 X 4 — 4 X A defined by

(x, ») > (6,(0), x)

is an equivariant homeomorphism. (Of course, it is not hard to check this
directly, and the reader is invited to do so.)

7. SOME EXAMPLES OF O(n)-SPACES

Using the remarks at the end of the last section, we shall construct some
O(n)-spaces by attaching S”-1 x D" to S*! X D" via an equivariant
self-homeomorphism ¢ on S*1 x S"-!; the O(n)-action on these spaces
being the standard action on S*-! and on D” and the diagonal action on
S*1 x D~
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To apply the remarks of the previous section, we wish to find an equiv-
ariant map
f: S — 0O(n)

(taking x into 0,), where O(n) acts on itself by conjugation. It is easy to
characterize such maps as follows. If x € S"! and g(x) = x, then 6, = 0,
= g0_.g~1. Thus 6, must commute with each element of the isotropy group
O(n), [which is conjugate to O(m — 1)]. It follows easily from this (con-
sider the generic case for which x is a basis vector) that there are precisely
four possibilities for §,: either I, —I, the reflection through the hyperplane
perpendicular to x, or the reflection through the line Rx (which is equal
to minus the preceding case). The continuity of § implies that these cases
cannot vary as one varies x. Now it is clear that the first two cases will not
yield any unfamiliar O(n)-spaces and it is fairly clear that the last two
cases will give equivalent examples. Thus we consider only the last case in
which 6, is the reflection through Rx, that is, for x € S*'and y € R?,

0,(») = 2(x - y)x — y.
In this case note that 0,(x) = x. By the last section it follows that the map

(P: Sn—-l X Sn—l > Sn—l X Sn—l
given by
@(x, y) = (6,(»), x)

is an equivariant homeomorphism (in fact, diffecomorphism) as are all of
its powers (positive and negative).
We shall define
Zwm-1 — §r-t o D), S* x DR

the O(n)-space resulting by attaching S"~' x D" to itself by means of the
kth power of ¢ (k any integer) on S™! x S™1, We shall now study these
O(n)-spaces.
Since ¢° is the identity, 23" =~ S*' x S” with the diagonal O(n)-
action [O(n) acting on S™ via the standard inclusion O(n) < O(r 4+ 1)].
Interchange of the roles of the two copies of $"~! xX D" shows that

2l = X®-1 as O(n)-spaces.

Now 2?1 may be described alternatively as the space obtained by at-
taching S"~! X D* to D® X S"1 by means of

¢’ (%, 9) > (x,0,0))
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on S*! x S*1 (which is ¢ composed with interchange of factors). But
¢’ clearly makes sense for y € D" and hence extends to an equivariant ho-
meomorphism of S~ x D" onto itself. Thus, as noted in the last section,
231 js equivalent to the union S*! x D* U D" x S*1 = S2"-1 < R
= R"® x R", where O(n) acts diagonally. Thus the case kK = 1 gives only
this familiar linear O(n) action on X3"-1 ~ §27-1. However, we shall soon
see that the cases k = 2 are much less familiar O(n)-spaces.

To study the underlying manifold of X3"-! (n > 2) we shall compute its
homology. Let * denote a base point in S*! and let @ and § denote the
classes in H,_,(S*1 x S"') represented by S"! X (*¥) and (%) X S,
respectively. The homeomorphism ¢ induces the automorphism ¢, of
H, ,(S*! x S™1) and, for example, ¢,(a) = a,a + a,p, where g; is the
degree of the composition S*~1 X (*) = §*-1 x §»-! 2, gn1 i g1 2 g
where p; is the projection on the ith factor (i = 1, 2). Similarly for ¢,(8).
Now

q>(x, *) = (61(*)’ x),

‘p(*’ }’) = (6¥@)a *),
and from this it is not hard to see that

gy@) = (1 + (=1))a + B,
P+(f) = (—1)"e,

so that i .
or — [1 + 1(—1) (—1)) ]

By taking powers we easily compute that

Pt = 1 —]{;k l:kk] for n even,
@ = (1) ?] for n odd,
0 1
odd _
ot = I 0] for n odd.

Now from the Mayer—Vietoris sequence (i is the inclusion)
e Hp (T — Hj(Sn—l X Sn-1)
(ix,puk) Hj(sn—l e Dn) (‘B Hj(Sn—l X D")—> Hj(lecn—l)—* e
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we see that H, (23 1) =0 for p£0, n— 1, n, 2n— 1 (for n > 2). For
j=n—1, (i, @,*) is a homomorphism between two free abelian groups
of rank 2 and, using the obvious bases, it is represented by the matrix

1 0 ] for even
1+, —k " ’
1 0
1 0] for n odd, k even,
1 0
o 1] for n odd, k odd.

Putting n = 2m or n=2m + 1 it follows that (for m > 1 and k£0)

Z for p=0, 4m — 1,
H,(Zm 1) = { Z, for p=2m-—1,
0 otherwise.

H,(Zim+1y —

even

{Z for p=0, 2m, 2m+ 1, 4m + 1,
0 otherwise.

Z for p=0,4m + 1,

Am+1y —
Hy(Zoad™ {0 otherwise.

odd
Thus X4l is a homology S** x S¥»+l and X?741 is a homology Sim+1,
For n =3, S*! x D" is simply connected and thus the Van Kampen
Theorem implies that X%*—! is simply connected.
In particular, 374! is a homotopy sphere for all m. Since it is a differen-
tiable manifold, it follows from Smale’s proof of the generalized Poincaré
conjecture (see Milnor [5]) that

Z4md1 is homeomorphic to Sim+1,

(The differentiable structure on X' is not always standard. We shall
discuss this in Chapter VI, Section 6. Of course 2344 is diffeomorphic to S°
since there is only one differentiable structure on the 5-sphere, up to dif-
feomorphism; see Kervaire and Milnor [1].)

Now we shall show that the O(n)-actions on X+ (for odd k > 1)
are not equivalent to orthogonal actions on S**+., For this we note that if
D7 = D" (in the standard way), then ¢* preserves S*! x S™! and restricts
to the @* defined from this O(r)-action. (This is clear if one notes that the
two components 8.(y) and x of ¢(x, y) are obtained from x and y by ro-
tating the plane containing x and y from y toward x through an angle equal
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to that between x and y. Thus ¢*(x, y) depends only on the linear span of
x and y.) Thus if H is any subgroup of O(#) and if

F(H, D*) = D,
then
F(H, 1) = X3,

This yields directly some unusual features of these examples.

For instance, let n =3 and let Z, =~ O(1) = O(3) be the standard
inclusion. Then F(O(1), 2}5) = X;® whose first homology group is Z,.
This gives an involution (a homeomorphism of period 2) on S® whose fixed
point set F has H,(F) =~ Z; for any odd k.

In fact, the space 23 is just the lens space L(k, 1). We see this by noting
that if we lift ¢: S! x S* > S8! x S to : R X R— R X R, then

s, )= Q2s—t, 8)

(that is, 0,2x(€2™) = €272-), Thus @ is linear and is represented by the
matrix

.2 -1

v= [1 o].

Clearly @* covers ¢* and is the linear map

-k_[l+k _k]
= ok 11—k

Now one of the standard definitions of the lens space L(k, ¢) is that it is
the space obtained by attaching S' x D? to itself by the self-homeomor-
phism of St x S! covered by the map represented by the matrix

q k]
H]

where n and ¢’ are integers such that
qq — kn = 4-1.

Moreover, L(k, g) depends only on | k| and on the congruence class of
+4g (mod k). Thus

I3 =Lk, 1 — k) ~ L(k, 1).
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Remark We may also describe L(k, ¢) as the orbit space of the free
action of Z;, on S® < C? generated by the matrix

e2ni/k 0
0 k],

Thus X5 gives an O(3)-action on S° such that F(O(1), S*) ~ L(k, 1)
for any odd k.

More generally, for i > 1, the O(2m + 1)-action on XMl ~ Sim+l
(homeomorphic, but not generally difftomorphic) is not equivalent to an
orthogonal action for m > 1 and the restricted action to O(1), and hence
to O(r) for 1 <r <<2m + 1, is also nonorthogonal since F(O(l), Xymil
= 237! has homology Z,;,, in degree 2m — 1. Similarly, the restriction
to SO(3), and hence to SO(r) for 3 <<r<<2m + 1, is nonorthogonal
provided that m > 2 since then F(SO(3), Z¢ri') = Z§™7® has homology
Z,; ., in degree 2m — 3. (However, we shall see later that the SO(3)-action
on X3;,, is equivalent to an orthogonal action! Note the interesting fact that
the O(3)-action on 23, has exactly the same orbits as does its restriction
to SO(3), and yet it is nonorthogonal while the restriction is orthogonal.)

Remark These examples were first constructed in Bredon [12] (also see
Bredon [11, 19]) by essentially the same method used here. Subsequently,
two other methods were developed (Brieskorn [1], Hirzebruch and Mayer
[1], and Bredon [19]) which arrive at the same examples, generalize in other
directions, and have certain advantages over the present construction. We
shall discuss these later. The present method appears to be the simplest
from the point of view of computing the homology of the spaces involved.

For later reference we shall discuss the isotropy groups and orbit space
of the O(n)-space 23" ! (n > 2). Let G = O(n). Clearly the isotropy groups
of G on 2" are just those of G on S*! x D" However, G, ,, = G, N G,
and this is just the subgroup of G = O(n) leaving the linear span of x and
y stationary. Thus if x and y are dependent, we have that G, ,, is conjugate
to O( — 1) and if x and y are independent, then G, is conjugate to
O(n — 2). Thus O(n)/O(n — 1) = S*! and O(n)/O(n— 2)~V,, are
precisely the orbit types which occur in the O(n)-space 271

Next we investigate the orbit space of G = O(n) on S*1 x D* (n > 2).
Let D? < D” be the disk spanned by the first two coordinate axes, let
*=(1,0) € S! < D? and let D?, = {(a, b) € D*| b > 0}. Any point of
S7-1 x D” can be moved by an element of O(n) to a point in (*) x D"
Then moving this by an element of the isotropy group G, = O(n — 1)
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we can bring this into a point (%, y) € (¥) x D?%,. Since y is determined
completely by its length and by the angle it makes with *, and since these
numbers are unchanged under operation by G on (%, y), it follows that
(*) x D2, touches each orbit in S*~! X D” exactly once. Thus (*) x D%,
is a cross section for the G-space S~ x D" Consequently (S*! x D*)/O(n)
=~ D?, and we also see that (8! x S"!)/O(n) corresponds to the arc
D2, N S Since ¢* must induce a homeomorphism of (S*~! x §7-1)/O(n)
onto itself, if follows that 23"~1/O(n) is the union of two 2-disks along an arc
in their boundaries. Thus

Zp-1O(n) ~ D2

(This can also be seen by some general facts which we shall discuss in a
later chapter.)
Recall that for n > 2, and the subgroup O(» — 2) of O(n) we have

F(O(n — 2), Zp—1) = I8 = Lk, 1).

We will also need to know about F(O(n — 1), Z¢1) = It Now Xj!
results from adjoining S° x D! to itself by the map ¢*: S x S° — §° x 8°
which is the restriction of the map R X R— R X R given by

10 01
even . . odd
7 "[o 1] and ¢ —[1 o].

Clearly this shows that

1 Q0 1 i
21 =~ 8% X S = two circles,

Eldd ~ S,

o]

8. TWO FURTHER EXAMPLES

Even though we gave some examples, in the last section, of nonorthogonal
actions, these actions had some points of similarity with certain orthogonal
actions. In this section we shall discuss two examples which show that, in
general, actions of compact groups on euclidean spaces or disks can differ
very substantially from orthogonal actions.

(A) The Floyd-Richardson Example For this example we must give
some background material concerning the orthogonal group SO(3). Let
Q denote the quaternions and let S® stand for the group of quaternions
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of norm 1. Then S? acts on Q by conjugation: (g, ¢’) — gq'q~! and this
action is orthogonal, regarding Q as euclidean 4-space, since norms are
preserved. The subspace R — Q spanned by 1 is clearly left fixed by this
action, so that its orthogonal complement (that is, the subspace spanned
by i, j, and k) is invariant under this action. This provides a 3-dimensional
orthogonal representation of S® and thus gives the well-known homomor-
phism
[ 8§88 —>S0(3).

The kernel of f'is just {1, —1} = Z,, and, since S® and SO(3) both have
dimension 3, the invariance of domain implies that f is onto. Hence fis a
covering map and identifies S? with the universal covering group of SO(3).

Now let I denote the icosahedral subgroup of SO(3) (that is, the subgroup
carrying a regular icosahedron, or equivalently the dual dodecahedron,
centered at the origin into itself). A crucial fact that we will need is that the
normalizer of I is I itself. This follows from the explicit knowledge of the
subgroups of SO(3) (see Wolf [1], for example) which shows that there
are no groups between I and SO(3).

We will also need to know that I is perfect (that is, that I abelianized is
trivial, which means that 7 = [I, I], its commutator subgroup). One way
to see this is simply to write generators and relations for 1, and verify it;
another way is to note that one can inscribe five regular tetrahedra in the
dodecahedron and that the action of I on these five objects represents /
isomorphically as the alternating group on five letters (Coxeter [1]) and then
use the universally known fact that the latter group is simple.

Also note that a cube may be inscribed in the dodecahedron, so that we
may assume that 7 contains the 180° rotations about the coordinate axes
spanned by i, j, and k.

We put I' = f~I(I), a subgroup of S? of order 120. Note that since i~}
=i, ijit = —j, and iki-' = —k we have that f{i) is the 180° rotation
about Ri. Similarly for f(j) and f{(k). Thus i, j, and k are in I’ and

1 = §jiy-t is in [, I'].

Consequently I'/[I', I’} = I/[I, I] is the trivial group.
Consider now the coset space 2% = SO(3)/I =~ S3I'. Since 7,(23%) =~ I’
we have that
H (=TI I'l=0.

Since 2% is a 3-manifold, Poincaré duality implies that 22 is a homology
3-sphere over the integers.
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We shall be concerned with the action of I on X3. It is clear that I’ (and
hence I) preserves the metric induced from that of S? via the covering map
S3 — S3/I' = X3, Now

F(1,2%) = N()/II = I]1,

by Section 5, is precisely one point. Since I preserves the metric, there is an
open 3-disk U about this point invariant under 1. Then I acts without sta-
tionary points on the acyclic 3-manifold 2 — U with boundary. (Also note
that the action is differentiable.)

Now one can show that this action of 7 on 2% — U is simplicial in some
simplicial structure on 2% — U. For instance, there is a general theorem of
Yang [4] about differentiable actions which implies this. It can also be seen
from the fact that S® may be given the structure of a regular polytope (Co-
xeter [1]) such that the left and right translations by I’ are all cellular (and
simplicial in a subdivision), which clearly implies the desired fact. Possibly
the simplest way, however, is to use the classical description of the “sphe-
rical dodecahedral space” 2% in Seifert and Threlfall [1] as the regular
dodecahedron, with its interior, on which opposite faces are identified by
a coherent twist of n/5 radians (and the reflection through the central
plane parallel to them), and use the obvious action of 7 on this (rather
than the one we have described). (The last two methods are essentially
equivalent since, in fact, the dodecahedron is the top dimensional cell of
the polytope S® and is a fundamental domain for the right translations by
I', resulting in the given identifications on its boundary.)

Now consider the join 4 = I* (2% — U) with the induced diagonal
action of I (that is, the union of 60 cones over 22 — U). Since A is simply
connected and acyclic, it is contractible. Also, the I-action on A has no
fixed points. Let K be any finite complex with trivial I-action (K may be
empty.) Then I acts on the contractible finite complex B = K * A with
fixed set K.

Any such example automatically induces a similar example of an action
on a disk as follows. First embed B as a subcomplex of some simplicial
structure on euclidean space or a sphere with a linear and simplicial action
of I. For example we can consider B as a subcomplex of the boundary of
the full simplex 4 on the vertices of B. Let D be the second regular neigh-
borhood of B in dA. Then, by a famous result of Whitehead [1], D is an
n-disk for some n. Moreover, F(I, D) is a regular neighborhood of X in
F(I, 34) and hence has X as a deformation retract. Thus we have the fol-
lowing theorem.
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8.1. Theorem There are actions of the icosahedral group I on disks D"
(n large) such that F(I, D") has the homotopy type of any given finite complex,
including the case F(I, D") = @. |}

This example, in the case F = ¢, is due to Floyd and Richardson [1].

Remark This, together with trivial modifications, is the only known
example of an action of a compact group on a disk without stationary
points. One might try to construct other such examples by using other
coset spaces G/H, G compact, which are integral homology spheres. How-
ever, it was proved in Bredon [4] that SO(3)/I is the only such space which
is not a sphere, and it is also known, by Montgomery and Samelson [1],
Borel [3], and Poncet [2], that when G/H is a sphere then the G-action is
equivalent to an orthogonal one. (The proof consists of classifying the pairs
G, H for which G/H is a sphere.)

Remark One should note that even though the fixed point set has the
homotopy type of an arbitrary finite complex, its homeomorphism type is
not so arbitrary. For example, each component of the fixed set in this
example has the same dimension and one may well conjecture that this
holds generally for compact group actions on disks, spheres, and euclidean
spaces. In the case of differentiable actions, there is a tangential representa-
tion of G at each fixed point, and it was conjectured by Smith [10] that these
representations are equivalent at any two fixed points. (The latter conjecture
is known to hold for differentiable actions of connected compact groups.)

(B) The Conner—Floyd Example We shall indicate how to construct
an action of a cyclic group Z, on euclidean space without stationary points.
(Note that the Brouwer Fixed Point Theorem shows that such examples
cannot exist on disks.) Later we shall prove a theorem of Smith which
implies that such actions do not exist when r is a prime power. Thus we
only consider the case

r = pq where p > 1 and ¢ > 1 are relatively prime.

Let us digress briefly to discuss a construction on joins. Recall that the
join A * B is defined as
AX Bx1I

AxB=2"222 "
P
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where &7 is the relation which identifies 4 X B X {0} to 4 and 4 X B
X {1} to B. Thus the points of 4 x B have “coordinates” (a, b, t) where
ac A, be B, and te€ 1= [0, 1], and where a = (a, b, 0) is independent
of b and b = (a, b, 1) is independent of a.

Now there is a map

A A*B—>A*xBuUgB*x4 U, A*B

defined by
(a, b, 31) for 0<<r<},
l(a,b,t):{(b,a,3t—1) for $<r<4%,
(a,b,3t —2) for 3 <r<1.

If f£ A— A4 and g: B> B are any maps, then one may form the union

fxluTtUul*xg: AxBUgB*A Uy A*xB-—>Ax%B,

where v: B* A —~ A B is the canonical map (b, a,t) = (a, b,1 — ).
Put
fOg=((f*lurtul*g)od

Note that if A and B are spheres, then deg( f* 1) = deg(f) and deg(l * g)
= deg(g) so that

deg(f O g) = deg(f) + deg(g) — 1.

(The —1 comes from the change in direction of ¢ in the middle third; note
that a, b are reversed twice there.)

Now let 4 and B be copies of the unit circle in the complex plane and
let T = w, * w,, where w, is multiplication by e**/?, Then T generates an
action of Z,, on A * B = S? without stationary points.

Since p and g are relatively prime we can find n, m with

np + mg=—1.
Then let
fiA—> A4 and g: B—B
be defined by
f(z) =zt and g(z) = zmatl,

Note that
fo,=w,f and 8wy = W8,
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which clearly implies that

(fOT=T(fT¢g)

so that f (1 g: S® — S3is an equivariant map of degree (np + 1) +(mg + 1)
—1=nmp+mg+1=0.Let h=fDg.

From the existence of such an equivariant map A: S* —S?® of degree
0 one may proceed in two directions.

First, note that the inverse limit space of

IR ~C LNt BNy

inherits an action of Z,, without stationary points and is acyclic with
respect to Cech homology or cohomology. Thus we have the following
theorem.

8.2. Theorem Ifr is not a prime power, then there is a compact, acyclic,
finite-dimensional space which admits a self-homeomorphism of period r
without fixed points. |

Remark Note the consequence that the Lefschetz Fixed Point Theorem
does not hold in this generality.

Second, there is a Z,,-action on the union Y of the mapping cylinders

of the maps

h h h
ss Mg Mgt

Since 4 is homotopically trivial, ¥ has the homotopy type of the union of
mapping cylinders of a constant map and hence is contractible.

We shall take a closer look at the latter example. If 4 and B are triangu-
lated as regular polygons of p and ¢ sides, respectively, and S = A * B
is given the join triangulation, then T is simplicial. Moreover A can be as-
sumed to be simplicial with respect to the nth barycentric subdivision of
its domain, for some n. (This can ke deduced from the Equivariant Simplicial
Approximation Theorem of Exercise 6 at the end of the chapter.) Then the
mapping cylinder of 4 can be replaced with the “simplicial mapping cy-
linder.” (We do not give the details of this, which can be found in Conner
and Floyd [3).) If we then take the nth barycentric subdivision of this map-
ping cylinder modulo the domain of 4, then the mapping cylinder has the
same triangulation on both ends. Thus if we let C,, C;, ... be copies of
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this mapping cylinder and if we let K be the infinite complex obtained by
identifying the end of C; with the beginning of C;,,, then K is a 4-dimen-
sional, locally finite, contractible complex on which Z, (r = pq) acts without
stationary points.

To improve on this, we note that K admits an equivariant simplicial
embedding in some euclidean space on which Z, acts orthogonally. One
such embedding of K can be obtained as follows. Let f: K — R¥ be any
embedding of K as a subcomplex of a triangulation of R*. Let Z, act on
R¥r by

T, oony X)) = (Xay ... 5 Xy Xp)s

where x; is in R¥, and let R¥" be triangulated as the barycentric subdivision
of the product cellular structure on R*¥ X R*¥ x ... X R¥&, Embed g:
K — R*" by putting

g(x) = (x,Tx, T%x, ..., T™x).

Then g is equivariant and it is not hard to verify that g is simplicial on the
first barycentric subdivision of K to R* (see Floyd [9] for the details of
this). We let U be the second regular neighborhood of g(K) in R** and note
that T(U) = U. Then U is a contractible open subset of R*" on which Z,
acts (differentiably) without stationary points, and the same is true of
U x R for any i, where the action on R® is trivial. Now it is known that
U x R is homeomorphic to euclidean space (see McMillan and Zeeman
[1] and Stallings [1]).

If L is an arbitrary finite complex, we could replace S® by S? x L in all
the constructions and would end up with an action of Z, on euclidean space
with fixed point set of the homotopy type of L. Thus we have the following
theorem.

8.3. Theorem If r is not a prime power and L is a finite complex, then
there is an integer m such that R™ admits a self-homeomorphism of period r
whose fixed set has the homotopy type of L, for any n = m (including the
case L= ). ]

Remarks Kister [1] has improved on the embedding of the above con-
struction and has shown that m can be taken to be 8 when L = . It is
known (Smith [10]) that, in the differentiable case, m must be at least 7
for L = @. Conner and Montgomery [2] have modified these construc-
tions to produce an action of SO(3) on some euclidean space with no sta-
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tionary points. They use a self-map of the 5-dimensional representation
of SO(3), discussed at the end of Section 4, having degree 0O (originally
found by Floyd [12]). The same construction was generalized to actions
of SO(Q2n + 1), n > 1, by Hsiang and Hsiang [4] and, by an examination
of the actions of subgroups, they showed that the same is true of any
compact, connected, nonabelian, Lie group (but is false for tori, as we
shall see later). Again by joining a finite complex L to the construction, one
obtains actions whose fixed point set is homotopically equivalent to L.
The end result, which we state without proof, is the following theorem.

8.4. Theorem If G is any compact, connected, nonabelian, Lie group,
then there is an action of G on any euclidean space of sufficiently high dimension
for which the fixed point set has the homotopy type of any given finite complex
(including F= @). ||

Remark These examples surely show that, without some restrictions,
there is little one can say about a transformation group. However, under
certain restrictions, one can prove some strong theorems. For example,
we will obtain some important results about actions of p-groups and of
tori. Also one can prove strong theorems about actions in which the orbits
have low codimension, or the fixed set has low codimension, or the number
of orbit types is small, and so on. We shall study some such situations in
later chapters.

9. COVERING ACTIONS

Let X be a G-space and suppose we are given a covering space p: X' — X
of X. It is natural to ask if we can lift the G-action on X to an action on X’,
perhaps of a covering group of G.

We shall assume throughout that G is a Lie group. (We use only the fact
that the identity component G, of G has a simply connected covering space
and is open in G.) Also we assume that X is connected and locally arcwise
connected.

First, we shall discuss the case in which G is connected and we let G*
be the universal covering group of G with projection n: G* — G. Let e
and e* be the identities of G and G*, respectively, and let x,” be a point in
X’ with p(x,)) = x4. Let @: G X X — X be a given G-action on X.

Since the inclusion {e*} X X' < G* x X’ induces an isomorphism of
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fundamental groups, we see that
(@ o(m X P))#(nl(G* X X', e* X xol)) = P#(nl(Xl, xol))

in 7,(X, x,). By a fundamental theorem of covering space theory this implies
that there is a unique map

OF: G* X X' > X'

which covers @ and takes e* X x,’ to x,. We claim that @* is an action.

To see this, note that O*(e*, -): X' — X’ covers the identity on X and
takes x," to x,’. Hence it is the identity. Also the maps G* X G* x X’
— X' defined by (g*, h*, x') > O*(g*, O*(h*, x')) and O*(g*h*, x'), re-
spectively, both cover the same map G X G X X— X and both take
(e*, e*, x,') to x,’. Hence they are equal and ©@* is an action.

Moreover, ®* does not depend on the choice of x, since for any covering
action and any point x,/7 we must have that @*(e*, x,') = x,'.

We claim that the action @* commutes with each deck transformation
T of X' (a map X' — X’ covering the identity). To see this, consider the
map

(g*, x') > T7'0*(g*, Tx')

of G* x X' — X'. This covers @ and takes (e*, x') into T-'@*(e*, Tx")
= T-'Tx' = x'. Thus this map must be &*, that is,

O*(g*, Tx') = TO*(g*, x')
as claimed.

Now suppose that G acts effectively (which is no loss of generality) and
let G' be the effective factor group of G* for the action on X’. Then G’
covers G. Clearly, the kernel of G’ — G consists of deck transformations
of X'.

If there is a stationary point x for G on X, then the fiber p—2(x) is invariant
under G'. Since G’ is connected and p—'(x) is discrete, G’ leaves p~(x)
pointwise fixed. This would imply that an element of ker(G' — G) is the
trivial deck transformation, and hence that G' = G. We have proved the
following theorem.

9.1. Theorem Let G be a connected Lie group acting effectively on a
connected, locally arcwise connected space X and let X' be any covering space
of X. Then there is a covering group G' of G with an effective action of G’
on X' covering the given action. Moreover, G' and its action on X' are unique.
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The kernel of G' — G is a subgroup of the group of deck transformations of
X' — X. (In particular, if X' — X has finitely many sheets, then so does
G’ — G.) If G has a stationary point in X, then G' = G and F(G, X') is the
Jfull inverse image of F(G, X). |

Now we shall discuss actions of disconnected Lie groups G. Let G, de-
note the identity component of G. First, we consider the case in which G
has a stationary point x, in X. Let x,’ be a point of X’ over x, and consider
the question of lifting the action so as to leave x,’ fixed.

Note that G acts as a group of automorphisms of =,(X, x,) and that
G, acts trivially. Let

J= p#(nl(Xla xol)) < (X, X,).

Then, given g in G, covering space theory shows that 6,: X — X lifts to
a map 0,/: X' — X’ such that 6,/(x,") = x,” iff (0,)x(J) = J. Thus 6
exists for all g iff J is stable under the G-action on 7,(X, x,). Supposing
this to be the case, we define

O:.Gx X —>X

by &'(g, x') = 6,/(x’). The uniqueness of the 6, imply that this is an
action once we check continuity. But it is clear that the restriction to G,
X X'— X' is the map given by 9.1, and hence is continuous. Now, for any
g € G, O can be written as the composition

’

o’ o
GxX —-X L X

Lilx1

G x X

and this implies that @’ is continuous on gG, X X', and hence everywhere.
Thus we have the following theorem.

9.2. Theorem Let G be a Lie group (not necessarily connected) acting
on a connected and locally arcwise connected space X, and let p: X' —> X
be a covering space of X. Let x, € X' project to xo € X and suppose that
G leaves x, stationary. Then there exists a (unique) G-action on X' leaving
Xy stationary and covering the given action on X iff the subgroup p ,(7,(X',x,"))
is invariant under the action of G on m\(X, x,). |

Now we shall consider the case in which G is disconnected and does not
necessarily have stationary points in X. Since a general discussion would
be difficult we shall assume that X is also semilocally 1-connected, so that
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X has a universal covering p: X* — X, and we shall first discuss lifting the
action to X*. We also assume that G acts effectively on X.

For any g in G, 8, can be covered by a homeomorphism of X*, since
X* is simply connected, and any two such liftings differ by a deck transfor-
mation. Clearly, all such liftings, for all g, form a subgroup G’ of Homeo(X*)
and there is a natural surjection #: G’ — G whose kernel is precisely the
group A of deck transformations. [Note that 4 = 7z,(X).] We must topol-
ogize G'. (Of course, for G discrete this is trivial.) For this, note that 9.1
provides a canonical subgroup, say G,’, projecting to G, and carrying a
topology under which it covers G,. We shall show that G, is normal in
G'. To see this, let g € G’ and consider the subgroup gG,'g~! of G'. With
the topology on this induced from that on G’ it is clear that gG,'g~* covers
G,. By the uniqueness part of 9.1, the transformations of X* in gG,g!
are identical with those in G,. Hence G, is normal in G’. Clearly we may
topologize G’ by taking G, to be open and having the above topology.
Then G’ is a Lie group, with identity component G,’, and

146G —>G—>1

is an exact sequence of topological groups, with 4 =~ m,(X) discrete.

The more general case of a regular covering space X’ — X is also amenable
to study. Recall that a regular covering space is a covering space X' =~ X*/N
associated with a normal subgroup N =~ 7,(X’) of 4 = m,(X), and that its
group of deck transformations is 4" = A/N. (Also, regularity is equivalent
to transitivity of the group of deck transformations on the fiber.) If N also
happens to be normal in G’, then we have an exact sequence

1>A4/N—>G'IN—->G—1.

Moreover G'/N acts on X’ = X*/N and covers the action of G. Conversely,
if a transformation group exists on X’ covering G on X (with the group a
covering group of G in the nonconnected sense), then the deck transfor-
mations can be thrown in with it. Then A’ is the kernel of the projection of
this enlarged group G’' onto G and thus there is an exact sequence

14 —>G" - G—1.

Then, applying the above remarks to X* — X', there is an exact sequence

1> N—->G -G —1

(where it is clear that G’ is the original covering group defined above,
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since it acts effectively on X*, covering the G-action, and contains A4).
Thus G'" = G’/N and the situation arises as above.

Now the normality of N in G’ may be interpreted geometrically as fol-
lows, Let A¢ denote the set of conjugacy classes of elements of A, which
can be identified with the set [S!, X] of free homotopy classes. Similarly
N¢=[S1, X'] and the inclusion N < A induces a map N°-A° which
corresponds to the canonical map [S!, X'] — {S!, X]. Now G acts on [S, X]
in the obvious way and it is clear from standard covering space theory that
the corresponding G-action on A° is given by lifting elements of G back
to G’ and conjugating A by these (well defined on A°¢). Since N is normal
in A this clearly implies that N is normal in G’ iff the action of G on [S, X]
~ /¢ preserves the image of [S, X'] =~ N¢ (not necessarily pointwise).
We sum up our remarks in the following theorem.

9.3. Theorem Let G be a Lie group (not necessarily connected) acting
effectively on a connected, locally arcwise connected, and semilocally 1-con-
nected space X. Let X' be a regular covering space of X with group A’ of
deck transformations. A necessary and sufficient condition for there to exist
a covering group G’ of G (in the nonconnected sense) and an effective action
of G' on X' covering that of G on X, is that the action of G on the set [S*, X]
(free homotopy classes) preserves the image of [S', X']— [SY, X]. [Note
that if 7,(X) is abelian, then the condition is that G preserves the image of
H\(X')— H(X).] By possibly enlarging G', there is an exact sequence

1A —>G—-G—1. |

(The reader should note the case of finite groups G. It is definitely false
that G’ can be taken to be G and the reader should be able to find simple
counterexamples of this.)

There are some cases in which one can find a canonical lifting of ho-
meomorphisms and thus provide a covering action by the original group;
9.2 gave one such situation. Another is the case of the orientable double
covering of a nonorientable manifold. Suppose that M is a nonorientable
manifold and that M’ is its orientable double cover. Let G be a Lie group
(not necessarily connected) acting on M. We apply 9.3 by noting that the
image of [S!, M']— [S', M] consists exactly of those classes represented
by orientation preserving loops. Since any homeomorphism clearly preserves
the set of such classes, 9.3 implies that there is a covering action by a Lie
group G’ and an exact sequence

1 >Z,—>G —G—1.
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But there is a splitting homomorphism G’ — Z, taking g’ to the identity
iff g’ preserves orientation. (Since the component of the identity is in the
kernel, this is continuous.) Thus the subgroup of G’ consisting of orienta-
tion preserving homeomorphisms maps isomorphically onto G, and we
have the following corollary.

9.4. Corollary If G is a Lie group (not necessarily connected) acting on
a nonorientable manifold M, then there is a unique covering action of the same
group G by orientation preserving homeomorphisms on the orientable double
covering of M. ||

Remarks It is certainly possible to weaken the Lie condition in some of
these theorems, at some expense of efficiency in the proofs. We do not
know the most general possible conditions. We regard 9.1 and 9.2 as folk
theorems. In the special case of compact connected Lie G and finite cover-
ings of locally compact spaces, 9.1 was proved in Kister and Mann [1]
by a different method. The case of 9.2 for the universal covering was proved
in Conner and Montgomery [1], and the general case can be found in Conner
and Raymond [1]. A more general version of 9.4 can be found in Bredon
[3]. Theorem 9.3 does not seem to have been noticed.

EXERCISES FOR CHAPTER |

1. Let X be a G-space and let N be a closed normal subgroup of G.
Show that there is a canonically induced action of G/N on X/N and a nat-
ural homeomorphism

XN _ X
GIN ~ G’

2. If Xis a G-space and 4 < X let G, = {ge G | g(a) = a for all
a € A}. Show that:

() A< B=G,> Gy,

(i) H< K=XH > XK,

Also put A" = X% and show that

(iii) 4" > A,

(iv) 4" =4,

(v) AuBy=4"UB,

and hence that A+> A’ is a closure operator, when G acts nontrivially.
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3. In the examples of Section 7 show that the orbits corresponding to
boundary points of D2 = XZ{1/O(n) have the orbit type of S*!
= O(n)/O(n — 1) and those corresponding to interior points have the
orbit type of V, , = O(n)/O(n — 2).

4. Let G be a compact group and let &' be the set of G-orbit types.
Topologize %, by taking the smallest topology for which the set of all
types less than or equal to type(G/H) is closed (for each H c G). If X is
a G-space, show that the canonical function 7: X/G — &, assigning to
an orbit its type, is continuous. (Hint: Consider the images of X% in X/G
for each H.)

5. We define a G-orbit structure to be a Hausdorff space Y together
with a continuous map Y —» % ¢ (see Exercise 4), and the orbit structure
of a G-space X to be the canonical map 7: X/G—->& . If f: Y — X/G
is any map, show that the orbit structure of the G-space f*X is (canonically
equivalent to) rof: Y — & .

A map Y, — Y, of spaces with given G-orbit structures is said to preserve
the orbit structures if the diagram

Yl - Yz

N
&g

commutes. An equivariant map f: X; — X, of G-spaces is said to preserve
the orbit structure if its induced map X,/G — X,/G does so. Show that
an equivariant map preserves orbit structure iff its restriction to each orbit
in X, is a homeomorphism to its image in X,.

6. Let K be a simplicial complex and let G be a discrete group acting
simplicially on K. Show that the first barycentric subdivision K’ of K has
the following property (where g € G and o is a simplex of K'):

(*) If g(o) = o, then g leaves o pointwise fixed.

Also prove the following Equivariant Simplicial Approximation Theorem:
Let K and L be G-complexes (as above) and assume that L satisfies (%)
(where o is now a simplex of L). Let f: | K| — | L| be an equivariant map
on the polyhedra associated with K and L. Then, for suitable r, there is
a simplicial approximation g: K'” — L of f which is equivariant (K
being the rth barycentric subdivision of K) and such that | g |:| K| — | L |
is equivariantly homotopic to f. (Hint: Choose g suitably on one vertex
out of each orbit of G on the vertices of K"’ and extend by equivariance.)
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7. Consider the 5-dimensional representation of SO(3) given at the
end of Section 4. Show how to construct an equivariant proper map f:
R? — R such that f—1(0) = 0 and such that the degree of f is 0. (Hint:
Consider F(Z, @ Z,, R®) and, inside this, the cross section of the action
given in Section 4. Use Corollary 3.4.)

8. Show that the Tietze-Gleason Theorem 2.3 also holds for completely
regular spaces X and compact invariant subspaces A. (Hint: Use the
Stone-Cech compactification of X.)

9. Show that each neighborhood of an orbit in a G-space, with G
compact, contains an invariant neighborhood. (Hint: Use 3.1.)

10. Let G be compact and let f: X — Y be an equivariant orbit structure
preserving map between G-spaces with f': X/G — Y/G the induced map of
orbit spaces. Show that fis open iff f’ is open.

11. Let G be compact and X be a G-space. If f: X — X is an equi-
variant map such that the diagram

¥y—I1 . x

N

X/G

commutes, show that f is an equivalence of G-spaces.

12. Let H, K = G be compact groups. Show that a'K+> REHE gives
a homeomorphism

(G/K)E = F(H, G|K) =+ Map®(G/H, G/K)

of the space of fixed points of H on G/K onto the space of equivariant maps
G/H — G/K in the compact-open topology.

13. If G is a compact group and X is a metric G-space, show that there
is an equivalent metric which is invariant under the action. Also give an
example showing that this is generally not possible uniformly (that is, so
that the two metrics give the same uniform structure).



CHAPTER 1l

GENERAL THEORY OF G-SPACES

In this chapter we shall study actions of compact Lie groups from a
general point of view, as distinguished from the study of actions on man-
ifolds or of actions of special types of compact Lie groups.

The chapter contains four main theorems. The first is the existence of
tubes, or slices, due to Montgomery and Yang [1] and to Mostow [1].
This fundamental result concerns the study of the nature of the neighbor-
hood of an orbit in a G-space. This topic is treated in Sections 4 and 5 after
some preliminary background material on bundles and twisted products
in the first three sections. It is applied in Section 6 to the comparison of
the fundamental group of a G-space with that of its orbit space.

The second main theorem is the Covering Homotopy Theorem of Palais
[3]. It is studied in Section 7 and applied in Section 8 to the situation of a
G-space with conical orbit structure.

The third main theorem is the Classification Theorem of Palais [3] which
is treated in Section 9 and then applied in Section 10 to prove the fourth
main theorem, the Equivariant Embedding Theorem of Mostow [1]. The
latter states that every separable metric G-space of finite dimension and
finitely many orbit types, with G compact Lie, can be embedded in an or-
thogonal representation of G.

From Section 5 on, our attention is restricted to actions of compact Lie
groups.

1. FIBER BUNDLES

In this section we define the notion of a fiber bundle and make some
elementary remarks about them. We shall not go far into the theory of fiber
bundles in this book, but rather refer the reader to Steenrod [1] and Husemol-
ler [1] for this. (But note that the use of “effective” to mean “free” in the
latter reference is incorrect.)

Let K be a topological group and let F be an effective right K-space.

70
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Let X and B be Hausdorff spaces. By a fiber bundle over B (the base space)
with total space X, fiber F, and structure group K, we mean a map

p: X—B

together with a collection @ of homeomorphisms ¢: F X U = p~Y(U) for
U open in B, called charts over U, such that

(1) The diagram
F x U—2— p (V)

proj\ / P
U

commutes for each chart ¢ € @ over U.

(2) Each point of B has a neighborhood over which there is a chart
in @,

() Ifp: FXx U—p}(U)isin @ and V < U is open, then the restric-
tion of ¢ to F X V—p (V) is in .

@) If ¢,y € @ are charts over U, then there is a (continuous) map
0: U— K such that

w(fs w) = o(f- (), u)

for all fe F and u € U. This map @ is called the transition function for the
charts ¢ and ».

(5) The set @ is maximal among collections satisfying the preceding
conditions.

Remark Since K acts effectively on F, it is clear that the map 0 in (4) is
uniquely determined by ¢~'y. Also note that ¢=¢: F X U— F x U in-
duces a function

U — Map(F, F X U) = Map(F, F) x Map(F, U)

which takes u to (6(u), c,), where c, is the constant map of F to u. It is
well known (see Dugundji [1], for example) that this map is continuous
if these mapping sets are given the compact-open topology (and the “‘equal-
ity” is a homeomorphism). Thus, ¢ is automatically continuous when K
has the compact-open topology. (Also see Arens [1] with regard to ‘“good”
topologies on K.)

1.1. Theorem Suppose thatp: X — Bis a bundle with fiber F and structure
group K. Suppose that F is also a left G-space and that the actions of G and
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K commute [that is, (gf Yk = g(fk)). Then there is a unique G-action on X
covering the trivial action on B and such that each chart p: F X U — p~1(U)
is equivariant [where G acts on F x U by (g, (f, w))— (gf, w).

Proof The action is to be defined by the equivariance of the charts and
it clearly suffices to prove that it is independent of the choice of a chart
over U. That is, it suffices to show that each ¢2p: FX U—>F X U is
equivariant. But

g(e (S, w) = g(f- 0(u), u)
= (g(f - 6(w)), u)
= ((gf) - 6(w), u)
= o (gf u) = ¢ (e(f, w). 1

By a principal G-bundle we mean a bundle with fiber G and structure
group G acting by right translation (that is, g in the structure group takes g’
in the fiber to g'g; giving a right action).

Since the usual left translation action of G on itself commutes with right
translation, 1.1 shows the following.

1.2. Corollary Ifp: X — B s a principal G-bundle, then there is a canoni-
cal free G-action on X, which covers the identity on B (and is left translation

in the fibers). The map p: X — B induces a homeomorphism X/G—:> B,
and thus may be regarded as the orbit map for this action. |

Remark In Section 5 we shall prove a theorem of Gleason [1] which im-
plies that every free action comes in this way from a principal bundle when
G is compact Lie and X is completely regular. Thus, in this case, the no-
tions of a principal G-bundle and of a free G-action are canonically equiv-
alent.

2. TWISTED PRODUCTS AND ASSOCIATED BUNDLES

Suppose that X is a right G-space and that Y is a left G-space. Then a
left G-action on X X Y is given by letting g take (x, y) to (xg~, gy). We
define the twisted product of X and Y to be the orbit space

X XqY
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of this action. That is, X X ¢ Y is the quotient space of X X Y under the
equivalence relation which relates (xg, y) to (x,gy) forall xe X, y € ¥,
and g € G. The equivalence class (orbit) of (x, y) is denoted by [x, y], so
that [x, y] = [x’, y'] iff there is a g € G with x’ = xg~! and y’ = gy. Note
that [xg, y] = [x, gy].

This construction is functorial. That is, if f: ¥ — Y’ is an equivariant
map of left G-spaces, then we have the induced map

X Xgfi X XgY—> X XgY

given by [x, y]+—> [x, f(»)]). Similarly for equivariant maps of the left-hand
factor.

2.1. Proposition If f is open, then X X g f is open.

Proof This is immediate from the commutative diagram

Xxf

XxXY XxY

X Xagf

X xqY X xqY

since the vertical maps are open. |]

In particular, the projection of Y to a point induces an open map
X XgY—> X Xg*x= X/G.

This may also be described as the map on orbit spaces induced by the
equivariant projection of X X ¥ to X. Similarly we have the open map
X Xqg Y— Y/G.

If X and Y are right and left K-spaces, respectively, and X is a left G-
space (with right and left operations always commuting), then X Xz Y
is a left G-space by glx, y] = [gx, y]). Similarly, if Y is a right H-space,
then so is X X g Y by [x, y]h = [x, yh].

2.2. Proposition The map X X @ G — X taking [x, glv> xg is an equi-
variant homeomorphism of right G-spaces. The inverse is given by x — [x, e].

Proof Both maps are clearly well defined and inverse to one another.
Continuity of the first map follows from that of the action map X X G— X
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and from openness of X X G — X X ¢ G. Continuity of the second map is
clear. |

2.3. Proposition Let X be aright H-space, Y a left H- and right K-space,
and Z a left K-space. Then there is the canonical homeomorphism

(X xg ¥) Xg Z—>X xg (¥ Xz Z)
given by [[x, yl, z1 = [x, [y, 2]l.

Proof The map is well defined since [[xA 1, hylk—, kz] = [[xh~, hyk—],kz]
goes to [xh~L, [hyk~Y, kz]] = [xh~Y, h[yk, kz]] = [x, [y, z]). Continuity fol-
lows from the fact that the composition (X X Y) X Z—> (X Xz YY) X Z
— (X Xz Y) Xg Z is open, since all orbit maps are open. Clearly the in-
verse has the same properties. |J]

Recall from 1.2 that a principal K-bundle p: X — B has a canonical free
left K-action whose orbit space X/K is homeomorphic to B, via p.

2.4. Theorem Letp: X — B be a principal K-bundle and let F be a right
K-space. Then

n: FXgX—B

defined by =l f, x] = p(x) is a bundle with fiber F and structure group K
and is called the F-bundle associated with this principal K-bundle. If ¢: K
X U— p~Y(U) is a chart of the principal bundle over U, then the composition

g: F X U-i-(FxKK) X U—inK(Kx U)

FXge

F xgp(U)->7(U)
is taken to be a chart of the associated bundle. (Note that g(f, u) = [ f, p(e,u)].)

Proof The first map in the above composition is that of 2.2, the second
is that of 2.3, and the third map is a homeomorphism by 2.1. The last map
is induced by inclusion p~}(U) — X, is an embedding in F X g X by 2.1,
and its image is 7#~1(U) since all these maps commute with the obvious
projections to U.
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If ¢ and y are charts over U of the principal bundle and if §: U— K
is the transition function (so that y(k, u) = @(k6(u), u)), then

P(f,u) = [ ple, u)]
= [f,p(e - 0(u), )]
= [£,9(6@) - e, u)]
= [f, 6()g(e, u)]
= [f- 6(u), pe, )] = §(f - 6(u), u)
(by definition of the left K-action on X)) and this shows 0 to be the transition
function for @ and P as well.
Since any collection of charts satisfying conditions (1)-(4) of the defi-

nition in Section 1 is easily seen to be contained in a unique maximal such
collection (see Steenrod [1]), the theorem follows. ||

2.5. Lemma In the situation of 2.4, the diagram

FxX —™ ,x

Lk

FxgX—_ B

is a pull-back diagram.

Proof The given maps induce a map of F X X into the fibered product of
(X, p) and (F xg X, #) and it is easily checked that this is one-one onto
(since X acts freely on X). It remains to show that it is open. To do this,
we may look at the diagram locally in B. Then if U < B is small, the dia-
gram becomes

FXKxU pro] KxU
proj

Fxg(Kx U ~FxU—2% .U

where the left-hand map is (f, &k, v) = [f, (k, u)] — (fk, u). Then the fi-
bered product is just F X K X U and the map in question is (f, k, u)
> (fk, k, u). The inverse of this is (f, k, u) > (fk, k, u) and is con-
tinuous. |
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Remark When K is compact, another proof is available using Chapter I,
Exercise 10.

The following theorem is a basic result in bundle theory.

2.6. Theorem Let p: X — B be a principal K-bundle and let Y be a left
K-space, Let K act on the right of Y by putting yk = k—y. Then there is a
natural one—one correspondence between the K-equivariant maps |- X - Y
and cross sections f of the associated Y-bundle

n: Y XgX— B.

The correspondence is characterized by the equation f(p(x)) = [f(x), x].

Proof If f: X — Y is equivariant, then x> [f(x), x] gives a map f': X
— Y X g X, and since

['(kx) = [flkx), kx] = [kf(x), kx] = [f(Ok™, kx] = [f(x), x] = f"(x),

we see that £’ induces a map f: B = X/K— Y X g X which is clearly a
cross section and is characterized by the equation f(p(x)) = [f(x), x].

If £ is a cross section, then z(fo p(x)) = p(x). It follows from 2.5 that
there is a unique equivariant map 6: X — Y X X such that the diagram

fop
N S
1 Yx X

/ proj
X

X

Y xgX

commutes. Thus § has the form 6(x) = (f(x), x) where f: X — Y satisfies
f(px)) = [f(x), x]. |}

The remainder of this section will be devoted to some material that will
not be used until Chapter V, but which will be important there.

Let S and T be topological groups. Let 4 be a right S-space and let A’
be a right T-space. Assume that 4 is locally compact. Let Map(A4, A') be
the space of continuous maps from A to 4’ with the compact-open topology
and let S X T act on the left of Map(4, 4") by putting

(G, f)@) = flas)t™,
where f'€ Map(4, 4").
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Now suppose that py: X — Bis a principal S-bundle and that py: ¥ — B
is a principal T-bundle. The product X X ¥ — B X B is then a principal
S x T-bundle. The restriction of this to the diagonal of B X B is a principal
S X T-bundle over B whose total space will be denoted by

A ={(x,y) € X X Y| px(x) = py(»)}.

We put p(x, y) = px(x) = py(p) for (x, y) € A. As usual, by 1.2, 4 has a
canonical left § x T-action which is given by (s, 1)(x, y) = (sx, ty). We
shall consider the associated bundles A X g X and A" Xy Y over B. By a
map p: A XgX —+ A Xy Y over B we simply mean a map which com-
mutes with the projections onto B.

2.7. Theorem In the above situation, there is a canonical one—one cor-
respondence between maps ¢: A XgX —~ A" Xp Y over B and S X T-
equivariant maps $: A — Map(4, A"). The correspondence is characterized
by the equation

pla, x] = [p(x, y)(a), y].

Thus these are also in one—one correspondence with the cross sections § of

the associated bundle
Map(4, 4") X gxr 4 — B,

given by &(p(x, y)) = [¢(x, ), (x, »)].

|

is a pull-back diagram, so that the projection 4 — X is the bundle induced
from the bundle py by the map py. In particular, 4 — X is open. Thus also
AXxd—AXxX and the composition u: 4 X A -4 X X—> A4 XgX
(where u(a, (x,y)) = [a, x]) are open maps.

Suppose that ¢: 4 — Map(4, A') is given. Map A x A—> A" xXp Y
by (a (x,»))~ [§(x, y)(a), y]. If (x,y) and (x,y’) are both in 4, then
y' =ty for some ¢t € T. Since

Proof Note that
Y

j,,,

B

Px

[$(x, ty)(@), ty] = [@(x, y) (@)1, 1y] = [§(x, y)(a), ],

by equivariance of @, we see that this map factors through 4 X X. Since
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$(s71x, y)(as) = @(x, y)(a) we see that the above map factors through
A X g X. That is, there is a function ¢: 4 X X — A" Xy Y given by ¢[a, x]
= [¢(x, y)(a), y] [Where py(y) = px(x)]. Since u: 4 X 4 > A4 XgX is an
open map it follows that ¢ is continuous. Since px(x) = py(y), ¢ is a map
over B.

Now suppose that ¢ is given and consider the diagram

A x4 it A XpY
\'\7\\‘1 /
proj A XY
ool
Y » B
Py

Since @ is a map over B, (popu)(a, (x,y)) = ¢la, x] projects to px(x)
= py(y) in B, which means that the square commutes. The lower right
part of the diagram is a pull-back diagram by 2.5 and thus there exists a
unique map # as indicated, completing the commutative diagram. By
commutativity, # has the form

n(a, (x,)) = (7'(a, (x,)),y),

where 7': A x A— A'. By the “exponential law” the function ¢: 4
— Map(4, A’) given by $(x, y)(a) = 7'(a, (x, )) is continuous. Commut-
ativity of the top part of the above diagram becomes

¢la, x] = [@(x, y)(a), y]-

The above diagram can be considered as a diagram of S x T-spaces with
the obvious actions and thus # is equivariant, that is,

(@(sx, ty)(as™), ty) = n(as, (sx, 1))
= n((s, 1)(a, (x,)))
= t(n(a, (x,»))) = ($x, )@, 1y).

This is equivalent to the equivariance of ¢ and finishes the proof of the
first part of the theorem. The second part follows from 2.6. |

It is edifying to see what the correspondence between ¢ and @ becomes
“locally.” Thus if both bundles are trivial over U < B, then (for given charts
over U) ¢ can be regarded as a map ¢: 4 X U— A’ X U commuting with
projection to U. Thus ¢ has the form ¢(a, u) = (g(u)(a), u), where : U
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— Map(4, A’) (by the exponential law). Thus @ can be regarded as a cross-
section of the product bundle Map(4, A') x U — U. The reader may check
that this is, indeed, the correspondence given by 2.7 (forgetting now about
¢). Note that a homotopy of maps over B corresponds to a homotopy of
cross sections (by 2.7) and that continuity of the homotopies is easily checked
by looking at them locally for trivial bundles. We shall leave the details
of this to the reader.

Also note that if W < Map(4, 4’) is any subspace invariant under the
S x T-action (that is, invariant under composition with the S-action on
A and the T-action on A4’), then the maps ¢ over B which are fiberwise in
W correspond to cross sections of the subbundle

W X gxp A — B.

In particular, suppose that 4 and A’ are left G-spaces with the G-actions
commuting with the right S and 7 actions. Then 4 XgX and A" Xp Y
are canonically left G-spaces by 1.1. The space Map%(4, 4') < Map(4, 4")
of G-equivariant maps is S X T-invariant (since the S and T actions are
G-equivariant). Moreover, a map 4 X g X — A’ X, Y over B is fiberwise
in Map%(4, A4') iff it is G-equivariant. Thus we have the following corollary.

2.8. Corollary If, in 2.7, A and A’ are left G-spaces with the G-actions
commuting with the right S- and T-actions, then 2.7 gives a one—one corre-
spondence between G-equivariant maps ¢: A XgX — A" Xp Y over B and
cross sections § of the associated bundle

Map%(4, A') X sxr4—B. |

Since we shall eventually make important use of it, we remark again
that the correspondence of 2.8 induces a correspondence between G-equi-
variant homotopies of maps 4 X g X — 4’ Xy Y over B and homotopies of
cross sections of the bundle

MapG(A, A’) X ST A — B.

3. TWISTED PRODUCTS WITH A COMPACT GROUP

Throughout this section we let G be a compact group and we shall spe-
cialize our considerations to the case of twisted products

G XgA,
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where H is a closed subgroup of G and A4 is a left H-space. This case was
noted briefly in Chapter I, Section 6. Left translation makes G X g A4 into

a left G-space: (g, [¢/, a]) — [gg’, al.

3.1. Proposition [f K < H < G and B is a (left) K-space, then the map
G Xg B— G Xg (H X g B) taking [g, b]— [g,le, b]] is a G-equivariant ho-
meomorphism.

Proof The map is the composition
G xKB-i»(G X g H) xKB—i»G X g (H Xg B)

of 2.2 and 2.3. ||

Recall the map i,: A— G Xz A given by i,(a) = [e, a], which is an
H-equivariant embedding since H is compact. (This is also an embedding
when G — G/H is a bundle mapping, since then G Xz 4 is an associated
bundie by 2.4. Thus i, is an embedding when G is any Lie group (not nec-
essarily compact) and H is closed. Perhaps it is always an embedding.)

Note that the map G Xz 4 — G/H given by [g, al—~> gH is G-equiva-
riant and that the inverse image of the point H/H is i.,(4) = {[e, a]| a € 4}.
The following proposition is a converse to this.

3.2. Proposition Let X be a G-space and suppose that f+ X — G[/H is
equivariant. Put A = f~'(eH). Then A is invariant under H and the map
@: G Xyg A — X defined by ¢lg, al = g(a) is an equivariant homeomorphism.

Proof Clearly ¢ is well defined, equivariant, and is continuous by the
diagram
G x A
| Sx
GXgd’®

To see that ¢ is onto, let x be in X with f(x) = gH and then note that
flgx) = eH so that (g7'x) € 4 and x = g(g~'x) = ¢[g,g 7 x].

To see that ¢ is one-one, suppose that ¢[g, a] = ¢[g’, a’']. Then ga = g'a’
so that

gH = g(f(a)) = f(ga) = f(g'a’) = g’ (fld))=¢g'H
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whence & = g1g’ is in H. Thus ga = g'a’ = gha' so that a = ha' and [g’, a']
= [g’'h~, ha'] = [g, a] as claimed.

To complete the proof is suffices to show that ¢ is closed. But this follows
from the above diagram, since 4 is closed in X and G x 4 — X is a closed
map by L1.2. ||

3.3. Proposition The inclusion i, A— G Xy A induces a homeomor-
phism A{H — (G x gz A)/G (i.e., H(a) — Gle, a]).

Proof Recall that the embedding i,: A > G Xg A is H-equivariant.
Thus every H-orbit in A is mapped into an H-orbit (and hence in a G-orbit)
of G X g A, so that the map is defined. It is continuous by the diagram

A G XHA
A/H (G xz 4)/G.

The projection G X A— A4 is H-equivariant and thus induces a map

G XyA— A/H.
This is given by [g, a] — H(a) and hence clearly factors as
G xXgd

.

(G xg 4)/G — A/H.

The diagram shows the horizontal map G[g, a] — H{a) to be continuous
and it is clearly the inverse of the original map. ||

Remark Clearly if f: G* — G is an isomorphism and H = f(H*) and if
A*¥ — A is a homeomorphism, then an H-action on A4 pulls back to an
H*-action on 4* and G* X y. A* is equivalent to G Xy A. Applying this
to an inner automorphism by some given g € G we see that, given an H-ac-
tion on A, there is an action of gHg! on a copy 4* of 4 and an equivalence

G XgA=~G xgxA* (where K = gHg™)

of G-spaces.
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We wish to find the isotropy group at a point of the twisted product
G x g A. 1t suffices to treat points of the form [e, a]. Clearly g € Gy, 4
iff [e, a] = gle, a] = [g, a], which means that, for some & € H, (k™ h(a))
= (g, a), that is g € H,. Thus

(3.4) Growy=H, in GxgA.

4. TUBES AND SLICES

Let X be a G-space with G compact and let P < X be an orbit of type
G/H. By a tube about P (or a G-tube about P) we mean a G-equivariant
embedding (homeomorphism into)

¢: GxgA—>X

onto an open neighborhood of P in X, where A is some space on which H
acts.

In this situation, note that every G-orbit in G Xz 4 passes through a
point of the form [e, a]. Thus let a € A be such that ¢[e, a] € P and put
x = ¢le, d], so that P = G(x). Then, by (3.4), G, = G, ,, = H, = H. Since
G, is conjugate to H, by assumption, this implies, by 0.1.9, that

G,=H, = H.

Thus such a point a € A4 is stationary under H,

Since i,; A— G Xy Aisan H-embedding, the composition g 0 i,: 4 X
is also an H-embedding when ¢ is a tube. Clearly, it is no loss of generality
to suppose that 4 — X. This gives rise to the following definition.

4.1. Definition Let x€ X, a G-space. Let x € .S < X be such that
G,(S) = S. Then S is called a slice at x, if the map
G Xg, S—X,

taking [g, s+ g(s), is a tube about G(x).

4.2, Theorem Let X be a G-space, let x€ S < X, and put H=G,.
Then the following statements are equivalent:

(i) Thereis a tube p: G Xz A — X about G(x) such that gle, A] = S.
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(i) S is a slice at x.
(iii) G(S) is an open neighborhood of G(x) and there is an equivariant
retraction f: G(S) — G(x) such that f(x)=S.

Proof That (i) implies (ii) is clear since 4 can be replaced with S. To show
that (ii) implies (iii) let S be a slice and define f: G(S) — G(x) by commu-
tativity of

G xzgS G(S)
s

~ +
G/H —" - G(x).

(Recall that H = G,.) Then f(g(s)) = g(x) and f clearly has the desired
properties. Finally, if f is as in (iii), then ¢: G Xz S — X, defined by
olg, s] = g(s), is a tube by Proposition 3.2. |i

From part (iii) the following fact is clear.

4.3. Corollary If S is a slice at x, then g(S) is a slice at g(x). ||

The next theorem gives another characterization of a slice.

4.4, Theorem Let X be a G-space and let x € S < X. Suppose that:
(i) S is closed in G(S).
(i) G(S) is an open neighborhood of G(x).
(iii) G (S) = S.
iv) @S NS#AJT=gedq,.

Then S is a slice at x. Conversely, every slice satisfies these conditions.

Proof Because of (i) and (iv) the constant map S — {x} = G(x) satisfies
the conditions of 1.3.3 and hence extends uniquely to an equivariant map
f+ G(S) > G(x), necessarily a retraction. If x = f(gs) = g(f(s)) = g(x),
then g € G, and gs € S by (iii). Thus f~%(x) = § and S is a slice. For the
converse, suppose S = fI(x) for f: G(S) — G(x) an equivariant retrac-
tion. Then gs € S iff x = f(gs) = g(f(s)) = gx which holds iff g € G,. |}

Recall that for an H-equivariant map f: 4 — A’ there is an induced
G-equivariant map
G Xuf: GXxgAd—G xgd

and that this is open when f is open, by 2.1.
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4.5. Theorem Let X be a G-space and let ¢: G Xz A — X be a tube
about G(x). Let a € A, put ¢le,al =y, and let y: H X g B~ A be a tube
about H(a) in A. Then the composition

GXgy

0: G xx B—>G Xy (H xx B) Gxgd-2 X

is a tube about G(y) in X. (Here the first map is that of 3.1.)

Proof By 2.1, 8 is open and is clearly an embedding. Also G, = Gy, .,
since ¢ is an equivalence, and Gy, ,; = H, which is conjugate to K [by
definition of a tube about H(a)], so that G(y) has type G/K. ||

4.6. Corollary If S is aslice at x in the G-space X and if S’ is a slice at a
point s € S for the G -space S, then S’ is a slice at s for the G-space X. |}

The following fact is immediate from 3.3.

4.7. Proposition If S is a slice at x in the G-space X, then the natural
map
S/G, — X|G

is a homeomorphism onto the open subspace G(S)/G. |}

5. EXISTENCE OF TUBES

Let G be a compact Lie group. In the present section we shall prove the
existence of a tube about each orbit of a completely regular G-space. The
proof will require a knowledge of some elementary differential geometry,
but this has been reduced to an absolute minimum. We remark that through-
out a major part of this book we shall be working under hypotheses
(locally smooth actions) which assure the existence of tubes of an especially
nice type.

The first piece of information we need is the following lemma.

5.1. Lemma Let G be a compact Lie group acting orthogonally on R"
and let v, be a point with isotropy group H. Let V < R" be the normal space
to the orbit G(v,) at vy, and note that this is a vector subspace of R" since it
passes through the origin. Then there exists a neighborhood U of eH in G[H,
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a local cross section ¢: U — G, and a number ¢ > 0 such that the restriction
of G X R"—>R" to ¢(U) X V,— R" is a homeomorphism onto an open
neighborhood of v, in R*, where V, is the open e-ball in V about v,.

Proof Let g be any differentiable local cross section at eH with o(eH) = e.
Since G X R* — R* is differentiable, it follows from Chapter 0, Section
5 that G/H — G(v,) is a diffeomorphism. Thus the action map o(U) X {1y}
— G(vo) = G/H, being the inverse of ¢, is a difftomorphism onto U and
hence its differential at (e, v,) is an isomorphism onto the tangent space of
G(v,) = R" at v,. Also, the differential of {e} X V' — ¥ < R"is an isomor-
phism onto the normal space V of G(v,) at v,. It follows that the differential
of o(U) X V— R* is an isomorphism from the tangent space of o(U)
X V at (e, v,) to that of R” at v,. By the Implicit Function Theorem it fol-
lows that o(U) X ¥V — R*is a diffeomorphism on some neighborhood of
(e, vo) to a neighborhood of v,. ||

b.2. Corollary In the situation of 5.1, the map

G XH V—R"?

given by [g, v] — g(v), induces a homeomorphism of G Xy V, onto the open
neighborhood G(V,) of G(v,) in R™ for ¢ sufficiently small.

Proof Let U = G/H be as in 5.1 and let K be the compact set G — o(U)H.
Then K(vo) < R* — {v}. Now K(v,) = () K(C), where C ranges over
the compact neighborhoods of v, in R". As is well known, any neighbor-
hood of K(v,) must contain one of the K(C), since the K(C) are all compact.
This implies that, for sufficiently small C, we have K(C) " C = (J. In
particular, K(V,) N V, = & for ¢ sufficiently small. Now suppose that
g(v) = g'(W') for some v and v in V,. Then g~'g'(¥) = v, showing that
g¢' ¢ K. Thus g~'g’ € o(U)H, that is, g’ = go(u)h for some u € U and
h € H. Then go(u)h(v') = g(v), so that o(u)(h(v')) = v. Now H(V,) =V,
since H= G,, acts orthogonally on V. Thus the equation o(u)(h(+'))
= e(v) implies, by 5.1, that ¢(u) = e and h(v') = v. Thus

g, v] = [go(w), h(+))] = [go(w)h, V'] = [g', V]

showing that the given map is one-one for ¢ small. But G Xy V, — G(V,)
is continuous and closed since G x V, — G(V,) is. Since G(V,) is the sat-
uration of the open set o(U)(V,), by 5.1, it is open in R™. ||
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5.3. Corollary In the situation of 5.2, the map G(V,) — G(v,) defined by
g(w) — g(v,) is a well-defined equivariant retraction for ¢ small. ||

We now prove the main result on the existence of tubes.

5.4. Theorem There is a tube about any orbit of a completely regular
G-space, where G is a compact Lie group.

Proof Let X be a completely regular G-space and let x, € X have isotropy
group H. By 0.5.2 there is an orthogonal representation of G on R” and a
point v, in R" with G,, = H. Map ¢: G(x,) 5 G(v,) = R by g(x,) > g(v).
Then by the Tietze-Gleason Theorem 1.2.3 and Chapter I, Exercise 8,
there is an equivariant extensiony: X — R” of ¢. With ¢ as in 5.3, put
W = y(G(V,)). Then G(W) = W is open in X and the composition

W Ls G(V.) — Glv)) <> G(x,)
is clearly an equivariant retraction. ||

Remarks Gleason [1] first proved the existence of tubes in the important
special case of free actions. The general case was first proved by Mont-
gomery and Yang [1], under slightly more restrictive conditions, by using
a selection theorem of Michael. Shortly thereafter, Mostow [1] gave es-
sentially the present proof. The idea of using equivariant retractions is
due to Palais [3, 4].

As a consequence of the existence of tubes we have the following Cor-
ollary.

5.5. Corollary If P is any orbit in a completely regular G-space, G com-
pact Lie, then there is a neighborhood of P such that type(Q) = type(P)
Jor any orbit Q in this neighborhood. More precisely, for any given neigh-
borhood U of e in G and any point x in X, there is a neighborhood V of x such
that for any y in V, there is a u in U with u G u < G,.

Proof If P = G(x) and if f: G(S)— G(x) is an equivariant retraction
with § = f~1(x), then f takes any orbit G(») in G(S) to G(x), whence type
(G()) = type(G(x)). If y =us € US, then G, = uGu™ and G, < Gy,
= G,, so that u'Gu < G,. |}



5. EXISTENCE OF TUBES 87

5.6. Corollary Let G be a compact Lie group and let H be a closed sub-
group of G. Then for any neighborhood U of e in G there is a neighborhood
W < U of e such that if K is any subgroup of G with K < WH, then there is
an element u of U such that uKu < H.

Proof Let X be the space of all closed subsets of G/H, [with the Hausdorff
metric d(A4, B) = max d(a, B) + max d(4, b)] and let x be the point {eH}
in X. Then G acts on X via left translation on G/H and clearly G, = H.
Let U be given and let ¥ be a neighborhood of x satisfying the conclusion
of 5.5. Clearly we may choose W < U so small that any closed set contained
in (WH)/H < G/H is a point of V. Then, if K < WH, it follows that y
= KHJ/H is an element of V and obviously K = G,,. Thus u='Ku < u™'Gu
< G, = H for some u in U. |

Remark Corollary 5.6 also holds for noncompact Lie G and compact H.
The proof of this more general result, which makes clever use of riemannian
geometry, can be found in Montgomery and Zippin [4]. The present proof
for compact G was given by Mostow [1]. A similar proof for noncompact
G was later given by Palais [1].

Let G be compact Lie and K =« H < G be closed subgroups. Recall
from Chapter I, Section 5 that the action of N(K) on (G/H)¥X is not necessarily
transitive. However, the following corollary shows that this is nearly the
case.

5.7. Corollary Let K =« H < G be compact Lie. Then the orbit space
(G/HYE/N(K) of the left translation action of N(K) on (G/H)X is finite.

Proof Suppose that KgH == gH, that is g'Kg < H. By 5.6 there is a
neighborhood W of e in G such that if
L < (Wn H)g'Kg) = W(g'Kg) N H,

then A-'Lh < g-'Kg for some 4 in H. By continuity of multiplication
and compactness of g~'Kg, we can find a neighborhood ¥ of e such that

V-1g-1KgV < Wg—1Kg.

Let g' = gv € gV and suppose that Kg'H = g'H, that is, v-'g~1Kgrv < H.
Then, for some A in H, we have that

h g 1Kgvh < g~Kg
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which means that gvag—! is in N(K). Thus
g'H = gvH < N(K)gH,

which means that g’H is in the N(K)-orbit of gH on (G/H)X. Since gVH/H
is a neighborhood of gH in G/H, this shows that the N(K)-orbits in (G/H)%
are open (and closed). By compactness, they are finite in number. ||

An important consequence of the existence of tubes is that the orbit
map of a G-space with orbits all of the same type is a fiber bundle projec-
tion map.

5.8. Theorem Suppose X is a completely regular G-space, G compact
Lie, and that all orbits have type G/H. Then the orbit map X — X/G is the
projection in a fiber bundle with fiber G/H and structure group N(H)/H
(acting by right translation on G/H). Conversely every such bundle comes
Jrom such an action.

Proof The converse follows from 1.1. For the first part, we note that a
tube in X is of the form G Xy 4. But G, .y = H, = H and the fact that
Gie,q1 is conjugate to H imply that H, = H for all a in 4. That is, 4 has
trivial H-action. In this case we have G Xz 4 =~ (G/H) X A (equivariant-
ly) and, identifying A with its homeomorphic image 4A/H = (G Xy A)/G
in the orbit space, this gives a product representation

@4t (GIH) X A —=— 7-1(4)

A
If ¢4 and @p are two such product representations, then

9594: (G/H) X (4 N B) (G/H) X (4 N B)

\ /

AnNnB

givesamap §: 4 N B — Homeo%(G/H) [where 95'pa(gH, x) = (6(x)(gH),
x)]into the group of self-equivalences of G/H in the compact-open topology.
By 1.4.3, Homeo®(G/H) = N(H)/H. |

Borel [5] noticed that a G-space X all of whose orbits have type G/H
also fibers in another manner with structure group N(H)/H. This fibration
is given by the following theorem.
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5.9. Theorem Let G be compact and let X be a G-space all of whose orbits

have type G/H. Then the map

GxyXE—X

[taking [g, x]+> g(x)] is a homeomorphism, where N = N(H) is the nor-
malizer of H in G. Thus X is equivalent to the bundle over G|N with fiber X2
associated with the principal bundle G — G[N when G is Lie (so that G — G[N
is a bundle).

Proof The map is continuous, onto, and closed (since X2 is closed in X
and G X X — X is closed). Thus we need only show that it is one-one.
For this, suppose that g(x) = g’(x"), where x and x” are in X# (so that
G, = H = G,.). Let n = g~'g’ so that n(x’) = x. Then

H= Gz = Gn(:t') = nlen—-l = nHn™!

so that n € N. Thus [g, x] = [gn, n"x] = [g’, x]. |}

5.10. Corollary With the hypotheses of 5.9, the inclusion X < X induces
a homeomorphism

XH/N =, X/G.
Proof By 3.3, XH/N— (G Xy X®)/G is a homeomorphism and also
(G x y X)/G =~ X/G by 5.9. |
5.11. Corollary With the hypotheses of 5.9, let K = N/H. Then the map
(G/H) X g X — X,
defined by [gH, x] > g(x), is an equivalence of G-spaces.

Proof Since H acts trivially on X¥ we have

(G x XDH _ (G/H) x X¥

Hz./-’
G Xy X NH va |

5.12. Corollary With the hypotheses of 5.11, let Y be any G-space. Then
restriction to X gives a one-one correspondence between G-equivariant maps
X — Y and K-equivariant maps X2 — YH,



90 II. GENERAL THEORY OF (-SPACES

Proof 1If f: X¥ — YH is K-equivariant, let f': X — Y be defined as the
composite
X = (G/H) Xg X8> (G/H) Xz YE > Y

[the latter map being [gH, y]— g(»)]. Then for x € XH, f'(gx) = gf(x),
so that f'| X2 =/ |}

Note that, in the above situation, K = N(H)/H acts freely on X¥ and
the orbit space is X#/K =~ X/G by 5.10. Thus, by 5.8 applied to this action,
we have the principal K-bundle ny: X¥ — X|G (the restriction to XH of
the orbit map X — X/G). Combining 5.12 and 2.6 we obtain the following
theorem.

5.13. Theorem Let X be a completely regular G-space with all orbits
of type G/H, and with G compact Lie. Let K = N(H)/H. If Y is any other
G-space, then there is a natural one-one correspondence between the G-
equivariant maps f: X — Y and cross sections f of the YH-bundle

YH x ¢ X2 - X/G

associated with the principal K-bundle ny: X¥ — X|G. The correspondence
is characterized by the equation

fax(®) = [fx),x]1 for xe X2 |

The reader should note that 5.13 is also an easy direct corollary of 2.8.

6. PATH LIFTING

In this section we shall use slices to prove a result of Montgomery and
Yang [1] that paths in X/G can be lifted to X when X is any G-space, G
compact Lie. First we consider the case in which X/G is an arc.

6.1. Lemma If Xisa G-space, G compact Lie, and if X|G is homeomorphic
toI = [0, 1], then there is a global cross section for the orbit map n: X — X|/G.

Proof Since X is compact, by 1.3.1, it is completely regular and hence has
a slice at each point. First we note that it suffices to prove that = has a local
cross section near each point of X/G. This is true since, if o;: [i/n, (i + 1)/n]
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— X is a cross section for i=0,1, ...,n— 1, and if g; € G is such that
go = e and g;0,(i/n) = 0;_4(i/n) for 1 <i<<n— 1, then the map o: I - X,
defined by o(t) = gog; + - - gi0:(t) for i/n < t << (i + 1)/n, is a global cross
section. Similarly, if J/ < Iis an open subset, and if local cross sections exist
near all points of J, then a cross section over J exists.

Now by double induction over the dimension and number of components
of G, we can assume that the lemma is true for actions of any proper
subgroup of G.

Consider F = X¢ and its image F* < I = X/G, a closed subset. Then G
acts on X — F with no stationary points and with orbit space I — F*.
If ye X — F, let S be a slice at y. Since G, % G and since S/G, =~ G(S)/G
(by 4.7) is an arc near y*, the inductive assumption, applied to the G, -ac-
tion on S, yields a local cross section at y for the orbit map S — S/G,
and hence for X — F—1— F* As shown above, the existence of these
local cross sections implies the existence of a global cross section, say
C'cX—F of X— F—1— F* Then C’ is closed in X — F and thus
C = C' U Fisclosed in X. Since C clearly touches each orbit of X exactly
once, it is a cross section by 1.3.2. ||

6.2. Theorem Let X be a G-space, G compact Lie, and let - 1 — X/G
be any path. Then there exists a lifting f': 1> X, nyof’ = f.

Proof Consider the pull-back f*X (see Chapter I, Section 6) and recall
that f*X/G = I. Leto: I — f*X be a cross section. Then, from the diagram

f*X S X
1 X/G

it is clear that /' = f] o ¢ is a lifting of f.

6.3. Corollary If X is an arcwise connected G-space, G compact Lie,
and if there is an orbit which is connected (e.g., G connected or X% # (),
then the fundamental group of X maps onto that of X/G. Thus if X is simply
connected, then so is X/G.

Proof Suppose that G(x) is connected and put x* = n(x). If /- I — X/G
is a loop at x*, that is f(0) = f(1) = x*, let f': I > X be a lifting of f.
By composing /' by an element of G we may suppose that f'(0) = x. Let
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k: I— G(x) be a path from f’(1) to x. Then the path composite ' o k
(f’ then k) is a loop at x projecting to f o 1,. which is homotopic to f. [

6.4. Corollary If X is an arcwise connected, locally simply connected,
completely regular G-space, G compact Lie, then X|G is locally simply connec-
ted.

Proof Let x € X, let V* be a neighborhood of x* in X/G and put
V=na1(V*). Let U < ¥V be a neighborhood of x such that =, (U, x)
—m,(V, x) is trivial. Let .S be a slice at x and assume that .§ < U. Since
x is fixed for G, on S, and hence is a connected orbit of G, in S, we have
that 7,(S, x) = 7,(S/G,, x*) = =,(G(S)/G, x*) is onto. By the diagram

o

7,(S, x) (¥, x)

ﬂl(V*v x*)

7,(G(S)/G, x*)

the bottom map is trivial. J]

6.5. Corollary Let X be an arcwise connected G-space, G compact Lie.
Then H\(X; Q) — H,(X/G; Q) is onto (rational singular homology).

Proof By the Universal Coefficient Theorem, H,(X; Q) = H\(X; Z) ® Q.
Let @ € H(X/G; Z). By the Hurewicz Theorem, @ can be represented
by a loop - 1— X/G. Then we can lift f to a path f': 1 — X, If f'(0) and
f'(1) are not in the same component of their orbit, then let f'(1) = gf'(0)
for some g in G. Suppose that g is in the identity component of G. Then
g '(1) = g*f'(0) and f'(0) are in the same component of G(f'(0))
and there is a path k in this orbit from g"-1f’(1) to f'(0). Then the path
composite f'ogf og¥  o..-0g™lf ok is a loop in X projecting to
fofo---ofo1 which is homotopic to ™. Thus nz is the image of a class
in H,(X; Z), so that a X g = na (X) (g/n) is in the image of H,(X;Z) ¥ Q
— H\(X/G; Z) ® Q, whence this homomorphism is onto.

7. THE COVERING HOMOTOPY THEOREM

This section is devoted to the proof of a type of covering homotopy
theorem for orbit maps X — X/G, due to Palais [3]. First we prove the fol-
Iowing result about G-spaces whose orbit structure is a product of an orbit
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structure with the unit interval I. Recall the notation and terminology of
Chapter I, Exercise 5.

7.1. Theorem Let Y be a topological space such that every open subspace
is paracompact, and let G be a compact Lie group. Suppose that W is a G-space
with orbit space W[G = Y X I such that the orbit structure is a composition

YxI->Y-5 &

with the projection on Y (that is, the orbit types are constant on each {y} x I).
Let n: W— Y X I be the orbit map. Then there is a G-space X with X|G

~ Y and orbit structure X|G ~ Y -~ &, and an equivalence ¢: W x x1
of G-spaces (where G acts trivially on 1) such that the diagram
W—r X x1
N

YxI

commutes.
Moreover, X can be taken to be n~'(Y X {0}) and ¢|a=*(Y x {0}):
X — X x 1, the inclusion x — (x, 0).

Proof First we note that the last paragraph follows from the rest, since ¢
induces an equivalence of n-1(Y x {0}) onto X x {0}. We shall identify
Y with ¥ x {0} and X == *(Y) with X X {0}.

We prove the theorem by double induction over the dimension of G
and the number of components of G. Thus we may assume that it holds
for actions of all proper subgroups of G. We let F denote the homeomorphic
image of X% in Y. Thus W¢ = z-1(F x I).

The proof will be given in four parts which we shall first outline.

In part A we shall show that the inductive assumption implies that the
result holds for the action above a small product neighborhood of (y, ¢)
when ye Y — F.

In part B we conclude that the result holds for the action over U X I,
where U is a small neighborhood of ye Y — F.

In part C we show that the result holds for the action over (Y — F) X L

In part D we finally prove the theorem for the given action.

Part A: Letye Y— Fandtel Let we W projectto (y,t) € Y X I
and let S be a slice at w. We may identify S/G, with G(S)/G <« ¥ X I
by 4.7 and we may take S so that S/G, = U X [a, b}, where U is a neigh-
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borhood of y on Y and [a, b] is a closed interval about ¢ in L. Since G, # G,
the inductive assumption implies that

S=~TX [a,b]

for some G,-space T with T/G,, = U and S — S/G,, corresponding to the
obvious map T X {[a, )] — U X [a, b]. Then we have the equivalence

G(S) = G Xg, S~ G Xg, (T X [a,b]) = (G xX¢,T) X [a,]]
of G-spaces, which obviously commutes with the projections to U X [a, b].

Part B: Let ye Y — F. Then, by an obvious compactness argument
on I, we can cover {y} X I by U X [i/n, (i + 1)/n],0 <i<<n— 1, with
U a neighborhood of y in Y, such that there are equivalences

=N U X [ifn, (i + 1)/n]) = a7 (U X {i/n}) X [ifn, ( + 1)/n]

of G-spaces. This shows that the G-spaces n (U X {i/n}) and =n Y (U
X {@i + 1)/n}) are equivalent for all i so that we may replace the above
equivalences by

@iz U X [ifn, (i + 1)) —> 7 2(U) X [ifn, (i + 1)/n]

(identifying U with U x {0}). Now g@up;! is defined on z~Y(U) X {1/n} to
itself. Let , on ni~(U) X [1/n, 2/n] to itself be the extension of this which
is essentially the product of it with the identity on [1/n, 2/n]. Then we may
replace ¢, by @," = v, o ¢, and note that ¢, agrees with ¢," on their com-
mon domain, Continuing this way, the ¢; can be modified so that they agree
with one another on their common domains and together give an equiv-
alence

gu: 7 Y(U X T) = 2-1(U) X L
Clearly one may assume that gy (x) = (x, 0) for x in z~1(U x {0}).

Part C: Since Y — F is paracompact, by assumption, we may cover
Y — F by a locally finite collection {V,|a € A} of open sets, for each of
which there exists an equivalence

oy, AV, X T) = a1(V,) X 1

normalized by gy (x) = (x, 0) for x in z7*(V, x {0}) and commuting, as
always, with the orbit maps onto ¥V, X L
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Well-order the index set 4 and put U, = (s, V5. We shall inductively
define equivalences @y, with the property that for f < e, Pug = @y, over
(Us— Upsy<a V) X L.

Assume that Pu, has been defined for all f < . If @ is a limit ordinal,
then U, = (Jg<x Us. Now if y € U,, there is a neighborhood N of y in Y
touching only a finite number of the V, for y <e. If §, f’ < & are both
larger than any of these y, then the assumption on the Pug implies that
Pus = Pug on (N X I). Hence we may put ¢g, = limg.,, Pu, in the
obvious sense, and obtain an equivalence over U, x L

Now suppose that « is the successor of '. Put U,, = U and V, =V,
so that U, = U U V. Then it clearly suffices to define gy coinciding with
@y over (U— V) x I Let

p=grogit: w U N V)X I-Sa(Un V) xL,
and let p,: 7 H{U N V) X I >aY(U N V) be defined by

’P(x’ t) = (WI(x’ t)’ t)-
Note that

1pl(-xs 0) = X.
Now, by assumption, U U V is normal and thus there is a map
fiUuV->I

such that f =1 on a neighborhood of U — V¥ and f = 0 on a neighborhood
of V— U.
Put ¢'(x, 1) = (y,(x, f(7wx)r), ) and note that

Y. (UnV)xI—-a(UnV)xI

is equivariant, continuous, and covers the identity on (U n V) X I. Thus
v’ is an equivalence by Chapter I, Exercise 11. (In fact, the inverse of ¢’
is easily seen to arise from p~! by the same construction.)

Now consider

Yopp: a(Un V)X I)ea (U V) x L

On the neighborhood of U — V where f = 1 we see that ¢ oy = p o gy
= @y . Similarly, on the neighborhood of ¥ — U, where f = 0, we see that
v opy =1 opy = ¢@p. Thus we can define

Po(x) if a(x)e(U—V)Xx1L,

Pruv(x) =1 ¥ o pp(x) if ax)e(UnV)x]I,
Py(x) if a(x)e(V—U)xL
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By exhaustion of ordinals we eventually obtain an equivalence
pr_p: (Y — F) X 1) o aY(Y — F) x I

of G-spaces commuting with the projections to (¥ — F) x L

Part D: Since n~(F X I) is precisely the set of fixed points of G on

W, it maps homeomorphically onto F X I via n. Similarly n~1(F) SF
Thus define ¢ by commutativity of

HUF X ) —Z a1 (F) X I

=\ =

and put ¢y = @y_p U @p. That this is bicontinuous, and hence an equiv-
alence, follows from the next lemma, which will thus complete the proof
of Theorem 7.1. |

7.2. Lemma Let X and Y be G-spaces, G compact, and assume that we
are given an equivariant map ¢: X — X% — Y and a map y: X/G — Y/G
such that y(X%/G) < Y®/G and

X—x¢-2 Y

X/G e Y/G

commutes. Extend ¢ to X by putting ¢(x) = nyi*yrx(x) for x in XO. Then
this extension is continuous.

Proof Let x € X% and put y = ¢(x) € Y% Then a basis for the neighbor-
hoods of y is given by the #3*(N), where N ranges over the neighborhoods
of my(y), by L.3.1. But ¢~ (n7*(N)) = nzy~'(N) is a neighborhood of x
by the continuity of p, which shows that ¢ is continuous at x. [

Let X and Y be G-spaces and recall that a map X/G — Y/G is said to
“preserve the orbit structure” if it commutes with the orbit structure maps
Txe: X/G— &4 and ty,e: Y/G— &4 (see Chapter I, Exercise 5). An
equivariant homotopy is an equivariant map X X I — ¥, where X X I
has the G-action (g, (x, t))— (gx, t). Note that (X X I)/G ~ (X/G) x L
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Thus a homotopy X/G X I — Y/G preserves the orbit structure if the dia-
gram

X/G x1 Y/G

Jproj rie

X6 —*° &,

commutes. The following is the Covering Homotopy Theorem of Palais

[3: '

7.3. Theorem Let G be a compact Lie group and let X and Y be G-spaces.
Assume that every open subspace of X|G is paracompact. Let [ X — Y
be equivariant and let f': X|/G — Y|G be the induced map. Let F': X|G
x I— Y/G be a homotopy which preserves the orbit structure and starts at f’
[that is, F'(x*, 0) = f'(x*)). (In particular, f' must preserve orbit structure.)
Then there exists an equivariant homotopy F: X x 1 — Y covering F' and
starting at f. Moreover, any two such liftings of F' differ by composition with
a self-equivalence of X X 1 covering the identity on X|G X 1 and equal to
the identity on X x {0}.

Proof Consider the G-space f'*Y, the pull-back of ¥ by f'. By the uni-
versal property of pull-backs, there is a unique equivariant map ¢: X
— f'*Y such that the diagram

X Y

NS
Y

b

X/6—

Y/G

commutes. [Precisely, f'*Y = {(x*, ¥) € X/G X Y| f'(x*) = y*}, where y*
is the orbit of y, and g is given by p(x) = (x*, f(x)).] Now ¢ preserves the
orbit structure, by Chapter I, Exercise 5, and covers a homeomorphism
X/G — (f'*Y)/G. Hence it is one—one and onto. It is also open by Chapter
I, Exercise 10. Thus it is an equivalence. That is,

J

X Y

x/6 —L . yjG

is a pull-back diagram.
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Consider the pull-back W = F'*Y. Then W/G =~ X/G x I and the
inverse image in W of X/G x {0} is the pull-back f'*Y =~ X. By 7.1 we
have that W = X x I and thus have the diagram

F

X xI1I Y

F’

X/G x1

Y/G

where F(x, 0) = f(x) by construction.
Any other lifting F;: X X I— Y of F’ factors through the pull-back
F'*Y =~ X x I, that is, F, is the composition

YxILxx1Ly,

Since y covers the identity on X/G X L, it is an equivalence by Chapter
I, Exercise 11. |

7.4. Theorem Let G be a compact Lie group and let Y be a G-space.
Let B be a space, every open subspace of which is paracompact, and with a
given orbit structure B — % . If f, and f, are homotopic maps of B into Y/G,
by a homotopy which preserves the orbit structure, then the pull-backs fy*X
and fi*X are equivalent by an equivalence which preserves the orbit map
onto B.

Proof This is an immediate consequence of 7.1 applied to the pull-back
F*X, where F: B x I - X/G is the given homotopy. (It also follows easily
from 7.3.) |

Conjecture Suppose that W is a compact G-space, G compact Lie.
Also suppose that W/G has the form of a mapping cylinder with orbit
types constant along generators of the cylinder less the base. Then we conjec-
ture that W is equivalent to a mapping cylinder of an equivariant map
inducing the given mapping cylinder structure on W/G.

8. CONICAL ORBIT STRUCTURES
We shall now apply the Covering Homotopy Theorem to investigate

G-spaces whose orbit structure is conical. We define the open cone C°B
on a space B to be the quotient space C°B =(B X R+)/(B x {0}) and will
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use b, to denote the vertex of C°B (the point corresponding to B x {0}).
Here R+ denotes the nonnegative reals.

8.1. Definition Let 7y: Y— &4 and t5: B— &, be orbit structures
and let y, € Y. Then (¥, 7y) is said to be conical with base (B, tg) and

vertex y, if there is a homeomorphism h: C°B =, Y with h(by) = y,, such
that the diagram

C°B— {by} —— Y — {0}

B e % g

commutes.

Of course, this just means that Y has the structure of an open cone with
the orbit types constant along rays (less the vertex). Since 7y is an orbit
structure, its continuity implies that the orbit type of y, is less than or equal
to the orbit type of any other point in Y.

As an obvious example, we remark that the orbit structure of any orthog-
onal action on euclidean space is conical.

8.2. Theorem Suppose that (Y, ty) and (W, 1) are conical orbit struc-
tures with vertices y, and w, and paracompact bases B and D, respectively.
Let f: W— Y be an orbit structure preserving homeomorphism onto an open
neighborhood U of y, and taking w, to y,. Then there is an orbit structure
preserving homeomorphism of W onto Y coinciding with f on some neighbor-
hood of w,.

Proof We may take Y to be C°B and W to be C°D. We regard B X (0, o0)
as the subspace C°B — {b,} and shall use the notation B X [x, ¢] for the
image of B x [0, ¢t] in C°B.

First let us assume that we have the following conditions holding:

(i) B X [*, 8] < Image(f);

(i) Sf(Dx[*2]) = B X [*8);
(i) B X [* 5] < f(D X [ 2));
(iv) fID X [*1]) = B X [%,2);
V) BX[x11<f(DX[*1);
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(see Figure II-1). Since f is a homeomorphism onto an open set contain-
ing B X [*, 8] we see that (D X {1}) =« B X (1,2) and AD x {2}) < B

x (5, 8) (since, for example, (D X {1}) consists exactly of the boundary
points of f{D X [*, 1]) in C°B).

\ e

f(Dx 2}

f(Dx1)

FIGURE II-1

We shall use s4 to denote the image of 4 = C°B under (b, t) — (b, s1).
Consider Figure II-2. Let P = f(D X [%,2]) — 2f(D X [*, 1)) and Q =
2f(D x [* 11)— f(D X [* 1)). Define ¢: R+ — R* by

12 for 0<<1r<4,
e(t) =< 3t— 10 for 4 <t=<<5,
t for 5<1t.

Then (b, t) — (b, (7)) induces a homeomorphism
PSQUP=fDx,2)~D x1,2].

Now, since f is a homeomorphism, P N Q has a product neighborhood
in Q of the form D x L (These homeomorphisms, and those to follow,



8. CONICAL ORBIT STRUCTURES 101

preserve “ends” and orbit structures.) Hence

Q=QuDxD=QuUP=DX[L2]
But
CB=fDX[*1H)uQu20U4QuU ...
=D x*xIDU@X[L2DUDXx[2,4hVDX[M4,8)uU---
= C°D,

Since this homeomorphism C°D — C°B preserves orbit structure, by con-
struction, and extends f| (D X [*, 1]) we are done.

\ o

FIGURE 1I-2

Now we must justify conditions (i)-(v). This will be done by repara-
metrizing the cone structure of ¥ and W.
Consider the function defined by

a5(b) = sup{| {b} X [*, ] < Tmage(S)}
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from B to the extended reals. Since @, is lower semicontinuous there exists
a continuous ag: B— R with 0 < ag(b) < @4(b) for all b (see Dugundji
[1, p. 170]). Let

B,, = {(b, 1) € C°B| t < ay(b)}

and
B, =int B,,.

Then
B, < Image(f).

By using the inverse of f we may similarly define a continuous positive
function fi,: D — R with

Be(d) < sup{t|f({d} X [* 1]) = B3}

and define
Dy, = {(d, 1) € C°D| t < py(d)}
and
B = int Dy, .
Thus

f(Dﬂa) < Bgs :
Similarly, we can find 0 < a, < @, < a5 << otg With

B, < f(D3,)

and 0 < B, < B, with
f(Dﬂl) < Bgz

and 0 < a, < a, with
B, < f(Dgl).

It is clear that one may reparametrize Y and W such that the «; and §;
are “level” and, in fact, such that in the new parameters we have B, =B
X [*, {] and Dy =D x [*, /], so that conditions (i)-(v) are thereby sat-
isfied. [

Note that if X is a G-space and 4 < X is an invariant closed set, then
X/A4 is a G-space with {4} stationary.

The following is the main result of this section. (“‘Completely paracom-
pact” means that every open subspace is paracompact.)
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8.3. Theorem Let X be a G-space, with G compact Lie, and let A < X
be a closed invariant subspace. Suppose that the orbit structure on (X/A)/G
is conical with vertex {A}* and paracompact base. Suppose that U < X
is an invariant open neighborhood of A and that the orbit structure on (U/A)/G
is also conical with vertex {A}* and completely paracompact base (unrelated
to the cone structure of (X/A4)/G). Then U and X are equivalent as G-spaces
via an equivalence which is the identity in some neighborhood of A.

Proof By 8.2 there is a homeomorphism f: (U/4)/G =, (X/A)/G preserv-
ing orbit structure and which is the identity in some neighborhood of
{A}*. Because of the latter property, f induces a homeomorphism F: U/G

~— X/G preserving orbit structure and equal to the identity on some neigh-
borhood of 4/G. Moreover, by the proof of 8.2, we may assume that F
is the identity for ¢ < &, where ¢ is the parameter coming from the cone
structure of (U/A4)/G. Let Fy,;; denote the restriction of F to the part of
U/G with cone parameter in [0, t]. Then Fy, ., lifts to the identity F, ., on
that portion of U < X. By the Covering Homotopy Theorem 7.3, we can
clearly extend this lifting to one, say F{g ,,;, of Fig 5.;. Continuing indefinitely,
we finally obtain a lifting F’ of F. Since Fis a homeomorphism and preserves
orbit structure, F’' must be an equivalence. (The openness of F’ follows
from Chapter I, Exercise 10.) []

8.4. Corollary Let M be a manifold which is a G-space with G compact
Lie. Suppose that x, is a stationary point and that the orbit structure on M|G
is conical with vertex xy*. If there is a coordinate system about x, in which
G acts linearly, then the G-space M is equivalent to euclidean space with this
linear action. ||

Somewhat more general than 8.4 is the following corollary.

8.5. Corollary Let M be a G-manifold, G compact Lie. Suppose that the
orbit structure is conical with vertex x,* and that there is a slice V at x,
which has the form of euclidean space with linear G, -action. Then M is
equivalent, as a G-space, to

GxgV,

where H = G,,. |

Remark In a later chapter, we shall see that the hypothesis of a linear
coordinate system in 8.4 and that of a linear slice in 8.5 are equivalent to
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a hypothesis that G acts differentiably in a neighborhood of x, (in some
differentiable structure on this neighborhood).

Remark Theorem 8.2, without orbit structure, can essentially be found
in Kwun [2] and Kwun and Raymond [1]. Obviously any kind of extra
structure which is constant on rays can be carried along in the proof. Note
the implications of 8.3 for G-spaces which are mapping cylinders, with
“bottom’ A4, of equivariant maps.

9. CLASSIFICATION OF G-SPACES

In this section we shall give the construction, due to Palais [3], of a
“classifying space” for G-actions, G compact Lie. Since the results in this
section, and the next, will not be used elsewhere in this book, they may be
skipped. However, we feel that this material deserves more attention than
it has received and the reader might do well to study it. Assume that G is
a compact Lie group throughout this section. “Dimension” refers to cov-
ering dimension.

First, we need some preliminary material. The following two lemmas
are quite well known, but since there is no adequate reference we shall
indicate their proofs.

9.1. Lemma Let X be a paracompact space of dimension n at most. Let
| L| be a compact (n — 1)-connected polyhedron. Then any map of a closed
subspace A < X into | L| can be extended to X.

Proof Let@: A—| L| be the given map and consider the open covering
@ '(star(v)) of A4, v ranging over the vertices of L. Since dim X <n we
can find a covering 2 = {U} of X refining this (that is, (U N A4) < star(vy)
for some vertex vy of L) and such that the nerve K(%) of this covering has
dimension n at most. Let { f;} be a partition of unity subordinate to this
covering and g: X —| K(%)| the corresponding map; that is, g(x) =
> fu(x)U. Let K(Z'| A) be the subcomplex of K(%) corresponding to 4,
that is, the simplex (U,, ..., U,) is in K(Z| 4) iff U,n--- nU, N A4
# . Note that ¢o(Uyn --- N U, N A) < star(vg) N -+ N star(vy)
which is nonempty iff (vg,, ..., vy,) is a simplex of L. If y € |K(Z'| 4)],
y =YayU, put §(») = Xayvy €| L|. Then ¢: |[K(Z| A)|—|L| and
pg(a) = ¥ fu(@vy. If fy(a) #£0, then a € U N A4 so that ¢(a) € star(vy);
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that is, vy € support(p(a)), the smallest simplex containing @(a). Thus
gg(a) € support(<p(a)), whence the “line segment” between {@g(a) and
@(a) is in | L|. This shows that ¢ is homotopic to g by (a, t) — tp(a)
+ (1 — t)pg(a). Now @, being a map of the subpolyhedron | K(%| 4)|
of the n-dimensional polyhedron | K(%)| into the (n — 1)-connected poly-
hedron | L|, must extend to a map of | K(%)]| into | L| (by a standard
argument). Thus @g: 4 —| L| extends to a map X —| L|. Since | L|
is an ANR and X is binormal (because it is paracompact) it follows that
the homotopic map ¢: A —| L| also extends to X (see Spanier [I, p.

sT).

9.2. Lemma Let B be a paracompact space of dimension at most n. Let
&: E— B be a bundle whose fiber F is a compact (n — 1)-connected polyhe-
dron. Then every cross section o of & over a closed set A < B can be extended
to a global cross section.

Proof Cover B by a locally finite collection {C,} of closed sets over each
of which ¢ is trivial. Well-order the index set and put 4, = 4 U U<, G5
which is closed by local finiteness. Extend ¢ over the A4, inductively as fol-
lows: If ¢ is defined on A4, for all § <« and if @ is a limit ordinal, then
A, = Up<, As, and the continuity of ¢ on this follows from the local
finiteness. If « is the successor to 8, then 4, = A; U Cy. Since ¢ is trivial
over Cg, 0| Cy N Ay extends to C; by 9.1 and this extends o to 4,. |

Let us say that a G-space is of type G/H if all orbits have type G/H.
More generally, if X < & is any collection of types, we say that a G-
space X has type 2 if each orbit type occuring in X is in 2. We shall confine
our attention to the case in which X is finite and in this case will write
2= (H,, ..., H;), where the H; are representatives of the (distinct)
corresponding isotropy types. We put

X = {x € X| type G(x) = type G/H}.
9.3. Theorem Let H < G, K= N(H)/H, and let £: E— B be a prin-

cipal K-bundle whose total space E is a compact (n — 1)-connected polyhedron.
Then the associated G|H-bundle

Y = (G/H) xg E— B

has the following property: Let X be a paracompact G-space of type G/H
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with dim X/G < n. Then any equivariant map ¢: A— Y, A < X closed
and invariant, extends to an equivariant map . X — Y.

Proof By 5.13 the equivariant maps ¢: A — Y are in natural correspon-
dence with the cross sections over 4/G of the YZ-bundle

YH XKXH—PX/G

associated with the principal bundle X¥ — X/G. However, it is clear that
Y2 = K x x E =~ E. Thus such a cross section extends to X/G by 9.2. |}

Now we shall note the existence of a special type of bundle space E
satisfying the hypotheses of 9.3. Since any compact Lie group may be em-
bedded as a subgroup of an orthogonal group, we can assume that

K= NH)/H < O(r)

for some r. Let O(r) x O(n) < O( 4+ n) in the standard way. Then the
map (of right coset spaces)

E = ({e} x O@))\O(r + n) - (K x O(m))\NO(r + n) = B

is a principal K-bundle and, as is well known, E is (n — 1)-connected.
(One proves this by considering the fibrations O(i + 1 + n)/O(n)
— O(i + n)/O(n) with fiber O@G + 1 + n)/O@ + n) = S+, for i =0,
I,...,r—1)

Note that, for this E, G operates on the left of Y = (G/H) Xg E and
O(r + n) on the right. Moreover, the action of G X O(r + n) is transitive
on Y. Thus, this particular space Y satifying 9.3, is a coset space of the
compact Lie group G X O(r + n). By 5.3, Y embeds in an orthogonal action
of G x O(r 4+ n), and hence of G, on some euclidean space as a neigh-
borhood equivariant retract. This fact will be important below.

We denote the closed cone over a G-space Y by CY and define it to be
the quotient [0, 1] x Y/{0} x Y, where G acts trivially on [0, 1]. The image
of (¢, y) in CY will be denoted by zp, and Oy will be written simply as 0,
the vertex of the cone.

The following is a basic lemma for the Classification Theorem.

9.4. Lemma Let H < G, n and Y be as in 9.3 and such that Y embeds
in an orthogonal G-action as a neighborhood equivariant retract. Let X be
a G-space such that X|G is metrizable and has dim X/G <n. Let A < X
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be an invariant closed set and let
p: A—>CY

be equivariant and such that p=(0) N\ X\, = . Then @ extends to

p: X—>CY
with y(0) A Xapy = 2.

Proof Using the cone coordinates, we can write

@(a) = fla)b(a),
where
f:4—1[0,1],

0:4—Z—-Y  where Z=f"10).

Conversely, such a pair of equivariant maps gives a map ¢. If type G(a)
< type G/H, then we must have f(a) = 0, since ¥ only has orbits of type
G/H. Since the set of orbits of type less than type G/H is closed (the comple-
ment is open by 5.5) ¢ extends by O to this. Thus we may assume that 4
contains all orbits of type less than type G/H. Since the set of orbits of type
less than or equal to type G/H is also closed (by Chapter I, Exercise 4) we
then see that 4 U X g, is closed. Also 4 N Xz, < A — Z by assumption.

Now (AE — X)) < Z since it consists of orbits of smaller type. Thus
0| A — Z extends to (4 — Z) U Xy by 9.3 (applied to (4 N Xgp)) —Z
= (4 N X)) and Xg — Z = Xom). Also f extends to 4 U Xg, by the
classical Tietze Theorem applied to the induced map on the orbit space,
and, to this extension, we may add a real (equivariant) function vanishing
exactly on A (e.g., the distance function from A4/G in some metric on X/G)
and then bound the sum by 1. Thus we may extend f so that the extension
is nonzero on Xz,. These extensions of f and 0 show that we may as well
assume that

4> X,

By assumption, Y embeds in an orthogonal G-action on some euclidean
space R™ and has a neighborhood in R™ retracting equivariantly onto Y.
Thus 6: 4 — Z — Y extends to X — Z — R™ by the Tietze-Gleason Theo-
rem 1.2.3, Following this by the retraction, we see that 0 extends to

0: W—Y,
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where W is some open neighborhood of 4 — Z in X — Z. Now fis 0 on

Z 5> AN (X — W). Thus fextends by 0 to 4 U (X — W) and then extends
equivariantly to
flrx—1001]

by the classical Tietze Theorem applied to the induced map on the orbit
space (or directly by the Tietze-Gleason Theorem). Then

pv: X—>CY
defined by
p(x) = f'(x)0'(x)
is the desired extension. ||
We shall now digress to discuss the join of several G-spaces. If Y, ..., Y,

are G-spaces, then
CY, X CY, X +++ X CY

is a G-space. The canonical maps CY; — [0, 1] = I induce a map

CY; X -+ XCY—IX -+ xI=IF
given by
(R 2PININE 1579 Lol (I /9

The join Y, * .-- * Y, of Y,, ..., Y, is the inverse image of the standard
simplex A%-1 < I¥; that is, it consists of those points (#,y;, ..., txyz) With
>'t; = 1. Clearly, the isotropy group of a point in the join is just

G(tlyl....,t,,y,‘) = n Gtiy,- = n {Gy,-] t; 7 0}-

It will be necessary to consider a certain subspace of the join. Thus we
define the Palais join

Y, ® - ® Y
to be the subspace of ¥, * - .. x Y, consisting of those points with
Gty = Gy, for some i with ¢, %~ 0.

Note that then, Gg,y,,.., 140 < Gy, for all j with #; 720. Also note that
the Palais join is invariant, and hence is a G-space.

Remark Palais [3] calls this the reduced join, but we feel that that terminol-
ogy is unfortunate since it has another established meaning.
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9.5. Theorem Let 2= (H,, ..., H,), the H; being mutually noncon-
jugate closed subgroups of G, and put K; = N(H,)/H;. Let

Y; = (G/H;) Xk, E;,

where E; is the total space of a principal K;-bundle, with E; a compact (n — 1)-
connected polyhedron. Also assume, as we may, that Y, embeds as a neigh-
borhood equivariant retract in some orthogonal G-action. Put Y = Y, ® ---
® Y,. Let X be any metrizable G-space of type X such that dim X/G << n.
Then any orbit structure preserving equivariant map ¢: A — Y on a closed
invariant subspace A of X, can be extended to an orbit structure preserving
equivariant map . X — Y.

Proof Consider
p: A=>Y =Y, ® - ®Y, < CY, X -+ X CYy,
let ¢;: 4 — CY; be the projection to CY;, and put
(@) = f;(a)b;(a), where f;: A—[0,1] and 6;; 4— f;7Y(0)— Y,.

Let @ be in 4 N X,. We claim that then f;(a) > 0, for if not, then
there is an index j 7 i with f;(a) > 0 and with

G, = Gppy = Go,(a) ~ H;

contradicting the assumption that G, ~ H; ~ H; for j 7 i. Thus f; is pos-
itive on A N Xz, - By 9.4 we conclude that ¢; extends to an equivariant map
map

¢ X— CY;,

@i (%) = fi' ()0, (x),

fi>0 on Xg,.
Put

hi =121

pi(x) = hy(x)0; (x),

Y= (P, ---Pp): X—>CY; X --+ X CYy.

Then 3h; =1 so that y: X —> Y, * ... x ¥,. For x€ Xz, we have
Gr © Gya) © Gy ~ H;  (since  hi(x) 7 0)

from which we conclude that G, = G, and that G, = G,,. The
first equation implies that (x) is in ¥; ® - -+ ® Y3, and the second equa-
tion implies that y preserves orbit structure. |
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9.6. Definition A G-space Y of type 2 = (H,, ..., H) which satisfies
the conclusion of 9.5 is called »-universal for G-structures of type Z.

9.7. Theorem Let X = (H,, ..., H,) and let Y be n-universal for G-
structures of type 2. Then Y|G is (n — 1)-classifying for G-structures of type
2, by which we mean the following:

(1) If X is a metrizable G-space of type X and with dim X/G < n, then
there is an orbit structure preserving map f. X/G — Y/G such that X is
equivalent over X|G to f*Y (“over X/G” means commuting with the projec-
tions to X/G).

(1) If W is a metrizable space with dim W <<n— 1 and if f,, fi: W
— Y/G are maps inducing the same orbit structure on W, then f,*Y and
N*Y are equivalent over W if and only if f, is homotopic, preserving orbit
structure, to f;.

Proof For (i) note that, from 9.5, there is an equivariant map X — Y
preserving orbit structure. This induces a map f: X — f*Y, where f: X/G
— Y/G is the induced map on orbit spaces. Then f preserves orbit types and

X f*y

N

X/G

commutes, so that fis an equivalence (openness following from Chapter
I, Exercise 10).

For part (ii), suppose that h: f,*Y — f,*Y is an equivalence over W.
Let X = M, be the mapping cylinder of 4 and A the union of the ends.
By 9.5, the canonical map f,*Y — Y together with f;*Y — Y extends to
X — Y preserving orbit structure. The induced map W X I ~ X/G — Y/G
clearly gives a homotopy between £, and f;. The converse follows directly
from 7.4. |

10. LINEAR EMBEDDING OF G-SPACES

In this section, we shall use the results of the last section to prove a fa-
mous theorem of Mostow [1] to the effect that any finite-dimensional,
separable metric G-space with only finitely many orbit types may be em-
bedded, equivariantly, in an orthogonal action of G on some euclidean space,
where G is compact Lie. (The converse is also true by Exercise 2.) We
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shall not use this material elsewhere in this book. (However, when we
study differentiable actions, we will treat this subject again in that context,
since there are important consequences of the smooth case.)

10.1. Theorem If X is a finite-dimensional, separable metric G-space,
G compact Lie, and if there are only a finite number of orbit types, then there
is an equivariant embedding of X as an invariant subspace of some euclidean
space with an orthogonal G-action.

Proof Let X have type 2= (H,, ..., H) as in 9.5. By Exercise 3, X/G
is also finite-dimensional. Let » = dim X/G. Then, as is well known, there

is an embedding
fir X/G—R?

for some ¢. (It suffices for ¢ = 2n + 1; see Hurewicz and Wallman [1].)

Now let us recall from the construction in Section 9, that the G-space
Y, constructed below 9.3, was a coset space of G x O(r + n) and hence
was an orbit of some orthogonal action of G x O(r 4+ n). Consequently,
we may regard the ¥, of 9.5 to be embedded in the unit sphere S™—! of an
orthogonal G-action on R™:, Then CY; < D™, and

Y=Y,® - ® Y, <CY, X -+ X CYy <D™ x --. X D™ < R™,

where m = Y m,, and where G acts diagonally.
By 9.5 there is an orbit structure preserving, equivariant map

fii X— Y < R™.
We define
fi X—R? x R"* = Ret™

by f(x) = (fi(x*), fa(x)), and let G act trivially on R Then f'is equivariant,
and the induced orbit space map

NG = (f1,//G)

is an embedding, since f; is an embedding. Since f preserves orbit types, it
is one-one. Thus f is a homeomorphism onto its image by Chapter I,
Exercise 10. |

10.2. Corollary If X, as in 10.1, is also locally compact, then the embed-
ding may be taken to be as a closed subspace.
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Proof The one-point compactification X U {*} satisfies the conditions and
hence may be embedded equivariantly as a subspace of R?, say. The ideal
point * is fixed under the action, and it follows easily that the translation
taking * to O is equivariant. Thus * may be taken to be the origin 0. Then
the map

y=>ylliyI?

of R? — {0} to itself, is equivariant and takes X = X — {0} to a closed
subspace of R?. |}

Remark The method of proof given here differs considerably from Mo-
stow’s original proof in Mostow [1]). For two expositions of Mostow’s
method, see Palais [3, 4].

It should be noted that the orthogonal representation of G in which the
embedding of 10.1 occurs, depends only on dim X/G and on the orbit
types which occur in X,

EXERCISES FOR CHAPTER II

1. Let X be a simply connected G-space, G compact Lie. If there is an
orbit with » components, show that n bounds the order of each element of
7, (X/G).

2. Show that an orthogonal action on R" has only a finite number
of orbit types. (Hint: Consider the unit sphere and the action of the isotropy
group at each point.)

3. If X is a separable metric G-space, G compact Lie, show that dim X/G
< dim X.

4. Let X be a completely regular G-space, G compact Lie, and assume
that all orbits have type G/H. Let T be a maximal torus of H and let ¥
= N(T') be the normalizer of T in G. Show that the map

GXyXT—>X
[taking [g, x]+ g(x)] is the projection of a fiber bundle with fiber
H|(N n H). Also show that the canonical map

XT|N — X/G
is a homeomorphism.
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5. Let G o K, H be compact. Let £&: X — B be a bundle with fiber
G/H and structure group N(H)/H and let 5y: Y — B be a bundle with fiber
G/K and structure group N(K)/K. Consider the canonical left actions of G
on X and Y whose orbits are the fibers of & and #; see 1.1. Let Map®(§, )
be the set of equivariant maps X — Y over B (i.e., commuting with the
projections to B). Show how to construct a fiber bundle #54(&, ) over
B with fiber (G/K)¥ and structure group N(H)/H x N(K)/K (made ef-
fective) such that

(A&, m)) = MapC(¢, n),

where I' is the cross section functor and equality means a canonical cor-
respondence.

6. Let Z, act on a separable metric space X of dimension n. Show that
X embeds equivariantly in R%**2 with the representation of Z, which is
—1 on the first n + 1 coordinates and 1 on the last 2n 4 1 coordinates.

7. Let X be the total space of a principal G-bundle over B. Consider
X as a free (left) G-space and X — B as the orbit map. Let H < G be a
closed subgroup. If Y is the orbit space of the action of H on X, show
that the induced map Y — Bis the projection in the associated A\ G-bundle
where H\G denotes the space of right cosets of H in G, and the structure
group G acts by right translation on H\G.

8. Let p: W— B be a principal G-bundle and let 4 and 4’ be right
G-spaces. Then G acts on A X W and A’ X W as in Section 2. Show
that passage to orbit spaces gives a one-one correspondence between equi-
variant maps y: 4 X W— 4’ X W commuting with projection onto W
and maps y': 4 X W— A" X g W over B. Also, for locally compact 4,
show that the exponential law gives a one-one correspondence of the p with
the equivariant maps y'': W — Map(4, 4") [where G acts on Map(4, 4")
by putting (g(f))(a) = f(ag)g~] and that 2.6 gives a correspondence of these
with the cross sections % of the associated bundle Map(4, 4") x o W — B.
Use this to give another derivation of 2.7. (Hint: In27put G=S X T
and W= 4.

9. Let X be a G-space and let H < G be a closed subgroup. Show that
the G-space G X y X is equivalent to the G-space (G/H) X X with diagonal
G-action.
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HOMOLOGICAL THEORY OF FINITE GROUP ACTIONS

In this chapter we shall study the homological relationships among the
total space, orbit space, and fixed point set of an action of a finite group.
For the total space and the orbit space, the basic tool is the transfer map
which is a homomorphism in homology or cohomology going in the op-
posite direction from that of the homomorphism induced by the orbit
map. For the fixed point set, the basic tools are the Smith exact sequences
defined for actions of cyclic groups of prime order.

Our approach to this material, in this chapter, will be to present it in
the most elementary way possible. We will return to the subject in a later
chapter, assuming more background in algebraic topology, and shall obtain
more powerful methods to deal with such matters.

We begin by presenting the transfer and Smith theory for simplicial ac-
tions on abstract simplicial complexes. This material is elementary enough
to be included in a first course in homology, and we believe that it should
be included in every topologist’s tool kit. In Sections 6 and 7, the Cech
method is then used (as was done by Smith) to generalize these results to a
wide class of topological spaces.

The last three sections contain some divergent topics, all of which make
use of the theory developed in the first seven sections. Section 8 contains
results of Smith and Milnor concerning groups acting freely on spheres.
Section 9 contains a theorem of Newman, as treated by Smith, showing
that a compact Lie group action on a manifold cannot have uniformly
small orbits. Section 10 contains Smith-type theorems for actions of toral
groups.

1. SIMPLICIAL ACTIONS

Let us establish our terminology and notational conventions, which,
with minor exceptions, will be those of Spanier [1]. By a simplicial complex
K we mean an abstract simplicial complex; that is, K is a set (possibly

114
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infinite), whose elements are called vertices, together with a collection
of finite nonempty subsets, called simplices, of the set of vertices such
that

(1) Every vertex is contained in some simplex.
(2) Every nonempty subset of a simplex is a simplex.

A nonempty subset of a simplex is called a face of that simplex. A simplicial
map from one simplicial complex to another is a map of the set of vertices
which carries simplices into simplices.

There is a topological realization, or polyhedron, associated with a sim-
plicial complex K, which is a topological space denoted by | K|. For its
definition and properties, we refer to Spanier [1]. We always use the coherent
(or weak) topology for K; that is, a subset of | K| is closed iff its intersec-
tion with each | s| is closed, where s is a simplex of K.

The barycentric subdivision (or first derived complex) of a simplicial
complex K is the simplicial complex K’ whose vertices are the simplices of
K and whose simplices are the sets (so, ..., s,), where the s; are vertices
of X’ (i.e., simplices of K) such that, after reordering,

So S8 S TS,

(i.e., each s; is a face of s;,,). There is a canonical homeomorphism
| K| =] K|.

Now suppose that G is a discrete group. (We shall be concerned almost
exclusively with finite groups G.) Suppose also that G acts on X simplicially;
that is, such that each transformation is a simplicial map. The simplicial
complex K, together with such an action is called a simplicial G-complex.

Consider the following statements concerning a simplicial G-complex
K:

(A) For any g € G and simplex s of K, g leaves s N g(s) pointwise
fixed.

B) Ifg,, g, ...,8&,areelements of Gand (v,, ..., v,) and (g,, - -,
g.V,) are both simplices of K, then there exists an element g of G such that
g(v;) = g;(v,) for all i.

Clearly neither of these need hold. For example, neither holds for the
cyclic permutation of the three vertices of a 2-simplex, and (B) even fails
for the barycentric subdivision of this.
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First let us note that (A) is equivalent to

(A") If v and g(v) belong to the same simplex, then v = g(v).

To see that (A) implies (A’) let s = (g~'v, v), whence g acts trivially on
ve s N gs. To see that (A") implies (A) let v € s N gs, and note that then
(v, gv) < gs so that gv = v by (A").

Moreover, note that (B) implies (A") and hence (A), since if v and gv
belong to some simplex, then (v, v) and (v, gv) are simplices of K, whence,
for some g’, v = g'v and gv = g'v, so that gv = g'v = v.

1.1. Proposition If K is a simplicial G-complex, then the induced action
on the barycentric subdivision K' satisfies (A). If (A) is satisfied for G on K,
then (B) is satisfied for G on K'.

Proof 1If sis a vertex of K’, thus a simplex of K, and if s and gs belong to
a simplex of K’, then s is a face of gs (or vice versa). But G clearly preserves
dimension of simplices of K, so that s = gs, proving the first part.

Now suppose that (A) is satisfied on K. We shall prove (B) for K’ by
induction on z. Suppose that (s, §;, - . - , 5,) is a simplex of K'. By reorder-
ing, we may assume that

So S8 C o0 T8 4 TS,

as simplices of K. Suppose that (g5,, - - - » aS,) is also a simplex of K'.
By the inductive assumption, there is a g in G with gs; = g;5;for 0 < i < n.
Operation by g~! shows that

(SO’ sl’ ety Sn—ls glsn)

is a simplex of K’, where g’ = g~lg,. Since these are ordered by ascending
(or rather by nondescending) dimension, we must have that

Sp &8 © 00 S8 © g,sn-

Then s,_, < (s, N g's,) which implies that g’ acts trivially on s, , by (A),
hence trivially on s; for all i << n. Since g’ = gg, we have g;5; = g5; = g.5;
for i < n. Thus g,s; = g;s; for all i. |

1.2. Definition A simplicial action of G on K satisfying (B) for the
action of each subgroup of G is called regular, and K (with the action)
is called a regular G-complex.
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Thus any simplicial action becomes regular upon passage to the second
barycentric subdivision. Consequently, an assumption of regularity is no
loss of generality from the topological viewpoint.

For a regular G-complex K we define a simplicial complex K/G as fol-
lows. The vertices of K/G are just the orbits v* = G(v) of the action of G
on the vertices of K, and we take the simplices of K/G to be those simplices
of the form

(VOS'= 2 sy Vn*)a

where (v,, ..., v,) is a simplex of K (that is, there exist representatives v,
of v;* such that this is the case; it is not required for all systems of represent-
atives of the orbits v;*). The simplex (v,, ..., v,) of K is said to be over
the simplex (vy*, ..., v,*) of K/G. (We remark that the above definition
makes sense for arbitrary simplicial actions, but we shall only rarely con-
sider it for actions which are not regular.)

Now, by regularity, if (v, ..., v,) and (w,, ..., w,) are simplices of
K over the same simplex (vo*, ..., v,*) = (Wo*, ..., w,*) of K/G; then
Wy, ..., w,) =g, ...,v,) for some g in G. That is, the simplices over
a’ given simplex of K/G form an orbit of the action of G on the simplices
of K.

Clearly v — v* defines a simplicial map K - K/G, and hence a continuous
map | K| —| K/G|, and G(Ap) — Y4,G(v;) = SAv;* defines a map
| K|/G —| K/G| giving the factorization

K|
| K|/G — | KIG|.

Moreover, the horizontal map is one-one and onto, by regularity. Now,
| K| — | K/G| is onto and it is clear from the definition of the coherent
topology (Spanier [1]) that | K/G| has the quotient topology defined by
this map. (This holds for any surjective simplicial map.) It follows that the
horizontal map is a homeomorphism

| K|/G =~ | K/G|.
It is also clear by regularity [or, in fact, by (A)] that
| K¢[ =] K[€,

where K¢ is the subcomplex of K consisting of all simplices which are point-
wise fixed under G.
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2. THE TRANSFER

Let K be a regular G-complex with G finite, and let C(K) be the oriented
chain complex of K (see Spanier [1]). Then C(K) inherits an action of G
by chain mappings, by putting

g[VO’ T Vn] = [gVO9 v ,gV:,,],

and hence is a module over the group ring ZG of G (whose elements are
formal sums

> M8
G

ge

where the n, are integers). The norm ¢ € ZG is defined to be the sum

a=a;g

of the elements of G. Then oc = Y gc¢ for a chain ¢ in C(K). The image
oC(K) « C(K)

of o1 C(K)— C(K) is a subcomplex.

Similarly, if L < K is a subcomplex which is invariant under the action
of G, then G acts on C(K, L) = C(K)/C(L) and ¢C(K, L) is a subcomplex
of C(K, L).

Let m: K— K/G be the canonical simplicial map and use = to also
denote the induced chain map

n: C(K, L)— C(K/G, L|G).

2.1. Lemma

ker{o: C(K, LY — C(K, L)} = ker{n: C(K, L)— C(K/G, L/G)}.
Proof Let s be any simplex of K/G and let s,, ..., s, be the simplices of
K over 5. By regularity, we may orient s and the s; so that m: s; — s preserves
these orientations. Since {s,, ..., s,} is an orbit of the action of G, we see

that n =| G| /| G,,|, where | G| denotes the order of G. Clearly, it will
suffice to consider chains of the form

cC = Znisi .

Then e = (Tn;)s, so that e = 0 iff Y n; = 0. Also note that go(c) = o(c),
and, since G permutes the s; transitively, it follows that

oCc = my.s;
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for some integer m. By adding the coefficients on both sides of this equa-
tion we see that
| G| Xn; =mn=m|G|/|G,,]|

Consequently, m = | G, | ¥n; and oc =0 iff m =0 iff Tn;, =0. J

(Note that if we work over an arbitrary base ring A instead of over Z,
then 2.1 will hold as long as | G| is not a zero-divisor in A.)
From 2.1, it follows that we have the canonical chain isomorphism

0C(K, L) ~ C(K, L)ker 0 = C(K, L)/ker n ~ C(K/G, L|G)

since 7 is clearly onto. In fact, the map ¢C(K, L) — C(K/G, L/G), taking
oc to mc, is this isomorphism. The composition

u: C(KJG, LIG) =+ oC(K, L) = C(K, L)

of the inverse of this with the inclusion is given by ¢* = z¢ > oc, and induces
a homomorphism
ux: HKIG, L|G)— H(K, L)

called the transfer. Of course, = induces the usual map
iyt H(K, L)y — H(K/G, L/G).

Note that, for ¢* = zmc, we have au(c*) = mo(c) =| G| =n(c) =| G| ¢*,
since @ og =m. Also unc = oc by definition. Thus
Mope = | G|: H(K/G, L/G)— H(K/G, L/G)

PaTly = 0y = Y &1 H(K, L) —~ H(K, L).
ge@

(2.2)

We may also define u for arbitrary coefficient groups, simply by tensoring
the chain groups with the coefficient group, and (2.2) clearly holds in this
general case.

Also note that the image of u consists of chains which are fixed under the
action of G. Consequently, for the induced action of G on homology, we
have

Imu, < H(K, L)S.

Clearly the restriction of m, to H(K, L)¢ satisfies
(2.3) pustx =| G|: H(K, LY — H(K, L)°.

Together with (2.2) this gives the following theorem.
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2.4. Theorem If A is a field of characteristic O or prime to | G|, then
na: H(K, L; )% — H(K/G, L|G; A)

is an isomorphism, as is
s H(K|G, L|G; A) — H(K, L; A)°.

Moreover, the kernel of ny on H(K, L; A) is equal to the kernel of o,. ]

Let us generalize the above discussion by considering a subgroup H of
G and the diagram
K

g / \"a

KIH —— K|G

of simplicial maps. (We need not have H normal in G.) As before we use
ng, g, and 7wy, to also stand for the induced chain maps. Also let

oy = h;l h  and og= v;; g-

We define a chain map
rem: C(K|G, L/G)— C(K/H, L/H)
by commutativity of

C(K/G, L|G) —22%_, C(k/H, L/H)

~

~
~ =

incl

U(;C(K, L)

UHC(K, L)

which, on elements, is

n(éc) j—— 7g(c)

| [

oa(c) —s ag(c)

where ¢’ = X'g;c, {g;} being any system of representatives of the right
cosets of H in G.

Now 7g/g(7a(c’)) = ng(c’) = mng(c), where m =| G| /| H|. Thus we
have a natural homomorphism, the transfer,

(2.5) (#gm)» H(K|G, L/G) — H(K[H, L/H)
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such that
(2.6) (ngm)(uem)s =| G| /| H|: H(KIG, L|G) — H(K|G, L|G)
for any coefficients.

Remarks The transfer in this generality is due to Floyd [5] and Conner
[1]; also see Floyd [10] and Bredon [13]. The transfer was defined earlier
for covering spaces by Eckmann [1,2] and Liao [1]; also see Steenrod and
Epstein [1].

It is easy, of course, to dualize these results to cohomology. Thus, for
any coefficient group 4, x4 induces a cochain map

Hom(u, 4): Hom(C(K, L), A)— Hom(C(X/G, L/G), A)
and hence a homomorphism in cohomology
u*: H¥(K, L; A) - H*(K/G, L/G; A).
The analog of (2.2) is
urar = )* = | G|,
¥t = (um)* = o* = Yg*.

The obvious analog of (2.4) holds. Similarly, the generalization ug,mz of
u dualizes in the obvious way.

Also note that the transfer is natural. That is, if f: (K, L) — (K, L")
is an equivariant simplicial map with f: (K/G, L/G) — (K'/G, L'|G) the
induced map, then

H(K/G, L|G) — "+ H(K'/G, L'|G)

H(K, L) L HK', L)

commutes. In fact, this is already the case on the chain level, since uf(7c)
= unf(c) = of(c) = f(oc) = fu(nc). Similar remarks clearly hold for the
generalized version (2.5) of the transfer and for the cohomological
versions.
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3. TRANSFORMATIONS OF PRIME PERIOD

We shall now restrict our attention to a (multiplicative) group G of prime
order p, and shall study homology with coefficients in Z,,. Let K be a reg-
ular G-complex. To simplify notation slightly we shall use K* for K/G
and will identify K¢ with its copy K%/G in K*.

Let g be a fixed generator of G and put

o=1+g+g"+ -+,
T=1-— 8
in the group ring Z,G. Since g? = 1 we have that

ot = 0 = 7o.

Since we are working over Z,, and since

(—1) (P 7 1) =1 (modulo p),

we have that
6 =1L

In particular, ¢ = 7 when p = 2.

If o =7% we put § =17"% Thus =& and ¢ = 7.

Let L < K be an invariant subcomplex and note that L¢ = L n K%
We shall consider the chain subcomplexes

eC(K, L; Z,)

of C(K, L;Z,) for p =17% 1 <i<<p— L. Coefficients will always be in
Z, and will usually be dropped from the notation except when desired
for stress.

The basic result is the following theorem.

3.1. Theorem For eachp=1/, 1 <j<p-—1,

0 — gC(K, L) ® C(K®, L) — C(K, L) -°+ oC(K, L) — 0

(coefficients in Z,) is an exact sequence of chain complexes, where i is the
sum of the inclusions and p: ¢ — pc.

Proof It clearly suffices to consider n-chains in the orbit of s for each
n-simplex s of K not in L, and there are two cases, depending on whether
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s is in K€ or not. If s is in K, then 7s = 0, so that ps = 0 = gs, and the
sequence is clear.
If s is not in K¢, an n-chain in G(s) has the form

Znigis9 n; € Zp’

and corresponds to the unique element Yn,g° of the group ring 4 = Z,G.
Thus the sequence reduces to

04—+ 42204 0.

To check the exactness of this, we note that these are vector spaces over
Z, and that i is injective and ¢ surjective. Thus it suffices to show that
dim ¢4 4 dim g4 = dim A4 = p as vector spaces over Z,. Consider 774,
1 <i<p— 1. The kernel of t: A — A consists of the elements with con-
stant coefficients and hence is 1-dimensional, generated by e =1+ g
+ ... 4 gP-L It follows that dim 74 = dim 4 — 1. However, ker 7 = Z,0
c v'A for all i, since ¢ = 1?1 = t¥z?~*1, Thus, more generally, dim z*1A4
= dim 7(z’4) = dim 7?4 — 1. Since dim A = p we conclude that dim 7?4
=p—i |

3.2. Definition For =17, 1 <i<<p—1, we let
HYK,L; Z,) = H(eC(K, L; Z,)).
This graded group is called the Smith special homology group.

Remark 1t is important to note that we are using oC(K, L; Z,) and not
(eCK, L; Z)) R Z,.

From standard facts, the short exact sequence of 3.1 gives a long exact
sequence in homology.

3.3. Theorem For p=1i, 1 <i<p— 1, there is an exact triangle
(coefficients in Z,)
H(K, L)

2N

He(K, L) ——— H¥K, L) @ H(KS, L%

where iy and o4 have degree 0 and 0y has degree —1. |}
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These sequences (triangles) are called the Smith sequences. It usually
suffices to consider the two cases p = o or o = 7.

Although most of these Smith groups have no interpretation in terms
of more ‘“familiar” things, the special group H°(X, L) does. To see this,
we note that the map

o: C(K, L; Z,) > C(K, L; Z,)
has the same kernel as does the composition
C(K, L; Z,) 2+ C(K, K¢ U L; Z,) - C(K*, K¢ U L*; Z,).

(Contrast this with Section 2!) This follows from the observation that if
s is a simplex of K not in L, then a(3Cn;gis) = Cn)o(s) =0 iff Xn, =0
or s < K%,

Thus the images of these maps are isomorphic via oc — zj(c). Passing
to homology we have

(3.4) H(K, L; Z,) ~ H(K*, K% U L*; Z,).
Moreover, it is clear that the diagram
0 — vC(K, L) ® C(K®, L) — C(K, L) — oC(K, L) — 0
(3.5) Joﬂncl Jn l =
0— C(K¢ U L*, L*) — C(K*, L*) - C(K*, K¢ U L*) —0
commutes and hence induces a homology ladder which we shall not display.
Denoting ¢C(X, L; Z,) by C(p) for short, we note that, for p > 2,

0 — C(1) ® C(KS, L) — C(K, L) — C(o) — 0
(3.6) ?%@o 2 l inel

0 — C(o) @ C(KC, LF) — C(K, L) — C(z) — 0
and

0 — C(6) ® C(KS, LY — C(K, L) — C(r) — 0
(3.7) l inel®1 1 °?

0— C(x) @ C(KY, LS — C(K, L) — C(s) — 0

commute. These diagrams give homology ladders which yield a relationship
between the two Smith sequences for ¢ = ¢ and g = 7, respectively.
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Note that it is a consequence of the proof of 3.1 that
0 — 0C(K, L) 3C(K, L) — 7 C(K, L) — 0
is exact for all 1 < j <{p — 1. Hence there is the exact triangle
HY(K, L)

/N

H""(K, L) — H(K, L)

where the horizontal map has degree —1 and the others have degree 0.
It is clear how to dualize these results to cohomology. Thus, one de-
fines the Smith special cohomology groups

HX(K, L; Z,) = H*(¢C(K, L; Z,), Z,);
that is, the homology of the cochain complex
Hom(eC(K, L; Z,), Z,,).

(We use the notation of Spanier [1, p. 237] here.)

The sequence 3.1 dualizes to an exact sequence of cochain complexes
and passage to homology gives the Smith exact triangle of cohomology
groups (coefficients in Z,)

H*(K, L)

(3.9) Q/ - \

H*(K, L) +—— H;*(K, L) ® H*(K¢, L)
where i* and p* have degree 0 and 6* has degree +1. Similarly, (3.8)
dualizes in the obvious way. The isomorphism
oC(K,L; Z,) = C(K*, K% U L*; Z,)
yields
(3.10) HX*(K,L; Z,) =~ H*(K*, K¢ U L*; Z,)
which is dual to (3.4).

Also, the Smith groups are natural. That is, an equivariant simplicial
map f: (K, L) — (K’, L") induces homomorphisms of the Smith groups
f*: HQ(K: L) - HQ(K” L,)’

f*: H*K',L')— H*(K, L).
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It is clear that these homomorphisms commute with the homomorphisms
in the Smith sequences.

Moreover, let us note, for later reference, that if f, and f; are equivariant
simplicial maps (K, L)— (K’, L") (regular G-complexes) which are contiguous
[i.e., for any simplex s of K (or L) fy(s) and f,(s) belong to a common simplex
of K’ (or L')], then the induced chain maps f, fi: C(X, L) — C(X', L)
are equivariantly chain homotopic. To see this, choose a simple ordering
of the vertices of K/G. This induces an ordering of the vertices of any
simplex s in K and these orderings are clearly equivariant under action by
G. Then if s = [v,, ..., v,] with vertices in the given order, we put

Ds = Zn: (_l)i[ﬁ)vm . ’fOVi’fIVi’ e ,f1V7,,]~

1=0

It is easy to see that
DO+ 0D =f,— f,

and clearly Dg = gD. [These remarks clearly hold for arbitrary G, but
will be used only for the present case of cyclic G of prime order.]

Since D is equivariant, we have that Do = pD for all p = 7%, and hence
D induces a chain homotopy between the restrictions of f and f; to oC(K, L).
Consequently, we conclude that contiguous equivariant maps f, and f;
induce the same map H%(K, L) — He(K', L) for any p (and similarly in
cohomology).

4. EULER CHARACTERISTICS AND RANKS

We shall now apply the algebra developed in Section 3 to obtain some
more explicit relationships between H(K), H(K¢), and H(K*) due to Floyd
[3]. As in Section 3, K is a regular G-complex, with G the cyclic group of
prime order p, and K* = K/G. Homology is always taken with Z, coef-
ficients. rk H;(K) denotes the rank (i.e., dimension) of H;(K) as a vector
space over Z,.

4.1. Theorem Suppose that K is a finite-dimensional regular G-complex
and that L < K is an invariant subcomplex. Then, for any integer n = 0
and any o =1, 1 <i<p—1,

rk H,2(K, L) + Y, 1k Hy(K%, L) < Y rk H(K, L).

izn iz2n
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In particular, if the right-hand side is finite, then so is the left-hand side, and
so is tk H{(K*, L* U KS) for all i > n.

Proof The exact sequence (of 3.3)
H%,\(K, L)~ HA(K, L) @ Hi(KC, L°) —~ H{(K, L)
shows that
rk He(K, L) + rk H(KS, L) <rk H$.,(K, L) + rk HK, L)
(and recall that ¢ and § may be interchanged). Let us put

a; =1k H, (K% L9), b, =1k H(K, L),
C; = rk H,;Q(K, L), C; = rk Hié(K, L).
Then we have
Co Tt @y < Cppq + by,
Cotr t Gnar < Cpye + bpaas
(4.2) :
Criok—1 T Qniar1 < Cnyor + Dpyar—s
Cotek + Gniok < Cprerrr + Dpyar-
Now if 3., b; is infinite there is nothing to prove. Thus assume that
b; < oo for i > n. For n + 2k > dim K we have &,,4;4; = O, so that the
last inequality shows that both sides are finite. Then the next to the last

inequality has both sides finite, and so on. Thus everything in (4.2) is finite.
Adding these inequalities and canceling gives

Cn+ Zaigzbi

i=n i=n
as claimed. The last statement follows from the fact that

Hi(K*, L* U K°) =~ H(K, L)
by (3.4). 1

4.3. Theorem Suppose that K is a finite-dimensional regular G-complex
and L < K an invariant subcomplex. Assume that rk H(K, L; Z,) < oo
and let y(K,L) =2>(—1) rk H(K, L; Z,) be the euler characteristic
of (K, L). Then

x(K, L) + (p — Dx(K€®, L) = py(K*, L*).
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In particular,
1(KC, LS) = y(K, L) (modulo p).

Proof First, let us note that these euler characteristics are all defined.
From 4.1 we have rk H(K%, L%) < oo and rk H(K*, L* U K¢) < co. The
exact triangle

H(K*, L*)

SN

H(K*, L* U K%) — H(L* U K%, L*) ~ H(K®, L®)

shows that rk H(K*, L*) < co as claimed.

We shall use the fact that if
B
A
h

C A4

is an exact triangle of graded groups with degf= 0 = degg and degh
= —1, then y(B) = x(4) + x(C). This well-known fact follows from the
similar fact that the euler characteristic is preserved under passage to ho-
mology (see Spanier [1, p. 172]) as follows: Consider the triangle as a
chain complex. Then its homology is trivial and hence its euler characteristic
is 0. Interpreting this for the grading on A4, B, and C, we see that y(B)
— x(A4) — x(C) = 0 as claimed.
Thus the above triangle gives

x(K*, L*) = y(K*, L* U K®) + x(K€, LY). 0]

Putting x(¢) = y(H%(K, L)) we see, from the Smith sequence 3.3 with
o = o, that
x(K, L) = x(0) + x(v) + x(KC, LS). )

Similarly, from (3.8) we see that

1) = x(z*) + x(0),
1(r®) = 2(z%) + x(0),
: €)
1 (7% = 2(P) + (o),
x(@zP7Y) = 2(0).
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Adding (2) and all of (3), and canceling, gives
2(K, L) = px(o) + x(K¢, L9).
Using (1) and the fact that y(o) = y(K*, L* U K¢) by (3.4), we have
2(K, L) = p(x(K*, L*) — x(K%, L9)) + 2(K%, L9). 1

Remark The results of this section and their extension to locally compact
spaces are due to Floyd [3]. Some further developments were made by
Heller [2]; also see Swan [2].

There is no difficulty in proving these results, and those of the next section,
using cohomology rather than homology. Readers with minimal back-
ground in algebraic topology might well carry this out as practice in the
use of cohomology.

5. HOMOLOGY SPHERES AND DISKS

We shall now apply the results of the preceding sections to the special
cases of actions on homology spheres, disks, and acyclic complexes.

5.1. Theorem If G is a p-group (p prime) and if K is a finite-dimensional
regular G-complex which is a mod p homology n-sphere [i.e., H(K; Z,)
~ H(S"; Z,)), then K¢ is a mod p homology r-sphere for some —1 <r <n
(where r = —1 means that K¢ is empty). If p is odd, then n — r is even.

Proof Since a p-group is solvable (and, in fact, has a nontrivial center)
there is a normal subgroup G’ # {e}, G. Since F(G, K) = F(G/G', F(G', K)),
an induction on the order of G shows that it suffices to treat the case in
which G is cyclic of order p. In this case 4.1 shows that rk H(K?) < rk H(K)
= 2. The case rk H(K?) = 1 is impossible since, then y(K%) = 10,2
(mod p) contrary to 4.3. If p is odd, then y(K%) = y(K) (mod p) implies
that n — r is even. ||

A pair (K, L) is called a mod p homology n-disk if H(X,L; Z,) =0
for i n and H,(K, L; Z,) = Z,. By a proof which is similar to that
of 5.1, but easier, we have the following result.
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5.2. Theorem Let G be a p-group (p prime) and let K be a finite-dimen-
sional regular G-complex and L an invariant subcomplex. If (K, L) is a
mod p homology n-disk, then (K€, L%) is a mod p homology r-disk for some
0<r<n Ifpisodd then n—r is even. |

For later reference we shall show how to give a canonical isomorphism
H, (K, L) = H,(K%, L°) in the situation of 5.2. Similar considerations will
hold for 5.1. We confine our attention to the case in which G is cyclic of
order p.

First note that the composition

H,(K, L) 2 H (K, L) =+ H (K, L)

is just operation by ¢ = 7 or o. But operation by G on H,(K, L) is trivial
since Z, has no automorphisms of order p. Thus p clearly induces the zero
map H, (K, L) — H,(K, L), that is i,px = 0.

If r = n, then H, (K¢ L% — H,(K, L) must be an isomorphism, since
Hg (K, L) =0 by 4.1. If r < n, then the exactness of

0 — H,(K, L) > H (K, L) > H,¥K, L)

shows that i, is injective and thus g, = 0 (since iy04 = 0). Similarly g« =0
in degree n. Thus

in: HK, L) — H,(K, L).
The remainder of the Smith sequences show that

84 HO(K, L) —» HE (K, L),
84 HE_ (K, L) =+ H® (K, L),

by HY, (K, L) =+ H,(K% L9),

where y =g if n— r is even and n = p if n — r is odd (and necessarily
p = 2 in the latter case). Thus the composition

(6.3) Hy(K,L) — H2(K, L) —» H}_,(K, L) = - -+ —» H,,(K, L)
=, H,(KS, L9)

is the desired explicit isomorphism. On the face of it, this isomorphism would
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seem to depend on the choice of p = ¢ or 7. But it is not hard to prove that
these give the same isomorphism, by using (3.6) and (3.7).

Note that the case L = ¢Jand n = 0 of 5.2 shows that K¢ is mod p acyclic
(and nonempty) when K is mod p acyclic and finite-dimensional, and G
is a p-group. For K* = K/G there is a much stronger result.

5.4. Theorem Let G be any finite group and let K be a finite-dimensional
regular G-complex. Suppose that K is acyclic over the integers. Then K|G
is also acyclic over the integers.

Proof First, we shall show that, for each prime p, K* is mod p acyclic.
Also we consider, for the present, the case of a p-group G. Since, for G’ nor-
mal in G, we have K/G =~ (K/G")/(G/G"), an inductive argument reduces this
case to the case in which G is cyclic of order p. In this case 4.1, with p = ¢
and for each n > 0, shows that H,(K*, K¢; Z,)) = H,(K; Z,) = 0 (for all
n). Since K¢ is mod p acyclic, this shows that K* is also mod p acyclic.

Now for the case of general finite G, let P be a Sylow p-group in G. Then
K/P is mod p acyclic by the above remarks. But by (2.6) there are homo-
morphisms.

H(K|G; Z,) — H(K|P; Z,) — H(K|G; Z,)

whose composition is multiplication by | G| /| P|. Since |G | /|P| is
prime to p and H(K/P; Z,) = 0 in positive degrees, this shows that K/G
is mod p acyclic (for all p now).

The exact sequence (induced by 0—> Z —» Z —» Z,—0)
Hy(K*; Z) —> Hy(K*; Z) — Ho(K*; Z,) =0
shows that H,(K*;Z) is divisible. By (2.2) the composition
H,(K*;Z) —~ H,(K;Z) — H,(K*; Z)
(through 0) is multiplication by | G| and hence H,(K*; Z) = Oforn > 0. ||
Remark Theorems 5.1 and 5.2 are essentially due to Smith [1]. The proofs

given are due to Floyd [3], but the discussion below 5.2 is close to Smith’s
method. Theorem 5.4 is due to Floyd [10].

The following theorem is somewhat similar to 5.4, but substitutes an
assumption on fixed point sets for the assumption of finite dimensionality,
and has a strengthened conclusion. Note the case of free actions.
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5.5. Theorem Let K be a regular G-complex, G finite, and let L be an
invariant subcomplex. Assume that for a given prime p, Hy(K?, LY ; Z,) =0
for all i < n-and all p-subgroups P of G (including P = {e}). Then H(K*,
L*; Z,) =0 for i < n. Moreover, if this holds for all primes p and also
H(K,L; Z) =0 for i <n, then H(K*, L*; Z) =0 for i <n.

Proof As in the proof of 5.4 we first consider the case in which G is cyclic
of prime order p, and prove only the first part. In this case let k << n and
suppose we have shown that H(K, L) =0 for i <k and both p =0
and ¢ = 7. The Smith sequence

0 = Hy(K, L) - H*(K, L) ~ H{_,(K, L) ® H;(K% L) =0
shows that H;°(K, L) = 0. Thus we conclude that
H(K*, K¢ U L*) =~ H*(K,L) =0 for i<n.

Since H;(K? U L*, L*) ~ H(K®%, L) = 0 for i < n, by excision, the se-
quence
H(K% U L* L*) — H(K*, L*) - H(K*, K% U L¥)

shows that H(K*, L*; Z,) =0 for i <n.

Now the usual inductive argument shows that this conclusion holds for
all p-groups G. The proof for the general case now proceeds exactly as in
the proof of 4.5 and will not be repeated. |

6. G-COVERINGS AND CECH THEORY

In the next section we shall show how to generalize the results of the
previous sections, by the use of Cech homology and cohomology, to actions
on a large class of topological spaces. In the present section we shall give
the necessary background concerning Cech theory and coverings of G-
spaces. We shall assume that the reader is reasonably familiar with the
construction of Cech theory as given, for example, in Eilenberg and Steenrod
[1]. However, with one exception, we shall use only self-indexed open
coverings in order to simplify notation and to avoid all logical technicalities.
We consider only paracompact Hausdorff spaces.

First, we shall address ourselves to finding suitable types of open cover-
ings of a paracompact G-space X, and G is taken to be finite throughout
this section.
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If 7 is an open covering of X and if g is in G, then
={g()| UeZ}

is also an open covering. If g2 = Z for all g, we say that Z is invariant.
If Z and 7" are coverings, then

N7 ={UnV|UeZ Ve7}

is a covering which refines both Z and 7. Clearly

NeZ

ge@

is an invariant cover refining Z. Moreover, this is locally finite if 7 is.
Thus, for X paracompact, the locally finite invariant coverings are cofinal
in the set of all coverings of X.

We shall say that X is finitistic if it satisfies the “Swan condition” that
every covering has a finite-dimensional refinement. (The dimension of a
covering is the dimension of its nerve, which is one less than the maximum
number of members of the covering which intersect nontrivially.) Clearly,
if dim Z < n, then dim [NgZ] << (n + 1)!¢' — 1. In particular, if X is
finitistic, then the finite-dimensional invariant coverings are cofinal in the set
of all coverings. Note that there are two main classes of finitistic spaces,
the compact spaces and the finite-dimensional spaces.

Now let Z be a locally finite invariant covering of X and let

f={f|Ue%}

be a partition of unity subordinate to Z. Then f is called a G-partition of

unity if f,7(gx) = fy(x) for all g, x, and U.
If f = { fy} is any partition of unity subordinate to the invariant covering
Z, we define a G-partition f’ by putting

fo' @) = TEI;T Y fo(@x).
v
Then
oy — L 1 s
%fv x)= G Zg: ;f;;U(gx) G Zg:
and

Fiohx) = —‘(-;— T fono(ghx) =

g

% S fyo@'x) = fo' )

as claimed.
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Now let K(%) be the nerve of the invariant covering Z of X (the simplicial
complex with vertices the members U 7= ( of Z and simplices (U, ..., Up)
where Uy N -+ N U, 5% ). Then K(%) is canonically a G-complex.
Let f= {fy} be a G-partition of unity subordinate to % and let f: X
— | K(Z)| be the associated map with

fx) = %fv(x)U-
Then f is equivariant, since
flgx) = ;fn(gx)U = ;fgu(gx)gU
= %‘,fu(x)gU =g ;fg(x)U = gf(x).

For any map k: X —| L| to a polyhedron, let k&~1L denote the cov-
ering of X by inverse images of open vertex stars of | L |. Suppose that L
is a G-complex and that k is equivariant. Then k~'L is an invariant cover-
ing. Moreover, if L satisfies condition (A") of Section 1, then so does the
nerve K(k—1L). Similarly, if L is a regular G-complex then so is K(k—1L).
[For these facts, it is convenient to interpret conditions (A’) and (B) of
Section 1, for the nerve of a covering, directly in terms of the covering;
see below.]

Returning to the equivariant map f: X — | K(Z)|, note that f~K(%)
is a refinement of 7 (in fact, it is the covering by the open sets U’ = {x | fy(x)
# 0} < U). Let L be the second barycentric subdivision of K(%) and
regard the polyhedra | L| = | K(%)| as equal. Then the covering f~1L
is an invariant cover which is a refinement of % and its nerve K(f-1L)
is canonically a regular G-complex. Also this covering is finite-dimensional
when 7 is, since L is finite-dimensional when K(%) is.

We shall call an invariant covering 2 a G-covering (sometimes called a
primitive covering) if its nerve satisfies condition (A’) of Section 1; that
is, if it satisfies the following condition:

For Ue % and g € G, U N gU %  implies that U = gU.

We shall call a G-covering Z regular if its nerve is a regular G-complex,
that is, if it satisfies the following condition for each subgroup H of G:

IfU,, ..., U, are members of  and hy, ... ,h,arein Hand if Uy N + -+
N U, #= @ F# hUy N --- N hU,, then there is an element h of H with
hUi = hiUi for all i

Thus we have proved the following result.
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6.1. Theorem Let X be a paracompact G-space, G finite. Then the locally
finite, regular G-coverings of X are cofinal in the set of all coverings of X.
If X is also finitistic, then the finite-dimensional, regular G-coverings of X
are cofinal. |

If 7 is a G-covering of X let Z/G be the set of orbits of G on Z (thus
U € Z determines an element U’ of Z/G and U’ = V' iff U = gV for some
g). Also Z4 will denote the covering of X/G by the sets U* = G(U)/G
but indexed by /G (thus if G(U) = G(V) but U =~ gV for any g, then U*
and V'* are regarded as different elements of the covering). Since an indexed
covering and the associated self-indexed covering are refinements of one
another, this will not effect homology or cohomology. Clearly, every cov-
ering 7~ of X/G is produced in this way since (717 )¢ =2"If Z is a
regular G-covering of X and if U,, ..., U, are members of Z with U*
NN U* 55 @, then goUg N -+ - N g,U, 5% & for some g; in G and
regularity of Z implies that the orbit of the simplex (g,U,, ..., 2.U,)
of K(Z) is uniquely determined by the simplex (Uy*, ..., U,*) of K(Zg).
Thus we have the following fact.

6.2. Proposition IfZ is a regular G-covering of X, then the assignment
{gU| g € G} — U* = G(U)/G gives an isomorphism of the simplicial com-
plexes

K(®Z)/G = K(Ze). 1

We need one further remark concerning G-coverings. Suppose that Z
and 7" are G-coverings and that 7" is a refinement of Z. Then we claim
that there is a refinement projection p: 7~ — Z that is equivariant; that is,
V < p(V) and p(gV) = gp(V). To see this, simply choose a representative
out of each orbit of G on 7" and define p arbitrarily on these representatives
[so that V < p(V)]. If gV = gV, where V is one of these representatives,
then [g=g'p(M] N p(V) 2 [g7%8' V1N V = V 7 & so that gp(V)=g'p(V).
Thus we can extend the definition by putting p(gV) = gp(V).

Thus G-coverings, ordered by existence of equivariant refinement maps,
form a directed set. This is not true of invariant coverings, as is easily seen.
For this reason, we regard G-coverings as the basic notion, rather than
invariant coverings.

Of course, a refinement projection p: 7" — Z defines a simplicial map
B K(77)— K(Z) which is equivariant when p is equivariant. Also recall
that two refinement projections p,, p,: ¥~ — Z define contiguous simplicial
maps g, and g, (see Eilenberg and Steenrod [1, p. 235]).
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Let us now recall the definition of Cech homology and cohomology.
For convenience, we shall restrict our attention to pairs (X, 4), where X
is paracompact and A4 is closed. If 7 is a covering of X, then K(Z| 4)
will denote the subcomplex of K(%) consisting of those simplices (U,, ...,
U,) such that Uy N --- N U, N A~ &, and K(Z| A) will denote the
corresponding full subcomplex consisting of those simplices (U,, ..., U,)
such that Uyn A~ @ and Uy --- N U, 5% & in X.

If 7" is a refinement of Z and p: ¥ — Z is any refinement projection,
then the induced simplicial map p: K(77) — K(%) carries K(7"| 4) into
K(Z | 4) and K(7"| 4) into K(Z | A). Moreover, for any two such refine-
ment projections p,q: 7" — %, p and g are contiguous on K(7| 4)
—K(Z| A).and on K(77| 4) > K(Z | A). This implies that the induced
homology maps (arbitrary coefficients)

H(KZ), K(7"| 4))—~ HK(Z), K(Z | 4)),
H*(K(Z), K(Z | A))— H*(K©@), K(7"| 1)

are independent of the choice of the refinement projection. Similarly, this
holds with K in place of K. The definition of Cech homology and cohomology
may be taken to be (since A is closed)

H(X, A) = lim H(K(Z), K(Z | 4)),
H*(X, A) = lim H*(K(2), K(Z| 4)),

where the limits are taken over all coverings Z (or, of course, over any
cofinal system of coverings). Now we claim that using K rather than K
produces the same groups. This is usually shown by producing cofinal
coverings with K = K and in Eilenberg and Steenrod [1] it is done only
for compact spaces. (However, it is not hard to generalize the proof to the
paracompact case, as is well known.) However, this will not quite suffice
for our purposes, and it is also more convenient to deduce this desired re-
sult from the following lemma which produces a refinement “suitable”
for all subspaces 4 < X simultaneously and ‘“equivariantly.”

Recall that a star refinement 7 of a covering 7 is a refinement possessing
a refinement projection p: 7" — Z such that ¥’ N V 3£ (& implies that
V' < p(¥V) (see Dugundji [1, p. 167]). We shall call such a refinement
projection p a star projection.

6.3. Lemma If 7 is a covering of X and if 7 is a star refinement of %
with star projection p: 7 — %, then for any subset A of X, the image under
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P of K(77| 4) in R(Z | A) is contained in K(Z | A). Moreover, if X is a
paracompact G-space and 7 is a G-covering, then there exists a G-covering
7" which is a star refinement of % and an equivariant star projection p: 7~

- Z.

Proof If (V,, ..., V,) is a simplex of K(77| 4) (ie., V; " A & and
Vo <+ NV, 5~ ), then V, = p(V;) for all i. Thus

pVo)N - Nnp(VR) 2 Vo2 VonA#£ D

so that (p(V), ..., p(V,)) is a simplex of K(Z | A).

For the last statement, we may as well assume that 7 is locally finite.
Let f be a G-partition of unity subordinate to Z and f: X — | K(Z)|
the associated equivariant map. Then if L is the second barycentric sub-
division of K(%), let 7" = f~1L. Then 7 is a G-covering and it is well
known to be a star refinement of 2 (see Dugundji [1, pp. 167-173]). The
existence of a star projection which is equivariant follows from the discus-
sion following 6.2; that is, choose p arbitrarily on representatives ¥ for the
orbits of G on 7" such that V' < p(V) for every ¥V’ intersecting ¥ non-
trivially, and then extend p by equivariance: p(gV) = gp(V). |

We also need the following algebraic lemma.

6.4. Lemma Let D be a directed set and let {A,,f, s} and {B,, g, s}
be inverse systems of abelian groups based on D (so that f,z: Ag— A,
and g, Bg— B, for § > a). Let {0,: A, — B,} be a homomorphism of
directed systems (i.e., g, gy = 0,1, ;). Assume that for each index a there
is an index 8 > a and a homomorphism h, 5. Bs — A, such that the diagram

bp

g By
Ja,8 l / l fa,8
h,)ﬁ
A,—— B,

commutes. Then the induced map
0: lim 4, — lim B,
“« <

is an isomorphism.
Similarly, the dual statement for direct limits of direct systems (reverse
all the above arrows) holds.
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Proof Let K, = ker §, and C, = coker 0, so that
0—-K,—+A,—+B,—+~C,—0

is exact for each a. If # > « is such that 4, 4 exists, then it is clear that the
induced maps K; — K, and C; — C, are zero, giving the diagram

0—>K;— Ay— B;— C;—0

IR

0—+K,—~A,—~B,—C,—0.

Let us write #> o when K; — K, and Cz — C, are both zero. (In partic-
ular, we have that lim K; = 0 = lim C;. In the direct limit case this implies
the result immediately since the direct limit is an exact functor. This is
also the case when the inverse limit functor is exact; e.g., when 4, and B,
are finite-dimensional vector spaces over a field. This would suffice for our
purposes, but we shall prove the general case for inverse limits, regardless.
The proof is taken from Bredon [16, p. 12].)

If a = {a,} € lim_ A, (that is, f, sa; = a, for all § > a), and if 6a = 0,
then a; € K; and a, = f, sa; = 0 for # > a so that @ = 0 and 6 is a mono-
morphism. Now suppose that b= {b,} € lim_ B,. If 8 > «a, then b, = g, ;b,
= 0,(a,’) for some a,’ € A,. Choose such an a,’ for each «. If §> a, put
a, = f, a5’ . This is well defined since if y > > «, then

05(fs.,(a,) — a5') = g5.,0,(a,”) — Osa = g5,b,— by =0,
which implies that
0 = fop(fo./(@)) — a5’ ) = fur(@,) — fuplag),
by definition of 3> a. Also, for 8> a,
0.(a.) = 0./e5(a5") = 8.,605(a5") = 8a,pbs = ba
and, for any y > a (and taking > y), we have
Sar(@) = fou ], 585 = [ p(a5") = a..

Thus @ = {a,} defines an element of lim_ 4, with 6(a) =b. ||
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Note that it follows from 6.3 and 6.4 that if X is paracompact and if
A o B are closed subsets of X, then, for coverings of X, the inclusions of
pairs

XK@ | 4), K(Z| B))— (KZ | 4), R(Z| B))

induce isomorphisms in the limit on the homology or cohomology of these
simplicial pairs

H(4, B) ~lim H(K(Z| 4), K(Z| B)),
H*(4, B) = lim H*(K(Z | 4), K(Z | B)).

(Here we use the obvious fact that H(4, B) is canonically isomorphic to
lime H(K(Z | A), K(Z | B)), and similarly for cohomology, since A and
B are closed; see Eilenberg and Steenrod [l, p. 249].)

The importance of 6.3 and 6.4, for us, lies in the following fact and its
consequences 6.6 and 6.7.

6.5. Proposition Let Z be a covering of the G-space X and let A ¢ X
be a closed invariant subspace. Then there exists a G-covering 7 refining %
such that

K| 4%) « K(77| A)¢ < K(77| 4%)
and

K| X¢) <« K(7)¢ =K(@7"| X©).

Proof We may take Z to be a G-covering. The first inclusion means that
if V. N A% £ 5 (where Vis in 7"), then gV = V for all g, and this always
holds for a G-covering. The second inclusion means that if ¥V N 4 # &
and gV = V for all g, then ¥ n A% £ (. The equality means that ¥ n X¢
# iff gV = VSorallg. If x € X — X%let V, be a small (contained in a
member of %) neighborhood of x which is invariant under the action of
G, and is such that gV, N V, = ¢ for g & G,. [Note then that gV, N g'V,
% Siff gV, = g'V,and g(x) = g'(x).] If x € X¢, let V', be a small invariant
neighborhood of x, and if x € X¢ — A, require that ¥V, " 4 = . Then
the ¥, and their translates by G clearly provide the desired G-covering 7. ||

Remark Clearly we also have that K(77| 4)¢ = K(7"| 4¢) in the sit-
vation of 6.5.

From 6.3-6.5 we obtain (see the method of proof of 6.7) the following
theorem.
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6.6. Theorem If X is a paracompact G-space and if A < X is a closed
invariant subspace, then there are canonical isomorphisms

H(X%, A%) =~ lim H(K(Z)%, K(Z| 4)¢),
H*(XC, A%) ~ lim H*(K(Z)%, K(Z | 4)%),

where % ranges over the G-coverings of X. |}

6.7. Theorem Let X be a paracompact G-space and A — X a closed in-
variant subspace. Then there are natural isomorphisms

K(%) K(Z|A4)uKZ)F
@, )

G
K(Z) K(Z|ADu K(%)G)
G G ’

H(X*, 4* U X9) ~ lim H (

H*(X*, 4* U X®) ~ lim H*(
where % ranges over the G-coverings of X.

Proof For Z regular, the isomorphism K(%)/G =~ K(Z4) of 6.2 clearly
induces

K(Z| AHUKZ| X% _ K(Z| (AU X9)
G G

~ K(Zg| (4* U X9)).

Thus the desired homology (and cohomology) is canonically isomorphic
to that based on the pairs

(K(%) K(Z| 4) U K(Z| X9)
G ° G )

By 6.5 there is a cofinal system of G-coverings Z such that

(K(%) K(Z| 4)u K(Z| XG)) - (K(?/) K(Z | A) v K(%)G)
G ’ G G ’ G

K(Z) K(Z|4)vuRZ| X%

c( o, = )

By 6.3 there is a refinement 7~ of Z and an equivariant refinement projec-
tion which takes the right-hand pair (and hence the middle pair) for 7~
into the left-hand pair for Z. Thus 6.4 implies that these inclusions induce
isomorphisms on the limits of their homology and cohomology. |}
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Remarks Of course, we may take the limits in 6.6 and 6.7 over any co-
final system of G-coverings and thus can restrict the coverings to be regular
(and finite-dimensional when X is finitistic) even though we have not claimed
6.5 for regular 7. It is probably true that one can find a cofinal set of regular
coverings 7 such that the inclusions of 6.5 are equalities. However, this
is not necessary and would be difficult. In the case of cyclic groups of prime
order, coverings with properties similar to this were constructed by Smith
[1] and called “‘special coverings.”

Note that if f: X — Y is an equivariant map of G-spaces and if 7 is a
G-covering of Y, then f~% = {f~(U)| Ue %} is a G-covering of X,
and it is regular if Z is regular. This will imply the naturality of construc-
tions based on passage to limits over G-coverings or over regular G-cov-
erings.

7. FINITE GROUP ACTIONS ON GENERAL SPACES

We shall now use the developments in Section 6 to extend the results
of the previous sections to actions of finite groups on a wide class of topo-
logical spaces.

Let X be a paracompact G-space, G finite, and 4 < X a closed invariant
subspace. Let Z be a regular G-covering of X. Then we have the transfer
homomorphism

py: HEKZ)G, K(Z | 4)/G)—~ H(K(Z), K(Z | 4))

satisfying (2.2). If 7" is a regular G-covering refining 7, then there is an
equivariant refinement projection p: 77— Z and we have the induced
commutative diagram

H(K(@)/G, K| 4)/G) = HK(@ ), K| 4))

H(K(®)/G,K(Z | 4)/G) = H(K(Z),K(Z | 4))

by naturality of the transfer, and the vertical maps are independent of the
choice of p since contiguous equivariant simplicial maps K(7") —K(%)
clearly induce contiguous maps on K(7)/G — K(%)/G.

Thus passage to the limit gives a transfer

pe: H(X*, A*) — H(X, A)
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(where X* = X/G and A* = A/G), which satisfies the analog of (2.2)

Trxflx = l Gl ﬂ(X*’ A*)—)ﬁ(X*, A*);
(7.1) g y
PaTtx = Oy = 2.84: H(X, A) — H(X, A).

Similarly, one can define the analog of the generalized transfer (2.5)
and also the duals in cohomology. Clearly we have the following theorem.

7.2. Theorem If X is a paracompact G-space, G finite, and A is a closed
invariant subspace, then Theorem 2.4 holds for Cech homology with (K, L)
replaced by (X, A). Also the dual statement in Cech cohomology holds. ||

Now we consider the generalization of the Smith sequences. Thus G
will now denote a cyclic group of prime order p and we work only with
coefficients in Z, unless otherwise specified.

Let Z be a G-covering of X and consider the special groups
H(K@), K& | 1),
H* (K@), KZ | 1)),
where ¢ = 1%, 1 <<i<{p— 1. These groups are natural with respect to

equivariant maps as noted in Section 3. Since any G-covering 7 refining
% possesses an equivariant refinement projection, we have the induced maps

He(K(2), K| 4)) — H(K(Z),K(Z | 4)),
HMK(Z), K(Z | 4)) > H* (K@), K(7"| 4)).

Any two equivariant refinement projections induce contiguous equi-
variant simplicial maps and the induced chain maps are equivariantly
chain homotopic and, as noted at the end of Section 3, this implies that
the above homology maps are independent of the choice of the equivariant
refinement projection. Consequently, we can define

He(X, 4) = lim H (K(2), K(Z | 4)),

(7.3) .
H*(X, A) = lim H*(K(2), K(Z| 4)),

where Z ranges over the G-coverings of X.
Since the Smith triangles 3.3 and (3.9) are natural (and by 6.6) we obtain
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the induced triangles

H(X, A)
(7.4) i/ .
He(X, A) ——— HU(X, 4) ® H(X®, 4°)
H*(X, A)
(7.5) o o
XX, A) —— H XX, A) ® H*(XC, 4°),

degree+1

Since the direct limit functor is exact, (7.5) is always exact for X para-
compact and A closed. However, restrictions must be placed on X to insure
that (7.4) is exact. Since the inverse limit of an exact sequence of finite-
dimensional vector spaces over a field, Z, here, is exact (see Eilenberg and
Steenrod [1, p. 226)), the triangle (7.4) will be exact if X is compact and 4
is closed (since the finite G-coverings will then be cofinal).

Clearly we also have the generalization of the triangle (3.8) and its analog
in cohomology. These will not be displayed.

Note that the isomorphism

G
H(K(2), K(Z | A))zH< K(Z) X(Z|4)v K@) )

G G
of (3.4) is natural and similarly for the dual (3.10). Thus, by 6.7, we have
(7.6) f-?“(X, A) =~ vK(X*, A* U X9),

H*(X, A) ~ H*(X*, A* U X%).

Moreover the homology (and cohomology) diagrams induced by (3.5) are
natural, as is the excision isomorphism H(K¢ U L*, L*) ~ H(K¢, LF).
Consequently (3.5), 6.6, and 6.7 provide the commutative diagrams

o> HY (X, A) > H, 7 (X, AP H, (X, AS)—>H, (X, A)—> H,2(X,A) —
(7.7) = o+ a =
o Hy (X%, A* O X®) > H, (X, A%) — H, (X *, 4*) > H, (X *, A* U XF) > -

and
e HY(X*, A¥ U X9)— HY(X*, A%¥)—H*(X ¢, A%)— Hr+1(X *, A* U XE)— -
(7.8) l = l n* .1 =

= H(X, A) — H"(X, A)—H (X, AYDHM X, A%)— Hi (X, 4)— -



144 III. HOMOLOGICAL THEORY OF FINITE GROUP ACTIONS

Similarly, we have the homology and cohomology diagrams induced
by (3.6) and (3.7), which will not be displayed.

Now we turn to the question of generalizing the results of Sections 4
and 5. Basically, these results carry over in cohomology to all finitistic spaces
X and closed invariant subspaces 4 in place of (K, L), and, with two excep-
tions, in homology to all compact (X, A). To avoid any possible misinter-
pretation, however, we shall restate all these results. For the main part,
the proofs follow exactly the lines of their analogs in Sections 4 and 5 and
we shall only comment on the few extra justifications necessary.

7.9. Theorem Let X be a finitistic G-space, G cyclic of prime order p,
and let A be a closed invariant subspace. Then, with coefficients in Z,,

=n

tk HM(X, 4) + Y 1k H(XY, 4°) < Y, 1k H(X, 4).
i=n

The corresponding statement in homology holds when X is compact.

Proof The proof proceeds as in that of 4.1. However, we must justify
the downwards induction from infinity. Thus, assume that Hi(X, A) = 0
for i> N. We claim then that H (X, 4) = 0 = Hi(X¢, A%) for i> N.
Suppose not. Then there exists a finite-dimensional G-covering Z of X so
fine that, with K = K(%) and L = K(Z | 4),

H,(K, L) ® H(K®, L%) — H,}(X, 4) ® Hi(X®, 4°)

is nonzero for some such { => N.
Consider the commutative diagram

H(K, L) @ Hi(K®, L¢) -2+ Hi+\(K, L) — H/(K, L) = 0

l

H(X, 4) @ H(XC, 4% -2 Hirt (X, 4) — (X, A)

where the horizontal maps are compositions of the maps 6*: H,’ — Hj
and those with p, ¢ interchanged (alternating), and where r > dim K.
Since H’(X, A) = 0 for j > N the bottom row of this diagram consists
of monomorphisms, and this contradicts the nontriviality of the left-hand
vertical map. The dual proof in homology will be left to the reader. This
clearly justifies using the proof of 4.1, and, of course, is a special case of
the statement of 7.9 itself. ||
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7.10. Theorem Let X be a finitistic G-space, G cyclic of prime order p,
and A a closed invariant subspace. If tk H*(X, 4; Z,) < oo and the euler
characteristics are defined in terms of mod p Cech cohomology, we have

(X, 4) + (p — Dx(XC, A%) = py(X*, 4%).

This also holds for homology when X is compact. |

7.11. Theorem If G is a p-group (p prime) and if X is a finitistic G-space
which is a mod p Cech cohomology n-sphere, then X¢ is a mod p Cech co-
homology r-sphere for some —1 <<r << n. Similarly, if A < X is closed and
invariant and if (X, A) is a mod p Cech cohomology n-disk, then (X€, A%)
is a mod p Cech cohomology r-disk for some 0 <r <n. In both cases,
n — r is even when p is odd. The analogous statements in Cech homology hold
when X is compact. |}

We remark that the discussion following 5.2 also applies to give explicit
isomorphisms in the situation of 7.11. The proof of 5.4 gives the next
theorem.

7.12. Theorem Let G be any finite group and let X be a finitistic G-space
which is acyclic with respect to integral Cech cohomology. Then X|G is also
acyclic in integral Cech cohomology. |}

Example That 7.12 does not hold in homology, even for compact spaces,
is shown by the following example. Consider S? as the (unreduced) suspen-
sion of SY, the unit circle in the complex plane. Let f: 82— S? be the
suspension of the map z — z3 of S! — S1. Then fis .of degree 3 and clearly
commutes with the antipodal map g: §* — S% Thus, regarding S? as a
Z,-space via the antipodal map g, we may form the Z,-space X as the
inverse limit of

AR A LA~
Then 2/Z, 1s the inverse limit of

g e I e
Now H,(X; Z) = 0 since it is the inverse limit of

LI SN AL}
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and hence X is acyclic over Z. However, f*: P? — P? induces an isomor-
phism in homology [since 3 = 1 (mod 2)] and thus H,(Z/Z,; Z) ~ Z,.
[Note, of course, that X is not acyclic over Z,, however, since Hy(X'; Z,)
= Z,.] It can be shown that 7.12 would hold for homology, with X compact,
if one also assumes that X is homologically acyclic over Z, for all primes p.
This follows from the fact that a compact space having trivial mod p Cech
homology for all p also has trivial integral Cech homology (the same state-
ment in cohomology is false). However, this contention is not easy to prove
and, since we have no use for it, we shall not give the proof. Similar remarks
apply to the next theorem which, for cohomology, follows from the proof
of 5.5.

7.13. Theorem Let X be a paracompact G-space, G finite, and let A be a
closed invariant subspace. Assume that, for a given prime p, H(XF, AF;
Z,) = 0 for all i < n and all p-subgroups P of G. Then H\(X*, 4*; Z,) = 0
for all i << n. If this holds for all primes p and also Hi(X, A; Z) = 0 for all
i<n, then H(X*, A4*; Z) =0 for i<n. ||

The main case of interest, for this theorem and the following corollary,
is that of free actions. In that case it will be used in the next section to study
those groups which can act freely on spheres.

7.14. Corollary Let X and Y be paracompact G-spaces, G finite, and let
f: X — Y be an equivariant map. For a given prime p, suppose that

f*: H(Y?; Z,) > H'(X?; Z,)
is an isomorphism for i << n and a monomorphism for i = n, for all p-sub-
groups P of G. Then
(fIG)*: H(Y*; Z,) — HI(X*; Z,)
is also an isomorphism for i << n and a monomorphism for i = n. If this holds
for all primes p and if f*: Hi(Y; Z) — H(X; Z) is also an isomorphism

for i << n and a monomorphism for i = n, then the same is true of (f|G)*
with integral coefficients.

Proof This follows easily from 7.13 applied to the mapping cylinder M,
of f1 X — Y modulo the top X, and using the exact sequence

e o H(X) — Hi(M,, X) — H(Y) L B — - -
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(and similarly for X* - Y* and X% —» Y?) which is obtained from the
exact sequence of the pair (M;, X) by replacing M, by its deformation
retract Y. ||

7.15. Corollary Let G be a finite group acting freely on the connected
and compact spaces X and Y. Suppose that H(X; Z) = 0 and H(Y; Z) = 0
for all 0 < i < n. Then there is a canonical isomorphism

H(X/G; Z) ~ H(Y/G; Z)

for i < n. Similarly this result holds with Z replaced by Z, throughout, for
any prime p.

Proof Consider the equivariant projections X «— X X Y — Y, where G
acts diagonally on X x Y. These induce isomorphisms in cohomology in
degrees less than #n and monomorphisms in degree n. By 7.14 the same is
true of the induced maps

X/G—X X¢ Y— Y/G
on the orbit spaces. ||

Remark Since X and Y are compact, the Universal Coefficient Theorem
implies that the conclusion of 7.15 holds with arbitrary coefficients. Also
note that such G-spaces X with trivial cohomology below degree n, for
arbitrary n, always exist; it suffices to take X to be the join of n 4 1 copies
of G. Corollary 7.15 shows that Hi(X/G; Z) depends only on G (for
n > i). This group is called the “ith cohomology group H¥G; Z) of G.”
One can define it in an algebraic way, of course, and for general G-modules
as coefficients (see Cartan and Eilenberg [1] and MacLane [1]).

Remark One may extend somewhat the results concerning homology
by using compactly supported Cech homology. This is defined to be

He(X, A) = lim H(B, C)

where (B, C) ranges over the compact subspaces of (X, A). This gives exact
Smith sequences for all pairs (X, 4) of G-spaces. Of course, for most of
the results, one would have to justify the induction from infinity used in the
proofs of most of the theorems. This would require an assumption, in the
nature of finite dimensionality of X, sufficiently strong to draw the conclusion
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that He(X*, A* U X%) = 0 for sufficiently large i. We shall not develop
the theory in this direction since the cohomological results are at least as
strong as anything obtainable with homology, and are considerably simpler.

Remark The examples of Chapter I, Section 7 show that the use of mod p
coefficients in 7.9 and 7.11 is essential. Also the examples of Chapter I,
Section 8 show that results similar to 7.9 and 7.11 are not obtainable for
actions of finite groups of composite order, in general. Also the assump-
tion that the spaces involved are finitistic is essential. To see this, note that
the union S of the spheres S° <« St <« S?2 < ... (as a CW-complex)
carries a free involution (the antipodal map). Also S* is contractible since
its homotopy groups are obviously trivial. If K is any polyhedron, then the
join S** K is also contractible and carries an involution with fixed set K
and orbit space P~ * K. Also (S * K) X S” is a homology n-sphere and
carries an involution with fixed set K x S» Thus 7.9-7.12 fail miserably
without the finitistic assumption.

8. GROUPS ACTING FREELY ON SPHERES

In this section we discuss the problem of determining which compact
Lie groups G (including finite groups) can act freely on some sphere S”.

If n is even, the problem is almost trivial since the Lefschetz Fixed Point
Theorem then implies that each element g 7= ¢ of G must reverse orienta-
tion. Since the composition of two orientation reversing homeomorphisms
preserves orientation, G must be Z, or trivial.

When 7 is odd the problem is considerably more difficult and, in fact,
a complete solution is not known. First we prove a well-known result
which is originally due to Smith [7], but which can be found in various
other places, for example, see Cartan and Eilenberg [1, p. 358].

8.1. Theorem The group Z,D Z, cannot act freely on a finitistic
mod p cohomology n-sphere 2.

Proof Let N > n be an odd integer and consider the usual free action
of Z, on S¥ (the generator of which is given by the diagonal complex
matrix diag(e®™¥?, ..., e*¥?) acting on C X +-+ X C = C¥ > S¥, where
N =2k —1). Then G = Z, D Z, acts freely, in the obvious way, on S¥
x S¥ with orbit space L¥ x L¥, where LY = S¥/Z,,. Let G act “diago-
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nally” on the product 2™ x (S¥ x S¥) and consider the equivariant pro-
jections

It wn oy SV w S¥ ML oN « s¥,

In cohomology, f* is an isomorphism in degrees less than N, A* is an iso-
morphism in degrees less than » and a monomorphism in degree n, From
7.14 applied to both fand A, it follows that H"(X"/G; Z,) contains a sub-
group isomorphic to H*(L¥ x L¥; Z,). Recall the fact that

.. Z for 0<i<N
() N. ~ y 4 —_ = *
HLY; Z,) { 0 otherwise.

(This follows, for example, from the Smith sequence for the action of Z,
on S¥, and can be proved in many other ways.) From the Kiinneth formula
(Spanier [1, p. 360))

AN XN Z)~Z, DL, D - DL, (n+ 1 times).

Thus H*(Z"/G; Z,) must contain a copy of Z, D Z,.

(If 2» = S*, then Z*/G would be a topological manifold and this would
contradict the well-known fact that I-Y"(M"; Z,) =~ Z, or 0 for an n-man-
ifold M™. In the general case we shall obtain a contradiction using Smith
theory.)

Let Z,~K< G=2Z,PZ, so that G/K=~ Z,. Then K acts freely
on 2" and G/K acts freely in Z*/K with orbit space (Z*/K)/(G/K) =~ X"/G.
Applying 7.9 to both of these actions, and using the fact that H_* is the co-
homology of the orbit space in the free case, we see that (with Z, coeffi-
cients)

tk H"(Z"/G) < rk HMZ"/K) < 1tk H"(Z") = 1
which contradicts the previous discussion. ||

See Exercise 10 for a stronger result, also due to Smith [7], as well as
an indication of an alternative method of proof.

Since an abelian group is cyclic iff it does not contain a subgroup of the
form Z, ® Z, for some prime p, we have the following theorem.

8.2. Theorem If G is a finite group which can act freely on a finitistic
integral cohomology sphere, then every abelian subgroup of G is cyclic. |
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Groups with each abelian subgroup cyclic are precisely the groups with
periodic cohomology (see Cartan and Eilenberg [1,p. 262]). Swan (1]
has shown that each such group acts freely on some compact polyhedral
integral homology sphere. However, not all such groups can act freely on
an actual sphere, since, in this case, there is the following additional re-
striction due to Milnor [1]. Note that it rules out actions by some groups,
such as the dyhedral groups or order 2r, r odd, which satisfy the conclusion
of 8.2

8.3. Theorem Let G be a group acting freely on S*. Then each element
of order two in G is in the center of G.

Proof 1Let g have order two in G and let f be any other element of G.
If fg = gf, then, since G acts freely, fg(x) 7 gf(x) for all x. Since fis a
homeomorphism, it has degree 41. Thus 8.3 will follow from the next
theorem.

8.4. Theorem Let g be a homeomorphism of period 2 on S™ without

fixed points and let f be any map from S® to itself. If gf(x) 7~ fe(x) for
all x, then f has even degree.

Proof let G={e,g}~1Z,. Put M=S"xS*"— A, where 4=
{(x ,x) | x € S*} is the diagonal. Define an action of G on M by putting

g(x, y) = (gy, gx).
Note that
MC® = {(x, gx)| x € S"} = M.

We claim that M@ is a deformation retract of M. To see this, let (x, y) € M
so that x, y € S* and x 74 y. For 0 << ¢ << 1 define F(t, x, y) to be the point
on S" at which the line joining x and ty + (1 — f)g(x) intersects S" — {x};
see Figure III-1. Then the map I x M — M defined by (¢, (x, y))—~ (x,
F(t, x, y)) is clearly a strong deformation retraction of M onto MS.

Thus the inclusion M% — M induces an isomorphism in cohomology.
Using Z, coefficients everywhere, we conclude from the inequalities 7.9
and from (7.6) for 4 = (&, that

HiM|G, M®) ~ Hi(M)=0  for all i.
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ty +{i~t)g(x)

F(f,x,y)

g(x)

Figure III-1

Thus the inclusion induces an isomorphism
Hi(M/G) = Hi(M®)

for all i. (Alternatively, this follows directly from 7.14 applied to the in-
clusion M® — M.) The diagram

H*(MIG) — ¥, F*(M)

\ 7

H*(M®)

shows that my* is an isomorphism.
Since G acts freely on S?, the diagram (mod 2 coefficients)

0 — H"S"/G)—~ AHS"G)—~ 0 —

= n*

— H™S" — H*S") —» H7(S") -0

of (7.8) shows that a* is trivial (since 7 = o, whence H"(S") — H(S™)
is an isomorphism and the other map on the bottom is trivial; also see the
discussion following 5.2 whose dual holds in cohomology).

Now define an eguivariant map

p: S"—> M

by ¢(x) = ( f(x), gfg(x)). The commutative diagram (mod 2 coefficients)

A MJG) =", Fn(Sm/G)
n;u l ~ , l e=0
A M) —Z— Hr(S7)

shows that ¢* = 0. If p: M — S is the projection p(x,y) = x, then



152 III. HOMOLOGICAL THEORY OF FINITE GROUP ACTIONS

f = pg so that
f* =g*p* =0: HYS"; Z,) > HYS"; Z,)

which means that f has even degree. ||

Remark Theorem 8.4, and hence 8.3, also hold if S” is replaced by any
n-manifold 2" having the mod 2 homology of S”. The proof of this requires
the use of somewhat deeper results in algebraic topology than we wish to
assume at this point, so that we have replaced a more general algebraic
argument with the geometric argument concerning Figure III-1. However
we shall briefly outline the proof of the more general result. The details
may be found in Milnor [1]. Clearly it suffices to prove that the inclusion
M¢ < M induces an isomorphism in mod 2 cohomology. This can be done
by showing that the projection p: M — 2™ is a fiber bundle map with fiber
2n — {point}. (This part is an easy geometric argument.) Clearly M¢ is
a cross section for p. Now the Lefschetz and Poincaré dualities imply that
the fiber 2* — {point} is mod 2 acyclic, and the Vietoris Mapping Theorem
implies that p induces an isomorphism in mod 2 cohomology whose inverse
comes from the inclusion M - M. [Milnor’s proof uses singular homology.
We have used Cech cohomology instead, merely to be able to use the results
of Section 7 directly. In singular homology, the proof that =, induces an
isomorphism requires more justification.] We emphasize that any proof of
8.3 must make some use of the “geometry” of the situation, since results
of Swan [1], mentioned above, show that it does not hold for actions on
polyhedral homology spheres (nonmanifolds).

Remark The orthogonal free actions of finite groups on spheres have been
completely classified by Wolf [1], completing earlier work of Vincent.
There is a very simple necessary condition for a group to possess a free
orthogonal action on some sphere, namely that every subgroup of order
pq be cyclic (where p and ¢ are primes, possibly equal). (This condition
is also sufficient when the group is solvable.) It was a long standing
conjecture that a group which can act freely on a sphere can also act freely
and orthogonally on a sphere. Recently T. Petrie [1,2] and R. Lee [4] have
independently disproved this by showing that nonabelian groups of order pq
(p and ¢q distinct odd primes) can act freely on suitable spheres. The con-
struction of such examples uses the nonsimply connected surgery theory of
C. T. C. Wall [3] and is beyond our scope.

We now turn to the same question for compact Lie groups of positive
dimension. In this case there is the following complete and simple answer.
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Denote the groups of complex numbers and quaternions (respectively)
of norm 1 by S* and S% We regard S! < S and let N(S!) be its normalizer,
which is just the group generated by S!' = {a + bi| a®> + b*> = 1} and j,
and which has two components S' and jS!.

8.5. Theorem If G is a compact Lie group of positive dimension which
can act freely on a sphere, then G is isomorphic to a subgroup of S®. Specifically,
there are precisely three possibilities: G ~ S', G =~ N(S'), and G =~ S®.

Proof The group G cannot contain a 2-dimensional torus since it cannot
contain Z, @ Z,. Thus G has rank 1. We shall use the fact that there are
precisely three connected Lie groups of rank 1, namely S, S?, and SO(3)
(which is doubly covered by S®). Thus the identity component G, of G
must be one of these three groups. Since SO(3) contains Z, @ Z, as a sub-
group, this case is ruled out. Suppose first that G, = S'. Then consider
conjugation on S! by an element g € G — G,. There are only two possi-
bilities, gtg~! = ¢ or gtg~! = t~*. Suppose the first possibility holds, that is,
that g commutes with S'. Let n be the least integer for which g* is in S?,
and let 4 be an element of S! with #* = g”. Then, for k = gh™!, gS! = kS!
and k" = 1. Then k and some element of S* of order » generate a subgroup
of G isomorphic to Z, ® Z,, contrary to 8.1. It follows that every ele-
ment g € G — G, satisfies gfg~' = ¢! for all t € G, = S'. This clearly
implies that G/G, has order 1 or 2. Suppose G#~ G,=S' and let g G
— Gy. Then gtg=! =t for ¢t in G,, and g% € G,. Now g% = g(g?)g!
= (g% since g*€ G,, and hence g2= +1. If g2=1, then Z, D Z,
~ {1,—1,g,(—1)g} = G contrary to 8.1. Thus g2 = —1. Then taking
g to j € S® gives an isomorphism G =~ N(S?!).

Now suppose that G, = S2. It is well known that every automorphism
@ of S% is inner. [This fact follows from the classification theory of compact
connected Lie groups, but we shall indicate a direct proof. The automor-
phism ¢ permutes the 1-parameter subgroups of S? and, since all these are
circles, they have a natural metric which must be preserved by ¢. It this
way one sees that ¢ is orthogonal on the tangent space to S at the origin.
However, the inner automorphisms constitute the action by S3%/{1, —1}
=~ SO(3) on this tangent space. Thus, if an outer automorphism exists,
then there is one which operates by —7 € O(3) on the tangent space at
the origin. This would imply that g +— g—!is an automorphism, and it is not.]
Thus, for any g € G — G,, there is an h € G, such that gh~! commutes
with G,. However, this will yield a subgroup isomorphic to Z,® Z,
exactly as in the proof of the case G, = S'. Thus G = G, when G, = S3, ||
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9. NEWMAN’'S THEOREM

In this section we shall prove a theorem of Newman [1] in a version due
to Smith [4]. This states that a compact Lie group (e.g., a finite group)
cannot act on a manifold in such a way as to have “uniformly small” orbits.

Let z: X — Y be a map, let B — Y be closed and put 4 =='B. For
a covering 7~ of Y we let 777" be the covering of X by inverse images
of members of 7. Assume that =z is onto.

9.1. Lemma Let % be a covering of X and suppose that the canonical
homomorphism H(K(%), K(% | A))— H™(X, A) is onto. If there exists
a covering 7" of Y such that n=7 " refines %, then n*: H™(Y, B) -~ H"(X, A)
is onto.

Proof Note that K(n'7") =~ K(?") in a canonical way and that n*:
H™(Y, B) > HY(X, A) is induced by passage to the direct limit of

H(K(7"), K(7"| B)) = H(K(@7"), K(n19"| A))— Hr(X, A).
Since 17" refines 7/, we have the commutative diagram

H"(K@Z),KZ | A))—> H*K(x17"),K(x17"| 4))— HX, A)

H"(K(7"),K(7"| B))

H™(Y, B)

and this shows that #* must be onto when the composition along the top
is onto. ||

9.2. Theorem Let X be a finitistic space and A < X a closed subspace.
Let p be a prime and suppose that H(X, A; Z,) =0 for i > n and that
HX, A; Z,) = Z,. Also assume that if C < X is any proper closed sub-
space, then the restriction H™(X, A; z,)— H™C,C N 4; Z,) is 0. Let
Z be any covering of X such that

H(K(@Z), K(Z | 4); Z,,)—~ H"(X, 4; Z,)

is onto. Then there does not exist an effective action of Z, on X leaving A
invariant and such that each orbit is contained in some member of Z .
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Proof Suppose such an action exists and let G = Z,,. Then each orbit
is contained in a saturated open set contained in some member of Z. The
projections of these open sets in the orbit space X* give a covering 7~
of X* with 217 refining . By 9.1, this implies that #*: H(X*, A*)
— H™(X, 4) is onto (coefficients in Z,).

Theorem 7.9 implies that H,i(X, A) = 0 = H{(X®, A%) for i > n, and
the Smith sequence

H™(X, A) > H}X, A) @ H (X, A%) - H'(X, 4) =0

shows that H"(X¢, 4%) = 0, (by the assumption on restrictions). Diagram
(7.8) has the form

Hn(X*, 4* U X€) — HYX*, A*) >0
= Fiad

o*

Hon(Xa A) gn(X’ A) - ﬁtn(X’ A) —0

and implies that H "(X, 4) = 0 and that o* is onto. Then the Smith se-
quence

0 = HA(X, A) — HY(X, A) > H,"(X, A) >0

shows that i* is an isomorphism. The composition o*i*: H"(X, A)
— H™(X, A) is just Y g*. However, g* = 1, since Hn(X, A) = Z, has no
automorphisms of order p, and hence o*i* = p = 0 contradicting the pre-
vious deduction that o*i* is onto. (Note that this argument also occurs
following 5.2.) |

9.3. Theorem Let X be a finitistic space and A < X a closed subspace.
Suppose that Hi(X, A; Z) = 0 for i > n and that H(X, 4; Z) ~ Z. Also
assume that if C is any proper closed subspace of X, then HY(X, A; Z)
— HY(C, C N A; Z) is trivial. Let % be any covering of X such that

H"(X(Z),K(Z | A); Z)— H™(X, 4; Z)

is onto. Then there does not exist an effective action of any compact Lie group
on X leaving A invariant and such that each orbit is contained in some member

of 7.

Proof 1t is easily seen that the conditions are inherited for Z, coefficients
by using the coefficient sequence 0 — Z — Z — Z, — 0. Since any compact
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Lie group contains a cyclic group of prime order p for some p, the theorem
follows from 9.2. |

9.4. Theorem Let M be a connected topological n-manifold. Then there
is a finite open covering Z of the I-point compactification of M such that
there is no effective action of a compact Lie group on M with each orbit con-
tained in some member of 7.

Proof First suppose that M is orientable and let X be the 1-point compac-
tification of M with 4 = {co}. Then H™(X, A) =~ Z and H(X, 4) =0
for i > n. Also, if ¥ < M is an open n-disk, then the inclusion (X, A)
— (X, X — V) induces an isomorphism

Hn(D®, 9D") ~ H™(X, X — V) — HY(X, A).

(These facts are well known and shall be assumed. They follow from Lef-
schetz duality, for example; see Spanier {1, p. 297). They can also be proved
by a fairly elementary direct argument.) For C < X a proper closed subset,
we can find an open n-disk ¥V < X — C, and the diagram

A X, X — V) H™(X, 4)

0= HYC,C)= H"(C,C n (X— V))— H*C, C N 4)

shows that the conditions of 9.3 are satisfied. This finishes the orientable
case.

In order to treat the nonorientable case we first note that there is a
simple explicit covering 2’ of an orientable manifold which satisfies the
requirement of 9.3, where (X, A) is as above. To construct this, let D be
an p-disk in M, let A"+ be the standard (n + 1)-simplex with vertices
Vos - .. Vs, and let fi X — A7 be a map which is a homeomorphism
of int D onto the complement of v, and which takes X — int D onto v,.
Let U; = f~(starv;). Then the covering % = {U;|i=0,...,n+ 1}
clearly satisfies the requirement that

H'(K(@), K(Z | 4)) = H'(X, A).

Now let M be nonorientable. Let L be the polyhedron obtained from
a4+ by adding an edge (w, v,); see Figure III-2. Let D < int D’ be two
n-disks in M and let h: M — L be a map taking int D homeomorphically
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onto 9A™ — {v,}, taking @D to v,, taking (int D) — D into the open

edge (w, 1), and taking M — int D’ to w. (See Figure III-2, where the
are points mapping to v;.)

-
\/

FiGure III-2

&

Let Z be the covering by inverse images of open stars of L. We claim
that no action of a compact Lie group on M can have all orbits contained
in members of Z. Suppose there is such an action by G. Then clearly any
transform of D must intersect D and G(D) < int D’. By compactness,
there is a connected open neighborhood V of D with G(¥V) < int D’. Since
all transforms. of V intersect D, G(V) is connected. Thus we may as well
take ¥V = G(V). However, V is an orientable n-manifold and Z N V is
a covering of V of the type constructed above for orientable manifolds.
It follows that G acts trivially on V. This contradicts the next result, which
is another theorem of Newman [1].

9.5. Theorem IfG isacompact Lie group acting effectively on a connected
topological n-manifold M, then M€ is nowhere dense.

Proof Assume that D is an n-disk contained in M€, By lifting the action
to the orientable double covering, using 1.9.4, we can assume that M is
orientable. As before, map M to @A+ taking M — D to v,. The induced
covering of the 1-point compactification X of M then contradicts 9.3 with
A = {co}, as noted in the proof of the orientable case of 9.4. |

Remark Theorem 9.5 is a special case of a much stronger theorem of
Smith which states that, for G cyclic of prime order p, M is a generalized
manifold over Z,. This is called the “Local Smith Theorem,” and proofs
can be found in Borel [5], Bredon {3, 13], and Smith [2]. However, the theory
of generalized manifolds will not be treated in this book. One can give a
fairly direct proof of 9.5, using the Smith sequences, which is independent
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of 9.3. For a recent treatment of this material along the lines of Newman’s
original proof, see Dress [1]. The present method of Smith is, however,
more generally applicable.

9.6. Corollary Let M be a connected manifold and suppose we are given
a metric on M. Then there is an ¢ > 0 such that, for every action of a compact
Lie group G on M, there exists an orbit of diameter larger than e.

Proof Let {U,, ..., U,} cover M U {oo} as in 9.4 with oo € U,. Then
M — U, is compact and contained in U, u --- U U,. Let ¢ >0 be
such that B,,(x) < U; for some 1 <i<Cn, for each x € M — U,, where
B,.(x) is the closed ball of radius 2¢ about x. Suppose that G acts on M
and diam G(y) < ¢ for all y € M. Then G(y) < B.(y) for all y. If x € B,(y)
— Uy, then y € B(x) and G(y) < B.(y) < B, (x) = U; for some i. If
B.(y) — Uy, = &, then G(y) < B,{y) = U,. This contradicts the choice
of the covering {U;}. |

9.7. Corollary Let R” have the usual euclidean metric. Then an action
of a compact Lie group G on R™ cannot have orbits of uniformly bounded
diameter,

Proof Let ¢ > 0 be as in 9.6 for M = R” and let N be a bound for the
diameters of the orbits of a given action @ of G on R”. Define a new action
@' by putting
, & N
00 (X) = T 00 (T X).
Then
, £ N N 3
Ix =/l = | (£ x) -6 (5 )| ==

contrary to 9.6. ||

10. TORAL ACTIONS

In this section we shall prove some results analogous to 7.10 and 7.11
for actions of a toral group. Our main purpose in giving these results here
is for their application in the next two chapters. We first give some imme-
diate consequences for toral actions of the results of the preceding sections.
These suffice for most applications, but we also discuss a direct approach
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which gives stronger results. We will denote by T the circle group and by
T* the k-dimensional torus; that is, the product of k copies of T.

10.1. Lemma Let p be a prime. Then the set of elements of T% of order a
power of p is dense in TF,

Proof It suffices to show that the union of the p-subgroups of T* is dense,
and this follows from the same statement for the circle group (k = 1)
where it is obvious. [}

10.2. Theorem Let G=T* act on a finitistic integral cohomology n-
sphere X. Assume that H*(X®; Z) has finite type and that there are only a
finite number of orbit types. Then X€ is an integral cohomology r-sphere for
some —1 <<r<n and n—r is even.

Proof Let p be a prime and let H,, ..., H, be the isotropy types. Since
the elements of G of order a power of p are dense, there exists such an
element g not in any of the H;. Thus X¢ = X¥ and 7.11 implies that X7
is a mod p cohomology r,-sphere for some —1 <r, <<n, and n—r, is
even if p is odd.

Assume that X€ =~ (5 and consider cohomology modulo some given
point in X¢, which we shall omit from the notation. We claim that H{(X¢%; Z)
has no p-torsion. If it does, then, since it is finitely generated, it has a sum-
mand of the form Z,; for some j > 1. Then the exact sequence

. — H-Y(X%; Z,) - Hi(Xx%; Z) L Hi(X%; Z) — HY(X®; Z,) — ---

shows that Hi-{(X¢%; Z,) and Hi(X%;Z,) are both nonzero, and this con-
tradicts the assertion that X% is a mod p sphere.

Since this holds for all p we conclude that each H'(X%; Z) is free abelian
and (again by the above sequence) it must vanish for i % r, for each p
and has rank 1 for i = r,. Thus r = r, is independent of p, lies between
—1 and n, and n — r is even. |

A similar proof gives the next theorem.

10.3. Theorem Let G =T* act on a finitistic integral cohomology
n-disk (X, A), where A is closed in X. Assume that H*(X¢, A%; Z) has finite
type and that there are only finitely many orbit types. Then (X¢, A%) is an
integral cohomology r-disk for some 0 <<r <<n, and n — r is even. |}
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The above results are sufficient for most of our purposes, but they are
not sufficiently strong to prove, for example, that the fixed point set of a
toral action on euclidean space is acyclic over the integers (even if we
assume finiteness of number of orbit types and that the action is differen-
tiable). Thus we shall now develop a tool for studying toral actions directly.
For this, we shall have to assume slightly more background knowledge,
namely that of the Thom-Gysin isomorphism for orientable disk bundles.

Let the circle group T act on the paracompact space X and, as usual,
regard X7T as also being a subspace of the orbit space X* = X/T. Let M,
denote the mapping cylinder of the orbit mapn: X — X*. Let F denote
XT x I embedded in M, as the mapping cylinder of the restriction of =
to XT, and put X’ = X U F which has X as a deformation retract. Consider
the triple (M,, X', F). The cohomology sequence of this triple, together
with the three exact sequences of the pairs contained in this triple, form the
commutative “braid diagram of the triple” shown in Figure III-3.

H{(X', F) H*YM,, X') H+ (M)
SN S NS NS
Hi(x") H+(M_, F) I-fi“( X)
NN N N
Hi(M ) Hi(F) H"Y(X',F)

~N_ 7~ T~ T~

FiGure III-3

Now we may replace the pair (X', F) by (X, XT) and the pair (M,, F)
by (X*, XT). Also we may replace the absolute groups of M,, X’, and F
by those of X*, X, and X7, respectively. For the pair (M, X’) we use the
following lemma.

10.4. Lemma If T acts semifreely (i.e., freely outside XT), then H'(M,,
X') ~ Hi-2(X*, XT) for arbitrary coefficients. For a general T action with
finitely many orbit types, this isomorphism holds with rational coefficients.

Proof If N* ranges over the closed neighborhoods of XT in X* and if
N is the part of M, over N*, then H*(X* XT) =~ lim, H*(X*, N*)and
H*(M,, X') =~ lim, H*(M,, N U X’). (This well-known fact is almost an
immediate consequence of the definition of Cech cohomology and of the
relationship between double limits and iterated limits. Proofs of closely
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related facts will be found in Bredon [13, p. 52} and in Spanier [1, p. 316].)
Now we may excise a neighborhood of XT in N* and of Fin N. Alsonote
that by I11.5.8, M, — F— X* — XT is a 2-disk bundle map, in the semi-
free case, with X’ — F— X* — XT the bounding 1-sphere bundle. Orienta-
bility of this bundle follows from the fact that it arises from a T-action.
Thus the claimed isomorphism follows from the relative Thom-Gysin
isomorphism for 2-disk bundles. (We must assume this. It can be found
in Spanier [1, p. 259] for the absolute case in singular theory and it is not
hard to copy the proof in Cech theory. A sufficiently general version can
also be found in Bredon [13, p. 150].)

For the case of finitely many orbit types, note that T contains a cyclic
subgroup H containing all isotropy groups other than T itself. Since T
acts trivially in cohomology, 7.2 shows that Hi(M,, X’) ~ Hi(M,/H,
X’[/H) for rational coefficients. Now M_/H is the mapping cylinder of X/H
— X/T = X* and, since T/H acts semifreely on X/H, this case follows from
the semifree case. ||

Remark It can be shown that the second part of 10.4 holds without the
restriction of finiteness of number of orbit types.

Now, using these isomorphisms, the above braid diagram may be re-
placed by that in Figure III-4 in either of the cases of 10.4.

R YN

ﬁi(X, XT) ﬁi—l(X*’ X’I) ﬁ""'l(X*)

AN O

HiXx* xT)  H(X) Hi+(x*, XT) Hi+1(X)
NN e N SN
ﬁi(X*) I-?‘(XT) ﬁiﬂ(X’ XT)
\/\/
Ficure 111-4

From this we can extract out the following exact sequence (for T semi-
free and arbitrary coefficients, or for finitely many orbit types and rational
coeflicients).

(10.5) .- 7 mixs, xT) L g E0 i xes, xT) @ H(XT)

—ge . *
S B XD S
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where g* = j*n,* = n*j;* in Figure III-4. This sequence is called the Smith-
Gysin sequence. It was first derived in Bredon [8] from the Fary spectral
sequence; also see Bredon [13, p. 169]. The exactness is easily proved by a
diagram chase in Figure ITI-4. (Also see Wall [1] for generalities about braid
diagrams.) We remark that the homomorphism g* is the cup product with
an element, the euler class, of A X*— X T), which follows from the same
fact for the classical Gysin sequence.

For the sake of simplicity of notation, we have discussed only the absolute
case. However, it is clear that for 4 < X closed and invariant, the discus-
sion generalizes to give the following Smith-Gysin sequence

(10.6) oo Hi(X*, 4* U XT) - Hi(X, A)
— Hi-Y(X*, 4* U XT) @ H(XT, AT)
— I-ﬁ“(X*, A* U XT)— .

Using this sequence exactly as the Smith sequences were used, one may
prove theorems for circle group actions which are analogous to the theorems
of Section 7. To justify induction from infinity, we need to impose a condi-
tion which insures that Hi{(X*, 4* U XT) = 0 for sufficiently large i. Fi-
nite dimensionality of X* would clearly suffice for this, and certainly this
is enough for most applications. However, for completeness, we shall show
that it suffices that X and X* be finitistic. (We do not know whether or
not X* is finitistic when X is, but this does hold in the two main cases of
compact spaces and finite-dimensional, separable, metric spaces; see
Chapter II, Exercise 3.) Thus we shall prove the following proposition.

10.7. Proposition Let the circle group T act with only finitely many orbit
types on X with X and X* both finitistic. Let A = X be closed and invariant
and assume that Hi(X, A) =0 for i > n. Then also Hi(XT, AT) = 0 for
i>n and Hi(X* A* U XT) = 0 for i > n. This holds for either rational
or integral coefficients.

Proof First note that for any finite subgroup K of T we have Hi(X/K,
A/K) = 0 for i > n. For rational coefficients, this follows from 7.2. For
integral coefficients, note that, by an induction, we may assume that X is
cyclic of prime order p. Then Hi(X/K, A/K; Z,) = O for i > n by 7.9 and
the exact sequence of the triple (X/K, A/K U X%/K, A/K). This implies
that Hi(X/K, A/K; Z) is divisible by p for i > n, and the transfer shows
it to be zero. (See the proof of 5.4 and also Exercise 9.) This reduces the
proposition to the semifree case.
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Suppose that
HAY(X*, 4* U XT) @ HI(XT, AT) £0
for some i > n. Then the composition (from the Smith-Gysin sequence)
H1(x*, 4* U XT) @ Hi(XT, AT) =5, fin(x*, 4* U XT)
N Hits(X* 4* UXT)—”—.> .

consists of monomorphisms. It suffices to show that a high power of u*
kills any given element 8, of H+1(X*, A* U XT). Now S, is in the image of
H#+1(X*, A* U N*) for some sufficiently small closed neighborhood N*
of XT and, by excision, corresponds to an element # of H"“(X * — U*,
(4* U N*) — U*) for some open neighborhood U* of XTin N*. (In Cech
theory, U* can be taken to be the interior of N*, but this is of no conse-
quence here.) We shall use the fact that g* is the cup product by some ele-
ment &, of H2(X* — XT). Hence u*(8,) is the image in Hi+3(X* 4*U XT)
of af where « is the restriction of &, to H*(X* — U*). Since a closed sub-
space of a finitistic space is clearly finitistic, it suffices to prove the following
lemma.

10.8. Lemma Let Y be finitistic and B < Y be closed. Let « € H{(Y) and
B € Hi(Y, B) where i > 0. Then a*8 = O for sufficiently large k.

Proof There is a finite-dimensional covering 2 of Y such that « and
are images of elements «’ and f' of H!(K(%)) and H/(K(%), K(Z | B)),
respectively. Then (a')¥8’ = 0 when ki -+ j> dim 2 and this implies
that o®8 = 0. |

Using 10.6, 10.7, and the argument of 4.1, the proof of the following
theorem is clear.

10.9. Theorem Let the circle group T act with only finitely many orbit
types on X with both X and X* = X|T finitistic. Let A < X be a closed in-
variant subspace. Then, for coefficients in the rationals Q,

rk HY(X*, 4* O XT) + Y rk H2(XT, ATy < ¥ rk H™2(X, 4).
i=0 i=0

If H*(X, A) is finitely generated over Q, then so are H*(XT, AT) and H*(X*,
A*), and we also have that y(X, A) = x(XT, AT). |}
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Remark Theorem 10.9 can be proved without the condition on finiteness
of number of orbit types, and the same is true of all our results involving
only rational coefficients (10.10-10.12).

For convenience we will call a T¥-space X T*-finitistic if the orbit spaces
of all subtori are finitistic.

10.10. Corollary If X is T*-finitistic, then 10.2 and 10.3 hold with rational
coefficients throughout. ||

10.11. Corollary Let the circle group T act on the finitistic space X with
X* finitistic and with only finitely many orbit types. Let A be an invariant closed
subspace. Suppose that Hi(X, A; Q) = 0 for all odd j (respectively, even j).
Then Hi(XT, AT; Q) = 0 for all odd j (respectively, even j), and

Stk Hi(XT, AT; Q) = Srk Hi(X, 4; Q).

Proof The first part is immediate from 10.9. For the second part, we note
that Hi(X*, A* U XT) = 0 for j even, by 10.9, and thus the Smith-Gysin
sequence consists of the short exact sequences

0 — H*(X, A) > H¥-1(X* 4* U XT) ® H*(XT, 4T)
— H¥1(X*, 4* U XT) 0.
Thus
rk H%(XT, AT) 4 rk H#-1(X*, A* U XT)
= rk H*(X, A) 4 rk H?+1(X*, 4* U XT)

and the desired equality results upon adding and canceling. [J

10.12. Theorem Let X be a T*-finitistic T¥-space which is a rational co-
homology n-sphere, and assume that there are only a finite number of orbit
types and no stationary points. If H < T* is a subtorus of dimension k — 1,
let r(H) denote that integer, between —1 and n, for which Z¥ is a rational
cohomology r(H)-sphere. Then, with H ranging over all subtori of dimension
k— 1, we have

n+1=Y (r(H)+1).

H
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Proof Since the circle subgroups are dense in T¥, there is one, say S,
with no stationary points. Then the Smith—Gysin sequence shows that

.. for i=0,2,4, ..., n—1
H’L ZH . ~ Q ) > ] ’ ’
(2715; Q) { 0 otherwise.

Note that a point x in 2’ is fixed by a subtorus of codimension 1 iff its orbit
has dimension 1 [and hence coincides with S(x)]. This holds iff the image
of x in X/S is fixed by the action of T¥/S. Also, the fixed sets Z# are mutually
disjoint. Thus (Z/S)T*/S consists of disjoint sets, each of the form XH/S.
As above

sicsaje. oy ] @ for i=0,2, ..., r(H)— 1,
H(2R]S; Q) {0 otherwise.

Thus
Y. tk H(Z/S; Q) = }(n + 1)

and

Ytk Hi((Z/$)™5;Q) = ¥ ¥ 1k H(ZH/S;Q) = } ; (r(H) + 1).
H i

1

But these are equal by 10.1]1 and an obvious induction. []

Remark Theorem 10.12 is due to Borel [5]. It is easily generalized to
the case in which there are stationary points, as done by Borel, but the case
given is the only one of interest to us here. Borel also proved an analogous
result for actions of Z, @ Z, P --- @ Z,.

10.13. Theorem Let the circle group T act with only finitely many
orbit types on X with X and X* finitistic, Let A < X be closed and in-
variant. If H*(X, A; Z) is finitely generated, then so are H*(XT, AT; Z)
and H*(X*, 4%; 7).

Proof If Z, < T, we first show that H*(X/Z,, A/Z,; Z) is finitely genera-
ted. (Note that this is a special case of Exercise 1.) The composition H*(X; /Z,,,
AJZ,; Z) > H*(X, A; Z) - H*(X/Z,, A|Z,; Z) with the transfer is multi-
plication by p and its image is finitely generated since it factors through a
finitely generated group. Thus it suffices to show that the kernel of multiplica-
tion by p on this group is finitely generated. But the exact sequence associated
with the coefficient sequence 0 -~ Z —Z — Z, — 0 shows this to be the
case, since H*(X, |Z,, A|Z,; Z,) is finitely generated by 7.9. By induction
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we see that H*(X/Z,, A/Z,; Z) is finitely generated for each cyclic sub-
group Z, of T. Thus the problem reduces to the semifree case. But this case
is an easy consequence of the Smith—-Gysin sequence (10.6) with integral
coefficients by an induction from infinity, and by the exact sequence of
the triple (X*, 4* U XT, A*). (Compare the proof of 10.7.) {

10.14. Corollary If X is T*-finitistic, then the conditions of finite type
in 10.2 and 10.3 may be removed. }

Example That finiteness of number of orbit types is necessary in 10.2
and 10.3 is shown by the following example for the case n = 0and 4 = ¢
of 10.3. Let Tact on S! (=T) by (z, z') = 27z’ of T x S! — S The circle
St with this action will be denoted by S'(#). The map z — z2 gives an equi-
variant map f: S'(n) — S'(2n). Let P? be the projective plane with trivial
T action and let X be the union of the mapping cylinders of the maps of
joins
P2xS'(1) — P2 % S'1(2) —— P2 x S'(4) ——

Then X is simply connected and acyclic over Z (since 1 *f induces the
trivial map in homology) and hence X is contractible. But XT =~ P2 x [0, o0)
has H*(XT;Z) ~

Let x be a fixed point of this T-space X and let X; be copies of X with x;
corresponding to x. Attach each X; to the real line by identifying x; with i.
Then the resulting space Y is still contractible, but H2(YT; Z) is the direct
product of infinitely many copies of Z, and hence is not finitely generated.
This shows that the condition of finiteness of the number of orbit types is
necessary for 10.13. (It can be shown, however, that this cannot happen
when X is compact.)

Remark Theorems of the type considered in this section were first proved
in Conner [3] and in Floyd [9]. Also see Borel [5].

EXERCISES FOR CHAPTER Ill

1. If Xis a finite-dimensional regular G-complex, G finite, and if H(K; Z)
is finitely generated, show that H(K/G; Z) is also finitely generated. Gen-
eralize this in cohomology for finitistic G-spaces.
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2. Show how to derive 5.1 from 5.2 and similarly for their generaliza-
tions to finitistic G-spaces (see 7.11).

3. Let K be a finite-dimensional regular G-complex, where G is cyclic
of prime order p. Suppose that X is a mod p homology n-sphere and that
K€ is a mod p homology r-sphere. Show that

z, for i=0,
H{(K|G;Z,) ~<Z, for r+2<i<n,
0 otherwise.

If K is an integral homology n-sphere, then (with no further assumptions
on K€¢) show that, if n — r is even, then

Z for i=0 and i=n,
H(K|G;Z)~=]Z, for i=r+2,r+4,...,n—2,
0 otherwise

and, if n — r is odd (and necessarily p = 2), then

Z for i=0,
H{(K|G;Z) =] Z, for i=r+2,r+4,...,n—1,
0 otherwise.

Moreover, for p = 2, show that n -— ris even iff G acts trivially on H,(K; Z).
Also restate the problem in cohomology and generalize it to finitistic spaces.

4. Show that the sequence 3.1 is exact for arbitrary coefficients when
L > K% and ¢ = ¢ or 7, § being the other. Also prove this for arbitrary
cyclic G acting freely on the set of simplices of K not in L.

5. Let K be a G-complex. Consider the condition that whenever (u, v)
and (gu, v) are edges of K then either gu = u or gv = v. Show that this
condition implies regularity, but not conversely. Also show that this con-
dition always holds for the action on the second barycentric subdivision
of K.

6. Let 7/ be a locally finite regular G-covering of a G-space X. Show
that there exists a minimal invariant subcover. If Z is minimal, show that
K(#)|G = K(Z ) when % is self-indexed.

7. Generalize 7.14 to maps f: (X, 4) — (¥, B) of closed pairs of para-
compact G-spaces. [Hint: If f': A-— B is the restriction of f: X — Y,
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then the inclusion (X, 4) — (M U X, M;,) and the retraction (M;, M)
— (Y, B) both induce isomorphisms in cohomology. Consider the exact
sequence of the triple (M, My U X, My).]

8. Let G be cyclic of prime order p and let E be a connected, compact,
free G-space such that H{(E) = 0 for 0 < i < N. Let B = E/G. The equi-
variant projection (X X E, X¢ x E)— (X, X¢) induces the map (X X¢E,
X x B)— (X*, X%) of orbit spaces (where X is a G-space). If X is para-
compact, show that the induced map

Hi(x*, X¢) — Hi(X x¢ E, X¢ X B)

is an isomorphism for i << N and a monomorphism for i = N (coefficients
in Z, or in Z). If X is finitistic and Hi(X; Z,) = 0 for i > n, then conclude
that the restriction

Hi(X x ¢ E; Z,) > H{(X® x B;Z,)

is an isomorphism for n << i << N — 1 and an epimorphism for i = # (when
n < N). (Hint: Use Exercise 7. We remark that this fact is the basis of a
powerful method for studying transformations of prime period, which we
shall study later. It requires, however, a knowledge of the theory of spectral
sequences. )

9. Let G be a finite group acting on a finitistic space X, and let 4 <« X
be closed and invariant. Suppose that Hi(X, A; Z) = O for i > n. Show
that Hi(X/G, A/G;Z) = 0 for i > n.

10. Show that Z, @ Z, cannot act semifreely on a finitistic mod p
cohomology n-sphere X with fixed set F a mod p cohomology r-sphere with
—1 <r < n (Hint: By suspending twice, one may assume that r > 1.
Let G = G, X G,, G; cyclic of order p. Note that F =~ (X%)%. Consider
the orbit map X — X/G, as a G,-equivariant map and look at the map of
Smith sequences (of G, actions) induced by this map.)

11. If G is a finite group which can act freely on a compact integral
cohomology n-sphere 27, show that G has periodic cohomology of period
n + 1; that is, H{(G; Z) =~ H**Y(G; Z) for all i > 0. (Hint: By taking
joins of copies of Z*, G also acts freely on a cohomology N-sphere 2V for
N arbitrarily large. Consider the twisted product 2™ X o 2% and the projec-
tions to 2*/G and X¥/G, which are fiber bundle maps with fibers 2% and
2" respectively, and group G. Use the Gysin sequences of these maps.)
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12. Suppose that the group G = S® of unit quaternions acts semifreely
on the paracompact space X. Derive the following exact Smith—-Gysin
sequence (arbitrary coefficients)

v —»Hi(X*, XG)»I?‘(X)—» H”'—:’(X*, X ® I.ji(XG)_,giﬂ(X*’ X¢) —,
Also generalize this to pairs (X, 4), where 4 is closed and invariant.

13. Let X be a finitistic space such that H*(X; Z) is finitely generated.
Suppose that G = Z,, p prime, acts on X with trivial action on H*(X; Z).
Then show that y(X) = 4(X%). (Hint: Apply 7.2 and Exercise 1.)



CHAPTER IV

LOCALLY SMOOTH ACTIONS ON MANIFOLDS

In this chapter we begin to study, systematically, actions of compact Lie
groups on manifolds. With a few exceptions, the results considered in this
chapter are of a rather general nature. Our study is carried out in the context
of locally smooth actions, which should be regarded as the analog of the
category TOP of topological manifolds. (We do not prove many deep
results about this category of actions, in the sense of results unattainable for
arbitrary actions of compact Lie groups on manifolds, but it is hoped that
the study of the locally smooth category may prove to be fruitful in the
future.)

Locally smooth actions are defined in Section 1 and it is shown that
such actions on R”™ have only finitely many orbit types. Orientability of
fixed point sets and related questions are considered in Section 2. The
concepts of principal, exceptional, and singular orbits are studied in Sections
3 and 4. In Section 5atheorem is proved which allows the reduction of certain
questions to the case in which the principal isotropy group is finite. Section
6 is devoted to a result of Borel concerning actions on a sphere with one
orbit type. Some general facts about the set of nonprincipal orbits are
considered in Section 7. In Section 8 we prove a theorem of Montgomery,
Samelson, and Yang which states that a locally smooth action on R" is
orthogonal if it has an orbit of codimension 1 or 2. A theorem of Conner
and Montgomery, showing that actions on tori are particularly simple,
is proved in Section 9. In Section 10 we prove a result of Mann which
states that an action on an orientable manifold with finitely generated
homology has only finitely many orbit types.

We shall assume all manifolds to be paracompact, whether or not this
is explicitly stated.

1. LOCALLY SMOOTH ACTIONS

Let M be a G-space, G compact Lie. Let P be an orbit of type G/H and
let ¥ be a euclidean space on which H operates orthogonally. Then a linear

170
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tabe about P in M is a tube (G-equivariant embedding onto an open neigh-
borhood of P) of the form

@: GXHV'—>M.

If x = ¢[e, v] is in P, then v is stationary under H and, since the trans-
lation of ¥ moving v to 0 is equivariant, it is no loss of generality to assume
that v = 0.
Let S be a slice at x in M. Then S is called a linear slice if the canonically
associated tube
GXg, S>M

(g, s1+> g(s)) is equivalent to a linear tube; that is, if the G,-space S is
equivalent to an orthogonal G, -space.

Note that I1.5.2 says that there is a linear tube about each orbit of an
orthogonal action on R~ (In a later chapter we shall show that this is true
for any differentiable action.)

We will say that the G-space M is locally smooth if there exists a linear
tube about each orbit.

Since G xy V is a V-bundle over G/H, it is a manifold. Thus M must
be a topological manifold if it is locally smooth. The category of locally
smooth actions is the analog, in the theory of G-spaces, of the category TOP
of topological manifolds.

If the G-space M is locally smooth and if x is a fixed point, then a neigh-
borhood of x in M is equivalent to an orthogonal action. This shows that
M@ is a topological submanifold of M in this situation.

If one takes the open cones over the examples of Chapter I, Section 7,
then one obtains actions on euclidean space whose fixed sets are not locally
euclidean at the origin. Thus not all actions on manifolds are locally smooth.

1.1. Proposition If M is a locally smooth G-space and if K = G is a
closed subgroup, then M is locally smooth as a K-space.

Proof Let P be a G-orbit of type G/H in M. Considering G as an orbit
of the (G X G)-action (by left and right translation) recall that G can be
embedded as an orbit in an orthogonal (G X G)-action on some R"; see
Chapter II, Section 5. Restrict this action to one of K X H, and consider
the orbit KH of e in G = R™. (Note that the isotropy group at e is {(/,
I"Y)|le KN H}= KN H.) By IL.5.2 an &-ball V, in the normal space to
KH in R” at e is a slice for this X X H action on R™ Then it is clear that
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W = V¥, N G is a slice for the action of K X H on G at e. Now W is equiv-
alent (as a (K x H)-space) to the intersection of ¥, with the tangent space
of G, for £ small, and hence is a linear slice at e in G for the action of K X H.

Put L = K N H. Since K acts from the left and H from the right in this
action of K X Hon G, L= Kn H acts on W by (I, w)—~ Iwi.

Letting L act by translation on the right of K and on the left of H [and
hence on W x H by (l, (w, h))r—> (Iwl-1, Ih)], the above remarks show
that the map

p: KX (WX H)Y—G

defined by @[k, (w, h)] = kwh, is a tube about KH in G for the action of
K x H.
Now let
pv: GXgU—->M

be a linear tube about the given orbit P with x = y[e, 0]. (Recall that
H = G,.) Then the composition

U
KXz WX H)) xg U2 GxgU—"s M

is a K-equivariant embedding onto an open set, by 11.2.1. But

(KX, (Wx H)) xgU=~K xp, ((Wx H) XgU)
~Kx,(Wx (HxgU))~Kx,(WxU)
and the induced map
0: KX, (WxU)y—-M

is just 0[k, (w, w)] = yleplk, (w, e)], u] = ylkw, u). Thus 0 is a K-equivariant
homeomorphism onto an open neighborhood of the K-orbit of 0]e, (e, 0)]
= yle, 0] = x. Since W and U are orthogonal L-spaces with W x U having
the diagonal action, and since L = K N H = K, 0 is a linear tube about
K(x)in M. |

Remark This proposition is, of course, a trivial corollary of the fact,
which we shall prove in Chapter VI, that a differentiable action is locally
smooth. The reader with good background in differential geometry may
well prefer that approach.

Since an orthogonal G-action has only finitely many orbit types (see
Chapter II, Exercise 2) and since the isotropy types of G on G Xy V come
from those of H on V (see 11.(3.4)) the following fact is clear.
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1.2. Proposition Let M be a locally smooth G-space and let C be a com-

pact subset of M. Then the orbit types of orbits touching C are finite in num-
ber. |

Remark This result is true for arbitrary actions on manifolds (and on
generalized manifolds) by compact Lie groups, but the proof is considerably
more difficult. The general case is due to Floyd [8], Mann [1], and Mostow
[2). For an exposition of this result see Borel [5, Chapters VI, VII]. The
proof of the following result is adapted from Floyd [11] and contains a
few aspects of the proof of this general result.

1.3. Theorem Let M be a paracompact topological manifold with acyclic
mod p cohomology for all primes p (e.g., M = R™). Then any locally smooth
action of a toral group T on M has only a finite number of orbit types.

Proof Suppose that x,, x,, ... is a sequence of points in M with distinct
isotropy groups. Since the collection of closed subsets of T form a compact
metric space with the Hausdorff metric

d(A, B) = max d(a, B) + max d(A4, b),

we may assume, by passing to a subsequence, that the T, convergeto G = T
(necessarily a subgroup). By I1.5.6 we see that T,, = G for i large, since T
is abelian. We may as well assume this for all i. Suppose that we could show
that F(T,,, M) = F(T,,, M) for i, j sufficiently large. Then T,, fixes x;,
so that T, < T,, and similarly T, = T,, for i, j large, contradicting our
assumption. Thus we have reduced the proof to the following lemma.

1.4. Lemma Let M be as in 1.3. Let G be a compact abelian Lie group
acting locally smoothly on M and let {G;|i=1,2, ...} be a sequence of
subgroups of G converging to G. Then F(G;, M) = F(G;, M) for all sufficiently
large i and j.

Proof Let us first note the following fact. If S is a toral group operating
on M and if K; « K, = ... is a sequence of p-groups (p a fixed prime)
converging to S, then F(K,, M) > F(K,, M) > --- is a sequence of mod p
acyclic (and hence connected) manifolds with intersection F(S, M). How-
ever, dim F(K;, M) is eventually constant and hence the F(K;, M) are
eventually constant by the invariance of domain. Thus F(S, M) is a mod p
acyclic manifold (for all p).
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Also note that F(G, M) = () F(G;, M).

Now we shall prove the lemma by induction on dim G, and we may
assume that dim G > 0. By passing to a subsequence, we may assume
that the F(G;, M) are all distinct. Since the G; converge to G, it is clear
that ord G; converges to infinity (where ord G; = co when dim G; > 0).
(To see this, intersect G; with the identity component of G and look at
the projections on some circle factor of this.) Thus we may choose sub-
groups H; of G; of prime power order (for varying primes) such that ord H;
converges to infinity, (since the largest prime power dividing » converges
to infinity as n goes to infinity). By passing to a subsequence, we see that
we may as well assume that the H; converge to a closed subgroup S of G.
Then dim S > 0, since ord H; goes to infinity. By intersecting the H,
with the identity component of S, we see that we may assume that S is
connected, and hence is a torus.

Since G acts locally smoothly, and hence has only finitely many orbit
types near any given fixed point x, it follows that F(H;, M) coincides with
F(S, M) near x for i large. But these are both connected manifolds and
hence F(H;, M) = F(S, M) for i large. Then, for i large,

F(G;, M) = F(G;, F(H;, M)) = F(G;, F(S, M)) = F((G:S)/S, F(S, M)).

Since dim G/S < dim G, the inductive assumption implies that the fixed
sets on the right side of this equality are all equal for sufficiently large i,
which contradicts our assumption that the F(G;, M) are all distinct. |

Remark 1In Section 10 we shall prove a result of Mann [2] which shows
that the conclusion of 1.3 holds for all orientable manifolds having finitely
generated homology.

By 1.3 and I11.10.14 we have

1.5. Corollary If M is a paracompact manifold which is acyclic over the
integers (e.g., M = R") and if the toral group T acts locally smoothly on
M, then MT is also acyclic over the integers. |}

If p: G Xy V— M is a linear tube with g[e, 0] = x, then the representa-
tion of G, = H on V is called a slice representation at x. We do not call it
the slice representation at x, since it is by no means clear that it is uniquely
determined by x (up to linear equivalence). It is, in fact, unknown whether
or not this is the case. (We remark, however, that for differentiable actions,
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where ¢ is required to be a diffeomorphism, the slice representation is
uniquely determined by x.) In the case of a fixed point x, this question re-
duces to the question of whether two topologically equivalent representa-
tions of a compact Lie group are necessarily linearly equivalent, and this
is unknown in general.

We conclude this section by remarking on the definition of local smooth-
ness for manifolds M with boundary. For this we require, for orbits P
lying in dM, tubes of the form

@: GxgVt—>M,

where ¢[e, 0] € P and V+ denotes the half space x;, = 0 in ¥V = R", where
x, denotes the first coordinate, and where H acts orthogonally on V+.
(Of course, for V+ to be invariant, H must leave the x,-axis stationary.)

2. FIXED POINT SETS OF MAPS OF PRIME PERIOD

In this section we shall prove some results concerning fixed point sets
of locally smooth actions on M of a cyclic group G having prime order p.
Our first result shows that if M is orientable and p is odd, then M€ is also
orientable. That this does not hold for p = 2 is shown by the involution
(X0 X1 1 X3 : X3) > (—X, @ Xy © X, : X3) on real projective 3-space P® whose
fixed set is the disjoint union of a point and P2

2.1. Theorem If G is a finite group of odd order or is a torus and if G
acts locally smoothly on an orientable n-manifold M, then each component
of M6 is orientable.

Proof The toral case reduces to the case of a p-group since each component
of M¥ is also a component of the fixed set of some subgroup of order a
power of p (see the proof of 1.4). Also an obvious induction (using the fact
that a group of odd order is solvable) reduces the finite group case to that
of cyclic G of odd prime order p, and we now assume this.

Let x be a fixed point and assume that its component in M has dimen-
sion r. Let U be an open n-cell about x on which G acts orthogonally (by
local smoothness). Let M, be the one-point compactification of M with
ideal point co. Since (M, M, — U) is a cohomology n-cell, by excision,
the remarks following IIL.5.2 (translated to cohomology) leading to the
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isomorphism IIL(5.3), show that there is a commutative diagram (where
coefficients are in Z, and B= M, — U)

H7(M.8, BO) S HyA(M,., B) S -+ 5 H(M,, B) < HY(M,, B)

H"(M.9, 00) 5 H* (M., 00) 5 - & HA(M,, c0) & HY(M,, 00).

(The right-hand vertical map is an isomorphism since M is orientable.)
Now H™(M, ,c0) ~ Z, and the same argument with Smith sequences
given under II1.5.2 (and in the proof of II1.9.2) shows that the homomor-
phism i*: H™(M, , co) — H*(M,, o0), on the bottom row, is an isomor-
phism. Thus the diagram shows that H"(M, ¢, (M, — U)%)— H"(M,¥, c0)
is a monomorphism.

If Fis the component of M? containing x and F, = F U {oo}, then the
map jp: M, ¢ — F, taking all other components of M€ to oo, is a retraction.
This gives the diagram

Z, ~ H'(F,, F, — U)>> H(M.°, (M, — U)®)

H'(F,, 00) — X — H/(M.%, c0)
which shows that H"(F,, 0o) 7 0, whence F'is orientable (since p is odd). |

Note that this discussion also holds with p = 2 (but does not show F
to be orientable, of course). Let us look at this proof a bit more closely
in the case for which M is compact (for convenience only). Let 6, denote
the composition

M) 5 o) 5 - S Haa) S Hea)
(0 may be ¢ when p = 2). Then we have shown that
Onjp*: H'(F)— H™(M)

is nontrivial, and hence is an isomorphism, when F is a component of M¢
and M is orientable (or p = 2). Now

Br(u) ~ T] HH(F)

over all components F of M€, with canonical inclusions j* (and projec-
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tions, the restriction maps H7(M®) — Hr(F) induced by the inclusions
F c M%),

Let 054 4 € H*(M) be an “orientation” over Z, and let ' € H'(F)
be the induced orientation of F, where Fis a component of M€ of dimension
r. That is, A7’ is chosen such that

0.jp*(A5') = A.

Put Ay = jp* (A7) € H'(MS). Suppose that F,, ..., F, are the components
of M® of dimension r (where r is now fixed) and consider the element

k
o = Z ailpl.; a; € Zp

i=1
of H'(M®). We have 0,(a) = (Xa;)A. Now &*: H(M%) — Hi (M) kills
a only if 8, does, and thus only if >.a; = 0 in Z,. The diagram III.(7.8)
has the form
Hr(M*)

I;V’(MG) H’“(M*, M)

E {0,1) =

H (M) — H,(M) @ H (M) —=— H+*(M)

This shows that « is the image of an element of H7(M*) only if *(e) = 0
and thus only if > a; = 0. Therefore we have proved the following theorem.

2.2. Theorem Let M be a compact, orientable (over Z,) manifold on which
the cyclic group G of prime order p acts locally smoothly. Then M€ is homolo-
gous to 0 (mod p) in M* = M|G in the following sense: If r is any integer and
F,, ..., F, are the components of M€ of dimension r, then there are nonzero
classes 0 # A € H'(F;; Z,), corresponding to A; € H'(M%; Z,), such that
if

YaA; € Im(H"(M*; Z,) > H'(M®; Z,)),

then Ya;,=0in Z,. |}

We remark that the corresponding statement in homology would state
that there are classes 07 u; € H,(F;; Z,) and u' € H(MS — F;; Z,)
(possibly 0), with images p; and u in H, (M%), such that x4 + > u; goes to
0 in H,(M*;Z,).
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2.3. Corollary If M is a compact manifold, orientable over Z,, then there
is no locally smooth action of a cyclic group G of prime order p having precisely
one fixed point. |j

2.4, Corollary If M is a compact manifold and if T is a locally smooth
involution on M having only isolated fixed points, then the number of fixed
points is even. |

2.5. Corollary Let M be a compact manifold, orientable over Z,, and
let r be the maximum dimension of the components of M®. Suppose that M¢
has just one component of dimension r, say F. Then F is not a retract of M*.

Proof If F is a retract of M*, then H"(M*;Z,)— H'(F;Z,) is onto,
since the retraction gives a right inverse to this map. However, H'(F; Z,)
= H"(M®%; Z,) since the other components of M€ all have dimension less
than r, and this contradicts 2.2. ||

Remarks Theorem 2.1 is due to Smith [2]. Mostow noticed the fact that
Smith’s proof of 2.1 also essentially proved 2.3. Theorem 2.2 and its corol-
laries are from Bredon [3] and we asked there whether these results extend
to actions of general p-groups. That this is not the case is shown by the map
(207 2yt 2,) = (Z: — 2, Z;) on CP? which has period 4 and exactly one
fixed point (1:0:0). (This is from Conner and Floyd [8].) Also the maps
(2ot 2y 258 Z5) (29 230 250 z;) and  (2q: 218 25t 23) > (25! 2, 2,2 wz3) on
CP3, where w is a primitive cube root of unity, generate a group of order
34 which has just one stationary point (1:0:0:0). However, for differentiable
actions of cyclic groups of odd prime power order, it was conjectured in
Conner and Floyd [8] that 2.3 generalizes. This was later proved to be the
case in Atiyah and Bott [2] and in Conner and Floyd [9]. Whether the more
general result 2.2 holds for actions of cyclic groups of odd prime power
order, is still in question.

We conclude this section by proving a relatively simple global version
of a result of Yang [2]. It will be generalized considerably in Chapter V.
To motivate it we recall that the fixed point set of an involution on a sphere
is a mod 2 cohomology sphere. Also, the examples of Chapter I, Section
7 show that the fixed point set may have odd torsion in its homology and
may have codimension 2. The following result shows that this cannot hap-
pen in codimension 1.
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2.6. Theorem Let G = Z, act locally smoothly on a compact integral
cohomology n-sphere X' with 2 of dimension n — 1. Then X¢ is an integral
cohomology (n — 1)-sphere, and X* is acyclic over the integers and has a
global cross section in X.

Proof We know that 2¢ has the mod 2 cohomology of §*~1. The exact
sequence

0 — H(Z%; Z,) > HNZ, 295 Z,) > HY(E; Z) >0

of the pair (X, 2%) and Alexander duality H"(Z, 2¢; Z,) ~ H(E — 2¢; Z,)
show that 2 — X¢ has two components. Let M, and M, be the closures of
these components, so that M, U M, =X and M; n\ M, = 2% Consid-
eration of a neighborhood of a point in 2'¢ shows that G permutes M,
and M, and hence that M, =~ M, =~ 2*. The map X' — 2* ~ M, shows
that M, is a retract of 2. Thus H*(2*; Z) is a direct summand of H*(Z; Z)
and it follows that XZ* is acyclic. Poincaré-Lefschetz duality H—1(X¢; Z)
~ Hi(Z*, X¢; 1) ~ H,_{(Z*; Z) implies that € is an integral cohomology
(n — 1)-sphere. |

3. PRINCIPAL ORBITS

In this section we shall prove the existence of a maximum orbit type for a
locally smooth action on a connected manifold, and shall discuss its con-
sequences. As with most of the results of this chapter, this result can be
proved for actions which are not locally smooth (see Montgomery [6])
but it is considerably more difficult in that case. Throughout this section G
will be a compact Lie group acting locally smoothly on the n-manifold M
with M* = M/G connected.

3.1. Theorem There exists a maximum orbit type G/H for G on M (i.e.,
H is conjugate to a subgroup of each isotropy group). The union M g, of the
orbits of type G/H is open and dense in M and its image M¥g, in M* = M|G
is connected.

Proof The proof will proceed by induction on the dimension n of M.
Using the inductive assumption, we shall first prove the result “locally”
on M*. Consider a linear tube

G xgV— M.
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Then K acts orthogonally on ¥ and thus its action may be thought of as
that on the open cone over the action of K on the unit sphere Sin ¥ about
the origin. Now dim S < dim M (in fact dim ¥ < dim M unless K = G)
and K is locally smooth on S by IL.5.2. By the inductive assumption there
exists a subgroup H of K with Sz, open and dense and S, connected.
(There is one exception to this, when S is the O-sphere and K acts trivially
on S; but then all orbits of K on V are the same, namely trivial.) Then
Vi and Vi, are the open cones less the vertex onS gy and Sy, , respectively;
or, when H =K, Vg, = V and V¥, = V*. Thus V¥, is connected, open,
and dense in V*, and all other orbits of K in V have strictly smaller type
(by the inductive assumption or simply by the density of ¥, and by I1.5.5).
Suppose that K/L is another orbit type occuring in V. Then, by conjugating,
we may assume that H ¢ L < K with H 7~ L. Then L and H differ either
in dimension or number of components and thus cannot be conjugate in G.
Since subgroups of K which are conjugate in K are, a fortiori, conjugate
in G, it follows from this that

(G Xg V) = G Xg (Vimy)-

Also
(G X Vtmy = Vi

under the homeomorphism (G X g V)* =~ V* of 11.3.3, and this is connec-
ted, open, and dense in (G X x V)*.

Thus, for each point x in M, we have found a neighborhood U,* of
x* and a connected, open, dense subset W_* of U,* such that all orbits
in W_* have the same type and all other orbits in U,* have strictly smaller
type.

Now if H is any subgroup of G, let C g, be the closure of int M{y,. Then
x* is in Cg, iff W, * consists of orbits of type G/H and, in this case, Cg,
> U.*. Thus C, is both open and closed and it follows that Cz, = M*
for some H (now fixed) and Ck, = ¢ if K is not conjugate to H. Then
M}y, is open since MYy, N U,* = W,*, and it is also dense. Also all other
orbits have type strictly smaller than that of G/H. If D is a component of
MYy, , then, since W, * is connected for each x, we see that D is open (and
closed) in M*. Hence M¥;, = D is connected. ||

The maximum orbit type for orbits im M guaranteed by 3.1 is called the
principal orbit type and orbits of this type are called principal orbits. The
corresponding isotropy groups are called principal isotropy groups. If P
is a principal orbit and Q is any orbit, then there is an equivariant map
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P— Q. If P~ G/H and Q = G/K, then H is conjugate to a subgroup
of K and, without loss of generality, we may assume that X > H. Then
an equivariant map P — Q is a fiber bundle projection G/H — G/K with
fiber K/H. If dim P > dim Q (i.e., dim K/H > 0), then Q is called a sin-
gular orbit. If dim P = dim Q, but P and Q are not equivalent (i.e., P -Q
is a nontrivial covering map; that is, K/H is finite and nontrivial), then Q
is called an exceptional orbit.

Let us collect some elementary properties which will be used continually.

3.2. Theorem Let xe€ M with K= G, and let V be a linear slice at
x. Let ve V. Then

() K(v) is principal, exceptional, or singular for K on V according as
G(v) is principal, exceptional or singular for G on M.

(i) If H < K is a principal isotropy group for K on V (and hence prin-
cipal for G on M), then G(x) is nonsingular (i.e., principal or exceptional) iff
K/H is finite. In this case H is normal in K and is precisely the noneffective
part of K on V.

(iii) G(x) is principal iff K = G, acts trivially on V. In this case G Xg V
= (G/K) x V.

(iv) (G xx Mk = G xXg VE = (G/K) x VK.

(v) If H c K s a principal isotropy group for K on V, then (G X g V),
=G Xg(Va)-

Proof Let K(w) be principal in ¥ and suppose, as we may, that H = K,
< K,. Since G X g (Vi) is open in G X g V, and consists of orbits of type
G/H, we see that H is a principal isotropy group for G on M. Since K(v)
is principal, exceptional, or singular according as K,/K,, = G,/G,, is trivial,
finite and nontrivial, or infinite, we obtain (i). Part (v) is immediate from
this. Part (iii) is clear, as is the first part of (ii). If K/H is finite, then K-
orbits in V are finite and a slice at a point in V is just a small open neigh-
borhood of the point in V. Thus (in this case) H leaves an open set stationary
and hence H acts trivially on V. From this it is clear that H is just the non-
effective part of K on V and, in particular, H is normal in K. This proves
(ii). If G(v) is an orbit of type G/K, then K ~ G, < K and this implies
that G, = K (that is, v € ¥X). This implies (iv). ||

Note that if M is a sphere, for example, then by 3.2(iii), a principal orbit
embeds in the sphere M with a product neighborhood. This is known to be
a strong restriction on the possibilities for the principal orbit. (It implies
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that the principal orbit is stably parallelizable and hence that all of its
characteristic classes are zero.)

We shall now proceed to analyze the orbit structure of a locally smooth
action a little more closely.

3.3. Theorem Let K be a subgroup of G and let M i, denote the set of
points on orbits of type G/K. Then Mg, is a topological manifold (locally
closed in M), and its closure ATK, consists of orbits of type less than or equal
to type G/K. The orbit map M g, — Mg, is a fiber bundle projection with
fiber G/K and structure group N(K)/K.

Proof 1If x € Mg, then type G(x) < type G/K by 11.5.5. If equality holds,
then any orbit in Mg, near G(x) has type greater than or equal to type G(x)

and hence has type equal to type G(x). Thus M, is open in M, and
hence is locally closed in M. Let P be an orbit in M g,. Then P has a linear
tube of the form G X g V. Clearly, the subspace of this consisting of orbits
of type G/K is just G X g VX = (G/K) X V¥ which is a manifold since V¥
is a linear subspace of V. The last statement follows from I1.5.8 (or directly
from the discussion above). |

3.4. Lemma For any K = G, Mg, consists of only finitely many compo-
nents in the neighborhood of any orbit of M.

Proof By induction on dim M this is satisfied for the action on the unit
sphere in a linear slice. Compactness shows that it holds globally on the
sphere and then it is clearly satisfied on the associated linear tube. ||

3.5. Lemma Let C = M be locally closed and invariant. Then dim C
= max dim(C N Mg,) and dim C* = max dim(C* N M¥,), where K
ranges over the subgroups of G.

Proof Since dimension has a local character, we may assume that there
are only finitely many orbit types in C. Then we can prove the lemma by
induction on the number of orbit types occurring in C. Let L < G be such
that C N Mz, 7 & and such that no larger orbit type occurs in C. Then
My, n C is open and, by induction, dim(C — M g,) = max{dim(C
N Mig)) | K~ L}. But dim C = max{dim(C — Mz,), dim(C N M)} by
Hurewicz and Wallman [1, p. 32], which proves the assertion (the statement
on C* following in the same way). J]
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3.6. Theorem Let K be any subgroup of G. If D is a component of M?z,,
then dim(D — D) < dim D. Thus

dim(Mp, — M¥,)) < dim MY, .

Proof Note that the orbit types in D — D are strictly less than type G/K.
By 3.5 it suffices to show that if L contains K properly, then dim(D N M¥;,)
< dim D. By taking a linear slice at a point of an orbit in D N M¥,, this
is reduced to the case L = G (and to an orthogonal action); that is, to
showing that dim M9 < dim D (where D consists of orbits of nontrivial
type). However, if S is a sphere in the orthogonal complement of M¢
(in the orthogonal case), then S* N D < S¥, is a manifold and D is just
the product of M¢ with (S* N D) x Rt, whence dim D > dim M¢ + 1. |}

For any subgroup K of G we put
Eg) = {x € Mg, | dim G(x) = dim G/K but type G(x) # type G/K}.

Note that By, and B, U Exy = Mg, — My, are both closed sets.

If H is a principal isotropy group, then Mg, = M and thus By, is just
the set of points on singular orbits, and Ey,, those on exceptional orbits.
We put B = By, and E = Eg, when H is principal.

3.7. Proposition For any subgroup K of G we have

dim B(K) S dim M(K) — 2,
dim E(K) S dim M(K) — 1.
Proof By 3.5 it suffices to show that dim (Bx, N M) < dim Mg, — 2
(and similarly for E g,). However, B, N Mz, is a bundle over Bz, N MY,
with fiber G/L. By 3.6 we have
dlm B(K) m M(L} = dlm(B?‘K) ﬂ M(*L)) + dlm (G/L)
< dim M{, — 1 4+ dim(G/L)
< dim M, — 1 4+ dim(G/K) — 1
= dim M(K) - 2.

The other inequality follows in the same way. |
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3.8. Theorem If d is the dimension of a principal orbit (i.e., the maximal
dimension among all orbits), then dim M* =n— d and dim(B* U E¥*)
< n— d— 1. Also the union of all nonprincipal orbits of dimension at most
t is a closed set of dimension at most n — d + t— 1. Thus dim B <n— 2
and dim(BU E)<n— 1.

Proof 1If H is the principal isotropy group, then My, is open and thus has
dimension n. This is a G/H-bundle over M%;,, so that dim MY, =n— d.
By 3.6, dim(B* U E*) <n— d — 1 and thus M* = M}¥;, U B* U E* has
dimension n — d. The next to last statement follows from the inequality
dim(B* U E*) < n— d— 1 and from 3.5 (see the proof of 3.7). Of course,
the last statement follows from this, or directly from 3.7. |

We shall need the following fact later in the section.

3.9. Proposition Let K be a subgroup of G and suppose that M g, has
dimension k. Then
H*(G(ME), , 00; Z,) # 0.

Proof Let C = G(MX) which is just the union of all orbits of type less
than or equal to type G/K. Let N = N(K) and consider the twisted product
G X y ME, This is a manifold since it is a bundle over G/N with fiber ME. Let

Q: G XNMK'—PC

be the action map ¢[g, x] = g(x). Now G x y (MX N M ,) is an open sub-
set of G X y ME and ¢ takes it homeomorphically onto M g, by 11.5.9. Let

VoG xXy(MEN Mg)

be an open k-cell and let W be the component of G X y MX containing
V (so that W is a connected k-manifold). Let V' = @(V) be the home-
omorphic image of Vin M, < C. The map ¢ (which is proper) and the
inclusions give a commutative diagram (where 4+ denotes one-point com-
pactification, as usual, and coefficients are in Z,)

H¥C,,C, — V)L L BY(W,, W, — V)

~

H¥C,,00) —Z HY(W, , c0)

which shows that H¥(C,, 00) # 0 as claimed. ||



3. PRINCIPAL ORBITS 185

Remark For later reference let us note that the proof of 3.9 can easily be
sharpened to yield the following further information. Suppose that A4 is a
closed set containing G(M¥) and that there exists a k-manifold U which is
an open subset of 4 with U < 4 N M,, where k = dim Mg,. Then
HYA, , 00; Z,) # 0. Moreover, if U is nonorientable, then H¥4, , co; Z)
contains 2-torsion.

Suppose that G(x) is an exceptional orbit and let S be a linear slice at x.
If H < G, is a principal isotropy group for G, on S, then, by 3.2, H is just
the ineffective part of G, on S and thus G,/H is a finite group acting ef-
fectively on S. If S% has codimension 1 in S, then G(x) will be called a spe-
cial exceptional orbit. In this case, G,/H has order 2 and acts by reflection
across the hyperplane S% of S. Thus the set SE of points on special excep-
tional orbits is open in F and has dimensiond + dimS — 1 =d 4 (n — d)
—1 = n— 1. If x is on an exceptional orbit which is not special exceptional,
then, for a slice S at x, G(S)(g,) = G(S¢) has dimension equal to dim G(x)
4+ dim $% < d+ (n—d— 1) = n— 1. Thus it follows that

dim(E — SE) <n— 2,

(3.10) .
dim(E* — SE*) <n—d— 2.

3.11. Proposition If M isorientable, then principal orbits are orientable.

If M is orientable and the principal orbits are connected (so that all orbits
are connected), then the special exceptional orbits are nonorientable.

Proof 1If P = G/H is principal, then P has a product neighborhood in M
which is orientable, and thus P must be orientable. If @ =~ G/K, K > H,
is special exceptional and G/H is connected, then Q has a neighborhood of
the form

G Xg V= (G/H) XgmV

and K/H =~ Z, reverses orientation on V. Since this neighborhood is
orientable and since G/H is connected, K/H must reverse the orientation
of G/H. Hence G/K = (G/H)/(K/H) is nonorientable. [

The following result shows that SE is empty in most cases of interest.

3.12. Theorem If H,(M; Z,) = 0 and if a principal orbit is connected
(and hence all orbits are connected), then there are no special exceptional
orbits (ie., dim E < n— 2).
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Proof Poincaré duality implies that H"1(M,,oc0;Z;) =0. Let K be
the isotropy group of a point on a special exceptional orbit. Then M,
has dimension n — 1 and 3.9 shows that

HY(D,,00; Z,) # 0,
where D = G(MX). The exact sequence (mod 2)
0 = HY(M,, 00) - HY(D, , c0) > HM,, D,) - HY(M,,0) — 0
of the triple (M,, D, ,co0) then shows that
HyM — D; Z,) ~ H¥M,, D, ; Z,)

has rank at least 2. Thus M — D is disconnected. Since the orbits are con-
nected, this implies that M* — D* is disconnected. But the set U* < M*
— D* of principal orbits is connected by 3.1, and is dense in M* (hence
in M* — D*), so that M* — D* is connected; giving a contradiction. ||

Remark The main results of this section were proved, in more generality,
in Montgomery, Samelson, and Zippin [1], Montgomery, Samelson, and
Yang [1], Yang [2], and Montgomery and Yang [2]. Also see Montgomery
[6].

4. THE MANIFOLD PART OF M*

In this section, as in the last, G will be a compact Lie group acting locally
smoothly on an n-manifold M with M* connected, and d denotes the max-
imum orbit dimension, so that dim M* = n — d. We shall first investigate
the question of how closely M* resembles a manifold with boundary. Of
course, M* need not be a manifold with boundary, the simplest example
being the antipodal map in R3. However, we shall prove a useful elementary
result stating that M* is a manifold with boundary outside of some closed
set of codimension at least 3.

41. Lemma Ifn— d <2, then M* is a manifold with boundary.

Proof Put k = n— d, the codimension of the principal orbit (i.e., the
dimension of the orbit space). One can analyze the local structure of M*
by induction on k as follows. A linear tube in M has the form G Xg V
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and (G X g V)* = V*, which is the open cone over S* where S is the unit
sphere in V. But dim M* = dim V* = dim $* + 1. If k = 0, then M*
is discrete, and if M is a sphere, then M* is one or two points (admitting
here the disconnected case). Thus when k = 1, M* has the local structure
of the open cone over one or two points, and hence is a 1-manifold with
boundary. When k = 1 and M is a sphere, then M* is a compact, connected
1-manifold and hence is an arc or a circle. If £ = 2, then M* has the local
structure of an open cone over an arc or a circle, and hence is a 2-manifold
with boundary. ||

4.2. Llemma Let K < G and let D be a component of M}z, having di-
mension n — d — 2 at least. Then M* is an (n — d)-manifold (possibly with
boundary) in the neighborhood of any point of D.

Proof 1t suffices to consider a linear tube G X g V about an orbit cor-
responding to a point of D. Since

(G xxg V=G xg VE = (G/K) X VE

we see that V& has dimension n — d — 2 at least. Also V* has dimension
n — d. Let W be the normal plane to VX in V. Then V* ~ W* x VE and

dim W* =dim V* —dimVE<(n—d)— (n—d—2) = 2.

By 4.1, W* is a manifold with boundary and hence (G X V)* ~ V*
= W* x VK is also a manifold with boundary. ||

4.3. Theorem Let C* < M* be the union of all components of dimension
less than or equal to n — d — 3 of M}g, for all K < G. Then C* is a closed
set, dim C* <n—d— 3, and M* — C* is an (n — d)-manifold with
boundary.

Proof By 3.6, C* is the union of the closures of these components and,
by 3.4 and local finiteness of number of orbit types, this union is locally
finite. Thus C* is closed. By 3.5, dim C* << n — d — 3. The complement of
C* consists of points on components of M}, having dimension at least
n — d — 2, so that the conclusion follows from 4.2. |

It is of interest to ask when M* — C* is orientable. The following result
shows that this is the case for most situations of interest.
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4.4. Theorem If H,(M;Z,) =0 and if all orbits are connected, then
(with the notation of 4.3) H,(M* — C*; Z,) = 0 and M* — C* is orientable.

Proof For some base point in M* — C*, consider the diagram (where
C is the inverse image of C* in M)

(M — C) —— H(M— C; Z)

n(M* — C*)—s Hy(M* — C*; Z).

By 11.6.3, 7, is onto. The horizontal maps are onto by the Hurewicz Theo-
rem. Thus 7, is also onto. Since H,(-; Z) — H,(-; Z,) is onto by the Uni-

versal Coefficient Theorem (or by the sequence induced by 0 — 252
— Z, — 0) the same argument shows that H,(M — C; Z,) — H,(M* —C*;
Z,) is onto. Now dim C << d + (n — d — 3) = n — 3, by the proof of 3.7.
Thus Poincaré duality and the exact sequence of the triple (M., C,, o)
show that

H(M— C;Zy) =~ ﬁn-l(M+, Cy;Z)~ H"Y (M, ,00;Z,) ~ H\(M; Z,) =0.

Consequently, the homomorphic image H,(M* — C*;Z,) is also 0 as
claimed. This implies the orientability of M* — C* as follows: If M* — C*
were nonorientable, then x,(M* — C*) would have Z, as a quotient group
and thus its abelianization H,(M* — C*; Z) would have Z, as a quotient
group. Thus, multiplication by 2 on H,(M* — C*; Z) would not be onto,
and the exact sequence

H,(M* — C*; Z) > H\(M* — C*; Z) > H,(M* — C*; Z,)

would contradict the triviality of the group on the right. (Alternatively,
Poincaré duality mod 2 can be used to show that M* — C* is orientable.) |

4.5. Corollary If H(M;Z,) =0 and if all orbits are connected, then
every orbit of (maximal) dimension d is orientable.

Proof Note that M is orientable by the remarks at the end of the proof
of 4.4. A principal orbit G/H is orientable by 3.11. Let K > H and let
Q =~ G/K be an orbit of dimension d. Then a linear tube about Q has the
form

G XgV= (G/H) X g/H vV
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by 3.2. Since this tube is orientable, the finite group K/H must preserve
the orientation of (G/H) x V. If Q = (G/H)/(K/H) is nonorientable, then
K/H reverses the orientation of G/H and hence of V. By 3.12 the complement
of (G Xg V) = G Xg(Vy,) has codimension at least 2, and the same
must then be true of V' — Vg, in V. Thus Vg, is open, connected, and dense
in ¥ and thus K/H reverses its orientation. Thus (G Xg V)m) = Vi, is
nonorientable. However, this is an open subset of M* — C* which is orien-
table by 4.4. ]

Remarks More general versions of 4.1 and 4.3 can be found in Bredon
[1, 5]. In the cases M = R" or S*, 4.5 was proved in Montgomery [5, 6] by
a somewhat different method, and 4.4 is similar to a theorem proved there.

Examples Let G = SOQ), let H= SO(2), and let N = N(H). Then
G/H =~ 8% G/N =~ P? and N/H ~ Z,. Let N act on S? via N — N/H and
the antipodal action of N/H on S2. Let

M =G xyS*= (G/H) Xz, ~ S* Xz, S

(where Z, acts antipodally on both factors of S x S?%). Then M is orien-
table since Z, preserves orientation on S% X S2%, but M* =~ SZ/N =~ P2 is
nonorientable. This shows that orientability of A is not enough for 4.4.

Now let N act on S® via N — N/H and the action of N/H on S? by re-
flection across a 2-sphere. Put

M =G xyS = (G/H) Xz,5° ~ §* X7, S

which is orientable. Also M* =~ S3/N =~ D?® is orientable. However, the
orbits of G on M have the types G/H = S? which is principal and G/N
=~ P? which is (special) exceptional. This shows that orientability of M
and M* — C¥* is not enough for the conclusion of 4.5 in the presence of
special exceptional orbits. If SE = ¢ however, the proof of 4.5 shows
that orientability of M and M* — C¥* is sufficient for the conclusion of 4.5.

The next result shows that quite often M* is a manifold with boundary
outside a set of codimension 4 rather than 3.

4.6. Theorem Suppose that H (M ; Z,) = 0 and that all orbits are con-
nected. Let C* be the union of all components of dimension less than or equal
ton—d— 4 of M, for all K = G. Then C* is a closed set, dim C* <n
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—d— 4, M* — C* is an orientable (n — d)-manifold with boundary and
H/(M* — C*; Z,) =0,

Proof Recall the proof of 4.3. We shall only show how to modify it to
obtain the present improvement. Suppose first that we are given a locally
smooth action on a sphere S with orbit space $* of dimension 2. Then by
4.1, $* is a 2-manifold with boundary and, by I1.6.5, H,(S*;Q) = 0.
This implies that S* is either S2, D%, or P2 Recalling the proof of 4.2 we
see that if M* — C* is not a manifold with boundary, then there is a point
in it with a neighborhood homeomorphic to the product of the cone over P?
with a euclidean space. Removal of a set of codimension 3 in this cannot
alter the fact that it is nonorientable and this would contradict 4.4. []

4.7. Corollary Suppose that d = n— 3, that M is compact and simply
connected and that all orbits are connected. Then M* is a simply connected
3-manifold with or without boundary. |

5. REDUCTION TO FINITE PRINCIPAL ISOTROPY GROUPS

In this section we shall prove a theorem from Bredon [2, 5] which allows
the reduction of certain questions about actions on spheres or euclidean
space to the case in which the principal isotropy group is finite.

We assume throughout that G is a compact Lie group acting locally
smoothly on an n-manifold M with M* connected, and d denotes the
maximum orbit dimension.

First let us note the following technical fact.

5.1. Lemma If K < G, then N(K) acts locally smoothly on MX.

Proof Since N(K) acts locally smoothly on M by 1.1, we may as well
assume that K is normalin G. If x is fixed by Kand L = G, (so that K < L),
then a linear tube about G(x) has the form G X j, V. Since K is normal, we
have K[g, v] = [Kg, v] = [gK, V] = [g, Kv], and it follows that

(G X VE=G x5
which is a linear tube about G(x) in MX. ]

The following theorem is our main result.
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5.2. Theorem Let H be a principal isotropy group and let T be a maximal
torus of H. Let MyT denote the union of those components of MT which in-
tersect M g, nontrivially. Then the natural map

@: MIN(T) > M|G

is a homeomorphism and takes the set of principal orbits for N(T) on M,T
onto the set of principal orbits for G on M.

Proof Let N = N(T). A linear tube about a principal orbit has the form
G Xy V= (G/H) x V and the fixed set of T on this is

NHXV N

7] ~~Narg "

by the remarks in Chapter I, Section 5. Thus (N/(N n H)) X Vis a linear
tube for N on M,T. This shows that M%;,/N = M 5,/G (which is connected,
open, and dense in M*). The closure of M, is contained in M,T and ¢
maps this to a closed set containing M?¥;, and hence onto M*. Also M{y,
is open in M,T and consists of N-orbits of type N/(N n H). Since, by
definition, M7;, touches each component of M, and since M,/N is con-
nected, it follows that M,T/N is connected. Also, N/(N n H) is the prin-
cipal orbit type for N on M,T. (In particular, each component of M,T has
dimension m =n—d+dmN/NNnH)=n—d+dimN/T)If Ko H
is an isotropy group of the same rank as H, so that T is also a maximal torus
of K, then N is transitive on (G/K)T. Hence ¢ is one—one on the set of all
such orbits.

Now let D < M be the set of points x for which G, has larger rank than
does H. Then D is contained in the singular set B for G on M. Also,ifx€ D
N M7, then G, N N contains a maximal torus of G, containing T (and
hence has rank larger than that of H) so that N(x) is singular for N on M,".

By IL5.7, N has only finitely many orbits on each (G/K)T, K > H. This
means that ¢ is finite to one and, as remarked above, @ is one—one on (M,"
— D)/N— M* — D*.

Since @ has a natural extension to the one-point compactifications,
it is proper, and hence closed. Thus to show that ¢ is a homeomorphism,
it suffices to show that it is one—one. Let x* be in D* and let ¢~1(x*)
={xy, ..., %}, k> 1. Let U,, ..., Uy, be pairwise disjoint neighbor-
hoods of the x; in M T/N. Since @ is closed, there exists an open connected
neighborhood V* of x* in M* such that ¢ }(V*) < U, U...uU U;.
Put V; = ¢ Y(V*) N U;. Let =: M — M* be the orbit map and let
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V = a~}(V*). Since D N M,T is in the singular set for N, we see that each
V;— (D/N) is nonempty, so that (J;(¥; — (D/N)) is disconnected. Since
@ is proper and one-one on M /N — D/N— M* — D*, it is a home-
omorphism there. Thus V* — D* = ¢~ 1(V* — D*) = ;(V; — (D/N)) is
disconnected. However, V* is connected and D n V is in the singular set
for the action of G on V. But the set V¥%;, of principal orbits in V is con-
nected and dense in V*, and hence dense in V* — D* Thus V* — D*
is connected, a contradiction. Thus ¢ is a homeomorphism.

It remains to show that principal orbits correspond under ¢. The discus-
sion has already shown that Q € MT/N is principal when @(Q) € M* is
principal. Suppose that Q is principal for N and consider ¢(Q) € M*,
Then ¢(Q) = G(x) for some point x and we may take x such that H occurs
as an isotropy group H = G, = K, of K = G, on a linear slice S at x. Then
T fixes the segment in S between x and y so that x € M,T and hence Q
= N(x). Also K/H is principal for K on S so that K/H is orientable by 3.11.
Since Q is principal, N " H = N N K, and we must show that K = H. Now

(NnK)H _NnK

(KJH)T = H T NN H

= a point.

If dim H = dim K, then (K/H)T = K/H, sothat H = K. If dim K > dim H,
then each component of K/H has positive dimension. Since the elements
of prime order in T are dense, there exists one, say ¢, not occurring in any
of the (finite number of) proper isotropy subgroups of T on K/H. However,
t then has the same fixed set as does 7 on K/H, namely one point, and this
contradicts 2.3. (There are also other, more Lie group theoretic, proofs of
this fact.) |}

Remark The singular orbits for N(T) on M,T clearly correspond, under ¢,
to those orbits of G on M whose isotropy group has larger rank than does
H. Thus @ takes singular orbits into singular orbits. However, it may also
take some exceptional orbits of N(T') on M,T to singular orbits of G on M.
Since T is the identity component of H N N, we see that the induced
act'on of N/T on M,T has finite principal isotropy group (H N N)/T.

Example It is not generally true that M,” coincides with M7. This is
shown by the action of U(2) on CP? = M given by the standard inclusion
U(2) < UQ3); that is, G = U(2) acts on the first two homogeneous coor-
dinates of points z = (z,: z;: z,) of CP% Taking .| z;|? = 1 as we may,
we note that the orbits of G correspond exactly to | z,| in [0, 1]. That is,
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zr>| z,| induces a homeomorphism CP%/G — [0, 1]. The orbit |z,] =0
is just CP* =~ S* with isotropy group U(1) x U(1). The orbit | Z|=11is
just a point. The orbits with 0 < | z,| < 1 are just 3-spheres with standard
G = U(2) action and isotropy group U(1) x {I}. The latter are the principal
orbits and thus the principal isotropy group H = T = U(1) x {I} is its
own maximal torus. Note that T has a circle of fixed points on each prin-
cipal orbit S* =~ U(2)/U(1), and it is easy to see that T has exactly two
fixed points on the 2-sphere orbit | z, | = 0. Thus it is not hard to conclude
(or to observe directly) that the fixed set of T on CP2 = M consists of a
2-sphere (which is M,T) together with a disjoint point. Thus MT/N(T) is
an arc (homeomorphic to M/G) together with one extra point.

Note, however, that if M = S" or M = R” (for example) then I11.10.10
and 1.3 imply that M7 is connected, so that M, = MT in these cases.

Example Suppose that G is connected and let G act on itself M = G
by conjugation. The isotropy group of a point is its centralizer and this
has maximal rank in G. Since there are points, called regular points, whose
centralizer is a maximal torus, it follows that a principal isotropy group is
a maximal torus T of G, and also that regular points are just points on prin-
cipal orbits. Now MT is the centralizer of T and hence is just T itself, and
N(T)/T is called the Weyl group of G and is effective on T. Since T = MT
is connected, we have M,T = MT and thus 5.2 implies that if two elements
of T are conjugate in G, then they are conjugate by an element of the Weyl
group. Also 5.2 shows that a regular point of T is just a point with trivial
isotropy group under the action of the Weyl group. Of course, this is a
well-known fact about compact Lie groups and can, and should, be proved
directly. (Note, however, that since the principal isotropy group, and hence
all isotropy groups, have maximal rank in this example, most of the compli-
cations in the proof of 5.2 are unnecessary for this result.) This example
is mentioned here only to point out that 5.2 should be regarded as a gener-
alization of this classical result.

Recall that dim M® <dim(B* U E*) <n—d— 1. Also, if T’ is a
maximal torus of G and the action is effective, then an easy induction using
II1.10.12 and II1.10.2 (or standard representation theory) applied to the
unit sphere in a linear slice about a fixed point of 7', we see that dim MT’
<n— 2rank T'. The following result, from Bredon [5], improves both
of these inequalities (see 5.4 below) and illustrates the use of the reduction
to finite principal isotropy groups.
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5.3. Theorem Let H be the principal isotropy group of the locally smooth
action of G on the n-manifold M with maximal orbit dimension d = dim G/H.
Put r = rank G — rank H. Let T' be a maximal torus of G. Then

dmMT' <n—d—r.

If M is a rational homology n-sphere, then this inequality also holds when
MT = &, where dim MT’ is taken to be —1.

Proof We shall prove the inequality by induction on n = dim M. First
we shall reduce the inequality to the case in which H is finite. Let x be a
point of the component of M7’ having the largest dimension. We can take
H < G, to be a principal isotropy group which occurs as an isotropy group
of a point in a linear slice at x, and T a maximal torus of H. Then x is in
Mg, so that the component of MT’ containing x is contained in M.
Let N = N(T'). By applying the inductive assumption to the action of N/T
on M,T we see that [since (N N H)/T is finite]

dim M™* = dim(M,)T"T < [n — d + dim(N/T)] — dim(N/T) — r

=n—d—r

as claimed. If MT’ is empty and M is a rational homology sphere, then
MT = M.T is also a rational homology sphere by II1.10.10 and the same
remarks apply.

Thus we may assume that H is finite and hence that d = dim G and r
= rank G. First suppose that M7’ 74 ¢ and let x be a point in a component
of MT’ of maximal dimension. Let S be a linear slice at x and note that
T’ < G, so that rank G, = r. By the inductive assumption, applied to the
unit sphere in S, we have

dim S7° < [n — dim G(x)] — dim G, — rank G, =n—d — r.

Let g: S— S/G, denote the orbit map and so on. If X has maximal rank,
then N(7”) is transitive on (G/K)T'. Thus

ag(ST) =~ ST'|(N(T') N G;)
and, since N(T")/T" is finite, it follows that dim ST’ = dim 7g(ST"). Similarly

dim M7’ = dim 7, (MT"). Now 7y (MT’) consists exactly of those orbits
whose isotropy group has rank r, and it follows that 7g(S7") =~ 7gs((GS)T")
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under the canonical homeomorphism S/G, =~ GS/G. Thus

dim M7’ = dim(GS)™" = dim 7g5((GS)™") = dim 75(ST")
=dimST" <n—d—r

as claimed.

Now suppose that MT' = (7 and that M is a rational homology sphere.
Then the case r = 1 is trivial and we may assume that r > 1. By II1.10.12
(or as an easy consequence of III.8.1) there exists a subtorus 7" of T’ of
codimension 1 such that M7 == (5. Let x be a point of M7"’ and note that
rank G, = r — 1 with 7" a maximal torus. Let S be a linear slice at x.
Again 7g(ST"") =~ ST”'/(N(T"') N G,) has the same dimension as does ST"".
The inductive assumption applied to G, on the unit sphere in S gives

dim ST’ < [n— dim G(x)] —dim G, — r— 1) =n—d—r + 1.

Again, since 4((GS)T"") consists exactly of those orbits in GS with isotropy
group of rank r — 1 (=rank G,), it is canonically homeomorphic to 7g(ST").
Also

7as((GS)T"") ~ (GSYT"IN(T")

and hence this has the same dimension as does MT"/N(T"'). Thus
dim MT"IN(T"") = dim ngs((GS)T") = dim mg(ST")
=dim ST’ <n—d—r+1.
If k is the maximum orbit dimension for N(T"’) on MT", then

dim M7 = dim (MT'INT"))+ k<n—d—r+1+k.

Thus by the inductive assumption applied to the action of N(T"') o T’
on MT” we have

—1 = dim M™
=dimMT"V'<(n—d—r+14+k)—k—1l=n—d—r

asclaimed. ||

56.4. Corollary If G is effective on G/H, then

dim G/H > rank G 4+ rank H.
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Thus, if G acts effectively on M in the situation of 5.3, we have

n—d—r<n—2rankG.

Proof The second part is just a rewriting of the first inequality which
holds since G always acts effectively on a principal orbit in an effective
action. (Otherwise, there would be a normal subgroup leaving an open dense
set stationary.) For the first inequality, we apply 5.3 to the action of the
maximal torus T of H on G/H. Since (G/H)T = N(T)H/H we have

N(T)
NTYnH

. NH
= dim T

= dim (G/H)T
<dimG/H—dimT — rank T
= dim G/H — 2rank H. ||

rank G — rank H << dim

6. ACTIONS ON S WITH ONE ORBIT TYPE

We shall now consider the case of an action of a compact Lie group
G on a sphere having precisely one type of orbit. Although we shall assume
local smoothness, it is used only minimally and can easily be dispensed
with. Our immediate use (in the next section) of the results in this
section will be in the case of orthogonal actions and in that case the
proof simplifies somewhat. For this reason we shall first give the proof
of the following result in the orthogonal case and then consider the modifi-
cations necessary for the general case.

6.1. Theorem Let G be a compact connected Lie group acting effectively
and locally smoothly on an n-manifold M which is a simply connected rational
homology n-sphere. Assume that there is precisely one orbit type. Then G is
either transitive on M or G is the circle group S', the 3-sphere group S3, or
SO(3) and acts freely on M. If M is also a mod 2 homology n-sphere, then
G 7= SO(3) in the nontransitive case.

Proof As noted above, we shall first treat the case in which G acts or-
thogonally on M = S" and we shall use S for M in this case for clarity.
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Suppose that the orbits have type G/H and let N = N(H) and K = N/H.
By IL.5.10 and IL.5.11, S#/N =~ S/G = S* and S® — S* is just the principal
K-bundle associated with the (G/H)-bundle S — S*. Since G/H is connected
and since S is simply connected, we see from the homotopy sequence of
SH — S* that K is connected. Since K acts freely on the sphere S, it is
either trivial, S!, or S* by I11.8.5. The free actions of K on G/H and on SH
give a free (K X K)-action on (G/H) X SH. The orbit space of the diagonal
subgroup is just (G/H) X g S¥ =~ S (by 11.5.9). Thus the inclusion of the
(diagonal) K-orbits in the (K X K)-orbits gives a map

p: S — ((G/H)/K) x (S¥/K) ~ G/N x S*

which is clearly a fiber bundle projection with fiber K X g K == K and struc-
ture group K x K (see Chapter II, Exercise 7). If K is trivial, then S =~ G/N
X S*, which implies that G = N = H. If K is 81, then a standard argument
using the mod 2 Gysin sequence of ¢ shows that the cohomology ring
H*(G/N x S*; Z,) is generated by one element u of degree 2; that is,
1,u, u?, ..., u" are the nonzero elements of H*(G/N X S*; Z,) and
u™t! = 0 (see Spanier [1, p. 264]). The Kiinneth Theorem then implies that
(with Z, coefficients)

H¥GIN x §*) ~ [H¥G/N) @ H*(S*)] @ [H(G/N) Q H*(S*)]
~ H*G/N) @ H*(S*),

where the summands are induced by the projections of G/N X S* to its
factors. If H2(G/N) # 0, then u is in the image of H*(G/N) — H*(G/N x S*).
However, then u’ is also in this image (in degree 2r) which shows that
dim G/N = dim(G/N x S*). Thus S* must be a point and G is transitive
on S. If G is not transitive, then the opposite argument shows that G/N
is a point. Thus G = N and H, being normal and hence an isotropy group
of every point, is trivial. Hence G = K = S%. The case K = S? is exactly
the same with u of degree 4.

This completes the orthogonal case and we now consider the general
case. In this case, MH need not be a sphere, or even connected, so that we
must give another argument. Thus we shall first consider M7 instead,
where T is a maximal torus of H. Now N(T)/T has one type of orbit on
MT by 5.2 and hence has finite isotropy groups. From I11.10.12 it follows
that N(T)/T must have rank O or 1. That is, either rank G = rank H or
rank G = 1 + rank H, and it follows that K = N(H)/H has rank 1 or
is finite. If K is finite, then M¥ is a covering space of M*. Since M* is simply
connected by I1.6.3, a component of M¥ is a cross section for the orbit map
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M — M*. However, then H*(M*) would be a direct summand of H*(M),
showing that dim M* = dim M. Thus K = N(H)/H has rank 1. Let M,Z be
a component of MH and let K, be that subgroup of K preserving it. Then
MAE|K, ~ ME|K =~ M* (since this is connected). Let N; be the inverse
image of K; in N = N(H). Then the map ¢ above can be modified as

v: M — G/N, X M*

which is a bundle with fiber K;. Now since M* =~ M,H/K, is simply connec-
ted and M, is connected, K, is connected, Since K, has rank 1, K; must be
St, S3, or SO(3) (which is a rational homology 3-sphere). The homotopy
sequence of the fibering ¢ shows that G/N; X M* is simply connected. Thus
G/N, and M* are orientable. Then the Gysin sequence of y with rational
coeflicients can be used to show that H*(G/N; X M*; Q) is generated by
one element u as a ring. The same considerations as in the orthogonal case
now imply that G = N, and hence that H is trivial and G = K, is S, S?,
or SO(3). If M is a mod 2 homology sphere, then G 5= SO(3) since SO(3)
contains Z, @ Z, which cannot act freely on M by 111.8.1. |

Remarks This theorem is due to Borel [5] (with somewhat weaker hypoth-
eses). There is a generalization by Conner [7] (also see Borel [5}) in which
the assumption of one type of orbit is weakened to the assumption that all
orbits have the same dimension (i.e., B = ¢J). The conclusion is also weaker
in that it can only be asserted that all isotropy groups are finite. The proof
of this generalization seems to require the use of considerably deeper re-
sults from algebraic topology, although it is quite close to the proof given
for 6.1, and hence we shall not give it here. Another proof of Conner’s
result, which proves it without the assumption of simple connectivity, can
be found in Bredon [6]. Even though the latter proof is completely different
from Conner’s proof and is conceptually simple (being in the spirit of 5.2),
it is quite involved and also makes use of some deep results beyond our
present scope.

We shall now show how to remove the connectedness condition from 6.1.
Note that the following result also essentially generalizes I11.8.5.

6.2. Theorem Let the compact Lie group G (possibly disconnected) act
effectively and locally smoothly on S™. Assume that dim G > 0 and that there
is precisely one orbit type. Then either G is transitive on S* or G acts freely
on S*. (Hence, in the latter case, G is either St, S3, or the normalizer N(S')
of St in 83))
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Proof Put M = S". Assume that the action is not transitive. In view of
II1.8.5 it suffices to prove that G acts freely. Let G, be the identity component
of G. Let H be an isotropy group of G. A tube about any orbit has the form
G/H X V. Since Go/(G, n H) X Vis open in this, it is a tube for the action
of G, on M. Thus G, n H is the principal isotropy group for the action of
G,. Forany gin G, G, n (gHg™") is also principal for G, for the same reason,
and hence it is conjugate, in Gy, to G, N H. Thus G, acts with one type of
orbit Go/(G, N H) and, by 6.1, G, " H = {e}. Similarly, G,H is a sub-
group of G and (G H/H) X V is a tube for the action of G H. Thus remarks
similar to those above show that G,H acts with one type of orbit G,H/H
=~ @y = S! or S3. Since we need only show that H is trivial it suffices to
consider the case G = G,H, which we now assume.

Now G/H = S! or S® and M* is (now) simply connected by I1.6.3. Thus
the Gysin sequence of the spherical fibration M — M* shows that H*(M*)
is generated as a ring by an element u of degree 2 or 4 (according as G/H
= 8! or S?). Let p be any prime dividing ord H and let P be a p-Sylow sub-
group of H. (We note here that if the action is orthogonal, then we can take
H rather than P in the following argument.) The Sylow Theorems imply
easily that
N@P)H _ N(P)

(G/H) =—F¢ T NP)NH

and this must be a mod p homology sphere of dimension 0, 1, 2, or 3 in-
side G/H = S' or $% It follows that N(P)/(N(P) n H) =~ S* for some
0<<i<3. Now

P

~ M*
~eey ~ M

ME —

is a bundle with fiber N(P)/(N(P) N H) and its total space MP is a mod p
homology sphere. Since M* is not a point, M? is connected. Since M*
is simply connected, N(P)/(N(P) N H) is connected. Thus N(P) N G, is
transitive on N(P)/(N(P) n H) and, since H N G, = {e}, we conclude that
N(P) n Gy =~ N(P)/(N(P) n H) is either S* or S? (since it is a group). It
also follows that MY is a principal N(P) N G,-bundle over M*. Now
N(P) n G, must be S' when G, = G/H is S* and N(P) n G, is either S* or
S® when G, ~ G/H is S%. Suppose that G/H is S? and that N(P) N Gy is
S Then the mod p Gysin sequence of the N(P) n G,bundle MP — M*
would show that H*(M*; Z,) 7 0 contrary to the previous remarks using
the Gysin sequence of M — M*. Thus we conclude that N(P) N G, = Gy;
that is, G, = N(P). However, a connected group cannot act nontrivially
by automorphisms on a finite group. Thus each element of G, commutes
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with every element of P, that is, P is contained in the centralizer Z of G,.
Since Z N H contains every Sylow subgroup of H, it has the same order as
does H, and hence equals H. Thus H commutes with G, and hence H is
normal in GoH = G. Since then H is the isotropy group of each point of M
we conclude that H is trivial, as desired. J

Of course 6.2 also holds when G is finite. That is, if a finite group G acts
on a sphere with only one type of orbit, then it acts freely. However, this is
trivial in this case, since the principal isotropy group of a finite group action
is trivial (see 3.2).

6.3. Corollary Suppose that G is a compact Lie group acting locally
smoothly on M. Let x € M and assume that there are precisely two types of
orbits in some neighborhood of G(x). Let y be a point on a principal orbit
in a linear slice V at x. Put K = G, and H = G,,. Then one of the following
possibilities must occur:

(i) K is transitive on the unit sphere (homeomorphic to K/H) in the or-
thogonal complement to VX in V and M* is a manifold with boundary M}z,
near x*,

(ii) H is normal in K and is the ineffective part of K on V. Also, K/H is
either finite, S', S3, or the normalizer of S' in S3.

Moreover, the set of points x in M which satisfy the hypothesis is open and
dense in B U E.

Proof By3.2,(G Xz Vxy =G Xg (VE)and (G X g V)i, = G Xx(Vny)
and, by assumption, these fill out G(V). Hence V = V¥ U Vy,, which
means that K has only two types of orbits on V, one type consisting of fixed
points. If W is the orthogonal complement to VX in V, then K acts with
one type (K/H) of orbit on the unit sphere in W. Thus 6.2 implies that either
(i) or (ii) must hold. Clearly, the set of points x in M which satisfy the hy-
pothesis is just the set of those points of B \U E whose orbit type is locally
maximal (in B U E). Since the number of orbit types is locally finite, the
set of such points is clearly open and dense in B U E. ||

7. COMPONENTS OF B U £

In this section we shall apply 5.2 to obtain some results on the set B U E
of nonprincipal orbits of a locally smooth action on euclidean space R".
Our first result states that if a stationary point exists, then B U E is con-
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nected. This is also shown to be the case when the principal isotropy group
does not have maximal rank in G. The most general conditions under which
such a result holds are not known, but it does not always hold, as we
shall note below. We shall also study the question of whether B U E can
have a compact component. We shall show that such a component is a
single orbit. Moreover, if this orbit is singular, then it is a stationary point
and G acts freely outside it when dim M* > 1.

As usual, we assume throughout that M is an n-manifold on which the
compact Lie group G acts locally smoothly with maximum orbit dimen-
sion d.

We shall need the following lemma.

7.1. Lemma Let G be a compact Lie group and T’ a maximal torus of G.
If P = G is any p-group, then P is conjugate to a subgroup of N(T").

Proof Put N = N(T"). Consider (G/N)T'. If T'gN = gN, then g 'T'g «c N
which implies that g is in N since 7’ is just the identity component of N.
Thus (G/N)T’ = N/N is a point. By II1.10.9 we conclude that y(G/N) = 1.
(We remark that, in fact, G/N is acyclic over the rationals.) Now x((G/N)?)
= 4(G/N) = 1 (modulo p) and hence (G/N)F 7 (¢, which is equivalent
to the statement that P is conjugate to a subgroup of N. J

7.2. Theorem Let M be acyclic over the integers (e.g., M = R"*) and
assume either that a stationary point exists for G on M or that the principal
isotropy subgroup has nonmaximal rank in G. Then B U E is connected.

Proof Let H be a principal isotropy group and assume that rank H
< rank G. Let T be a maximal torus of H and T’ > T, a maximal torus of
G. Consider M7’ which is acyclic, and hence connected, and is contained in
B. Note that G(MT") consists exactly of points of M whose isotropy group
has maximal rank. However, if G, is the identity component of G, Go(MT")
also consists exactly of these points. Hence G(MT") = G,(MT’) is connected.
Now suppose that the theorem is true when H is finite. Then by 5.2 we would
deduce that (B L E) N MT is connected. Thus

gl(Bu E) n MT] U G(MT")

would be connected for each g in G. The union of these over all g is just
BUEUGWMT™)=BuUE (by 52) and hence B U E is connected as
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claimed. Thus it suffices to prove the case in which H is finite. In this case,
suppose first that x € B. Then G, contains a circle subgroup 5 and this
is contained in some maximal torus 7’ of G. Then MS > MT" and MS is
connected. Then MS U G(MT") = MS U G(MT"") is a connected subset
of B containing x and G(M7"). Now suppose that x € E so that G, is finite.
Let P be a Sylow p-group in G, whose order does not divide the order of
H. Then P is not conjugate to a subgroup of H so that M¥ < B U E.
Now P < N(T'") for some maximal torus T" of G by 7.1. Thus MT* is
invariant under N(7"') and hence under P. By IIL.7.11 (with 4 = ¢ and
n = 0) we have that (MT"yY = MT” n MF is nonempty, and also M? is
connected. Since G(MT'") = G(MT") it follows that MT U G(MT") is a con-
nected subset of B U E containing x and G(MT"). 1t follows that every
component of B U E contains the connected subset G(MT') and hence
that B U E is connected.

The case in which a stationary point x, exists (but H may have maximal
rank) can be proved in exactly the same way, but somewhat more easily,
by replacing G(MT’) by x,. [

Remark This result does not hold without the existence of a stationary
point when G is finite. In fact, consider the example (1.8.3) of an action of
Zy ~ Z, D Z;on M = R" with no stationary points. By the Smith Theorem
I11.7.11, MZ2 and MZs are both nonempty. They are also disjoint, and their
union is precisely the set of nonprincipal orbits. However, it does seem rea-
sonable to expect that if stationary points do not exist, then B U FE can have
no compact components. The following theorem is a partial result in this
direction. (The case d = n — 1 is omitted from the following theorem for
technical convenience. In Section 8 we shall analyze this case completely.)

7.3. Theorem Let M be acyclic over the integers and suppose that d <
n— 1. Let C be a compact component of B U E. Then C consists of exactly one
orbit G(x) and rank G, = rank G. If G(x) is singular (e.g., if G has larger
rank than that of the principal isotropy group), then x is a stationary point,
G acts freely outside x, and G is isomorphic to S, to S3, or to the normalizer
of S' in S® (assuming that G acts effectively).

Proof Let x be in C. We may assume that there are precisely two types of
orbits near G(x) since, by 6.3, such points are dense in B U E and hence
in C. Let K= G, and let H = K be a principal isotropy group for K on
a slice at x (and hence for G on M). Let T be a maximal torus of H. We may
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assume that there are precisely two types of orbits of N(T') near N(T)(x)
(by passing to a nearby point if necessary). By 5.2, to show that C consists
of exactly one G-orbit, it suffices to show that C n M7 consists of exactly
one N(T)-orbit, and hence it suffices to consider the case in which H is
finite (by 1.5). This case also clearly suffices to prove that rank X = rank G.

If H is finite and dim K > 0, consider MT’, where 7’ is a maximal torus
of K. Since M7’ is connected and does not touch principal orbits, it is
contained in C, and hence is compact. Since MT’ is acyclic, it consists
of exactly one point. However, orbits in C near G(x) have type G/K and
hence contain fixed points of T’. Thus C = G(x). Since

NTHYK NI

K" = —¢ TNTYANK

is just one point and since N(T') contains a maximal torus of G, we also
conclude that K has maximal rank in G (and that it contains N(T') in
this case).

Now suppose that H and K are both finite. Let P be a p-Sylow subgroup
in K whose order does not divide ord H. Just as above, we see that C = G(x)
and (G/K)F consists of one point. If dim G > 0, then the euler characteristic
of G/K is zero, since that of its covering space G is zero. Thus

0= 2(G/K) = 2((G/K)?) =1 (mod p)

gives a contradiction. Thus G must be finite, showing again that rank K
= rank G.

This completes the proof that C = G(x) and that K = G, has maximal
rank in G. Now suppose that G(x) is singular. Let V be a linear slice at x.
Then, by 6.3, there are the following two possibilities:

(i) K is transitive on the unit sphere in V.

(ii) H is normal in K and acts trivially on V. Also, K/H acts freely on
V — {x} and K/H =~ S, S, or the normalizer of S* in S? (since dim K/H
> 0).

In case (i), ¥*has dimension 1, so that dim M* = [ also. Thusn — d =1,
which is the case we have excluded. Thus case (ii) holds and hence rank G
=rank K = 1 4 rank H.

Suppose that x is not stationary and that rank G > 1. Consider the ac-
tion of a maximal torus 7’ of KX (and hence of G) on G/K. Its fixed set is
N(T)/(N(T') n K), which is finite. By looking at a sphere about a fixed
point and applying I11.10.12 we see that there exists a subtorus 7, of T’ of
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codimension 1, such that dim(G/K)™* > 0. However, then M7s is an acyclic
manifold of positive dimension, hence noncompact. Since M71 is con-
nected, it must touch a principal orbit near G(x). This means that T is
conjugate to the maximal torus T of H, and we may as well take T;, = T.
Thus

dim(G/K)* > 0.

By 5.2, N(T) is transitive on (G/K)7. Since dimN(T)(x) > 0, x is not sta-
tionary for the action of N(T)/T on M7. Since rank K = 1 + rank H, x
is also singular for this action. Thus to show that x is stationary, it suffices
to consider the case in which H is finite. If x is stationary for the identity
component G, of G, then it is the unique such point, since x is the unique
fixed point of T'. Since G permutes the fixed points of G, it would follow
that G would have to leave x stationary. Thus it suffices to consider the case
in which G is connected in order to show that x is stationary.

Thus suppose that H is finite and that G is connected (and hence rank G
= | = rank K). Supposing that x is not fixed, and hence that K 7~ G, we
must then have that G = S® or G = SO(3). Since (G/K)T’ is one point,
K > N(T'), and hence K = N(T"). If G = S3, consider its center L = {I,
—1} =« K. Then (G/K)* = G/K =~ P2, Since ML is mod 2 acyclic, this
implies that M7 must touch a principal orbit near G(x). However, then
L < H, which implies that L acts trivially on M, since L is normal in G.
Thus G, effectively, must be SO(3), K = N(T"), and T’ = SOQ2). If k is
in the component K — T’ of K, and if ¢ is in T’, then kt~'k~! = ¢. Thus
tkt~! = %k, which implies that T’ acts transitively by conjugation on the
circle K — T’. Thus the normal finite subgroup H < K must be contained
in T'. However, K/H is then easily seen to be isomorphic to N(T’)and this
is not isomorphic to the normalizer of S! in S3. (For example, it contains
Z, ® Z, whereas the normalizer of S! in S? does not.) Thus the hypothesis
that x is not stationary is untenable.

By 6.2, we now know that G = Kis S!, S8, or the normalizer of S! in S3,
and it acts freely outside x locally near x. It remains to show that this is
true globally; that is, that all other orbits are principal; but this now fol-
lows from 7.2. |}

We shall now list some unsolved problems which have a vague connection
with the material in this section. These problems are all interrelated and seem
to be of a rather deep nature. Let G denote a compact Lie group (possibly
finite). The problems are of interest even for the case of cyclic G (but not
of prime power order).
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Problem 1 If G acts on the disk D" with the origin as a stationary point,
then for H 7 G with D7g, 7 (J, is Sig} 7 (3? Is this the case when the
action on the boundary S*! is orthogonal?

Problem 2 1If G acts on D* and if F(G,D") < int D*, does F(G, D")
contain at most one point?

Problem 3 If G acts on S* X I, then can the set F of stationary points
touch S” x {0} without also touching S* x {1}? Can this happen when
the action on both ends is orthogonal? (Note that if the latter can happen,
then there would exist an action on S™*! such that F(G, S"+1) has components
of unequal dimension.)

Problem 4 (Due to Raymond) Let G act on R” with a stationary point
x. If Ry, 7 J, must x be in the closure of Rig,?

8. ACTIONS WITH ORBITS OF CODIMENSION 1 OR 2

In this section we shall consider locally smooth actions on a connected
n-manifold M with principal orbits of codimension 1 or 2; that is, with
orbit space of dimension 1 or 2. We shall show that such actions on euclidean
space are equivalent to orthogonal actions.

Let us first discuss the case in which the maximal orbit dimension d is
n— 1. Then, by 4.1, M* is a 1-manifold, possibly with boundary. The space
U* of principal orbits is open, connected, and dense and U* must also be
connected locally in M* (by restricting one’s attention to the part of M over
an open connected subset of M*). Thus U* must consist exactly of the in-
terior of the connected 1-manifold M* with boundary.

8.1. Theorem Suppose that M is noncompact and d = n — 1. If every
orbit is principal, then M ~ G/H X R with trivial action on R. Otherwise,
M is equivalent to G X gV, whereV is a euclidean space and K acts orthog-
onally on V and transitively on the unit sphere in V. If M is euclidean space,
then K=G and M = V.

Proof By the above remarks, M* = R iff every orbit is principal. In this
case M is a bundle over R with fiber G/H. Since such a bundle must be trivial,
the first case follows. Otherwise, M* must be a ray [0, co) and only the end
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point is nonprincipal. A linear tube about the nonprincipal orbit has the
form G X g V and, since V'* is 1-dimensional, K is transitive on the spheres
in V about the origin. Since M* is conical with vertex being this non-
principal orbit, 11.8.5 implies that M is equivalent to this tube. Now
G X g {0} = G/K is a retract of G X g V, so that if M is a euclidean space
(or just mod 2 acyclic), then G/K must be a point. [}

Remark Suppose that we are in the second case of 8.1 and let D be the
unit disk in ¥. Then the boundary of D is an orbit of K; say of type K/H.
Then G X D is a disk bundle over G/K and the total space of the bound-
ing sphere bundle is G X x (K/H) = G/H. The projection G/H — G/K
in this bundle is just the canonical equivariant map. This shows that G x g D
is just the mapping cylinder of the equivariant map G/H — G/K.

8.2. Theorem Suppose that M is compact and d = n — 1. If every orbit
is principal, then M is a G|H-bundle over M* =~ S' with structure group
N(H)/H. Otherwise, there are two nonprincipal orbits of types G/K;, i = 0,1,
say, with K; > H (H being the principal isotropy group). Moreover, the K;
may be chosen so that M is equivalent to the union of the two mapping cyl-
inders of G/H — G/K;, i = 0,1.

Proof The first case is clear and coincides with the case M* =~ S!. Other-
wise, M* = [0,1]. In this case, let G/K; be the type corresponding to i = 0,1
in M* = [0,1]. The part of M over [0,1) satisfies 8.1 and it follows easily
from the remark following 8.1, that the part of M over [0, %] is equivalent to
a mapping cylinder My, of f,: G/H — G/K,. Similarly the part of M over
[}, 1] is equivalent to a mapping cylinder M, of f;: G/H — G/K,. Thus
M is equivalent to
M, U, My,

where ¢: G/H — G/H is some equivalence. Now ¢ must be right translation
RIH: oM > gn-H by some element n of N(H); see 1.4.3. Put K, = n"'Kn
> H and define f;" by commutativity of the diagram

’

I
G/H —2— GJK,

Rl an

G/H G/K,

J1

(Recall that the vertical map on the right is gK," > gK,'n™* = gn'K,.)
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This gives an equivalence y: Mfll—:l M; which equals ¢ on the top face
G/H. Thus

M= Mfo U‘P Mfl = Mfo U Mf{
and we obtain the desired result upon replacing X, by its conjugate K,". |]

Now we shall turn to the case d = n — 2. If V is a linear slice at x in M
and § is the unit sphere in V, then, near x, M* is the open cone over S*.
Thus the orbit structure is “locally conical.” Note that whend =n— 2
and G(x) is singular, then dim S > 1 so that $* must be an arc (since S
does not fiber over a circle). On the other hand, if G(x) is exceptional,
then S is a circle and G, (effectively) acts as either a cyclic group of rotations
or a dyhedral group (the symmetry group of a regular polygon), since
these are precisely the finite subgroups of O(2). If G, acts cyclically on the
circle S, then S* is a circle. Otherwise S* is an arc and it is clear that x is in
the closure of SE. Thus we have the following proposition.

8.3. Proposition If d =n— 2, then the boundary of the 2-manifold
M?* consists exactly of B* U SE*. |

Let C* denote the set of those points x* € dM* such that the type of
orbits in dM* near x* is not constant. Since the orbit structure is locally
conical, we see that C* is discrete.

8.4. lemma If x*e C* — SE*, then the dimension of the orbit x* is
strictly smaller than that of any other nearby orbit.

Proof By passing to a slice we may as well assume that x is a stationary
point and that M is euclidean space with orthogonal G-action. Then let
G, be the identity component of G. If the lemma is false, then M% is 1-
dimensional and M = M% x W, where W is the orthogonal complement
to M®% at x, with G, transitive on the unit sphere in W. Moreover, G/G,
must act nontrivially on M%. However, this clearly implies that W consists
of special exceptional orbits (outside of the origin) of G on M, contrary
to the assumption. |J|

We now come to the main result of this section.
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8.5. Theorem Suppose that d = n— 2 and that M is acyclic over the
integers. Then M ~ R* and the action is equivalent to an orthogonal action.

Proof Let H be a principal isotropy group. We first claim that B* ( E*
is connected. If rank H < rank G, then this follows from 7.2. When rank H
= rank G it suffices, by 1.5 and 5.2, to prove it in the case n =2 and G
finite. In this case M =~ R? by known characterizations of the plane, and we
shall assume such results (see Wilder [1]). Suppose that a* and b* in M*
are nonprincipal and let o be an arc from a* to b* whose interior lies in the
space U* of principal orbits. (In this case, recall that “principal” means
trivial isotropy group.) If = is the orbit map, then w = n~1(0) is a graph
in the 2-plane M with vertices being the elements of the orbits a* and b*.
Since a* and b* are nonprincipal, it follows that there are at least two edges
of w emanating out of each vertex. Thus w must contain asimple closed curve.
It follows that w separates. M and that at least one component of M — w
is bounded. Since G permutes the bounded components of M — w, it
follows that the union V of the bounded components and the union W
of the unbounded components of M — w are saturated sets. Thus M* — ¢
= V*y W*and V* n W* = . Thus o separates M*. Since the interior
of o lies in the interior of M* we conclude that both a* and b* must be
boundary points. However, ¥* U o is compact and this clearly implies
that a* and b* lie on the same boundary component of M*. Since dM*
consists of nonprincipal orbits, this proves our contention.

We shall now continue the proof for the case in which G is comnected,
and shall later show how to remove this restriction.

When G is connected we have H,(M*; Z,) = 0 by 4.4. Also M* either
has no boundary or has precisely one boundary component. This is enough
to conclude from classical facts about 2-manifolds, that M* is homeomor-
phic to either the plane or the half plane. We shall assume this.

If M* is the plane, then, by the remarks above, it is clear that B* U E*
consists of exactly one orbit, say of type G/K. In this case, the orbit structure
of M* is conical with vertex being this orbit, and it follows from I1.8.5 that
M =~ G Xg V whence G = K acting orthogonally. By 8.3, this cannot
happen when G is connected.

Thus M* is the half plane (y > 0 in the x-y plane) and B* U E* consists
of the boundary y = 0. By 8.3 and 3.12 we see that E* = (.

Again, it suffices to show that M* has conical orbit structure. That is,
we must show that B* contains a point a* such that the orbit type is constant
on each of the two components of B* — {a*}.

Recall that C* < B* consists of those points near which the orbit type
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on B* is not constant. Let ¢ be an arc in B* whose end points a* and b* are
in C* and whose interior does not meet C*. Let G/K be the type of orbits
corresponding to interior points of o, let k = dim G/K, put A = n~(0),
put 04 = a~'(a*) U =z 1(b*), and let ' = A — JA. By 8.4 we have that
dim 04 < k. Now A4’ is a connected (k + 1)-manifold so that

HY¥\(4,04; Z,) =~ Z,.

Since dim d4 << k — 1 we have the diagram (coefficients in Z,)

H*\(B,, B, — A") —" . F*1(B, , c0)

i
= 4

H*1(A4)

~

H*1(4, 84)

where all maps are induced by inclusions. [Since 4 is compact we substitute 4
for (4,,00).] Let u, € H*'(B,,00) denote the image of the nontrivial
class in H*(B,, B, — A’) under j*. Then i *(u4) 7% 0.

If A, is the inverse image of another such arc in B*, then

H*\(B,, B, — 4') H*1(B, , 00)
%,
0= ng(Al » Al) ﬁkH(Al)

shows that i} (u,) = 0. Thus the elements u, are all distinct.
Now, by Lefschetz duality (with ¢ <n— 2)

ﬁq(B+, 00) =~ gq+l(M+’ B,) =~ Hn—q—l(M — B) =~ H,_,,(G/H)

since M — B fibers over M* — B* ~ R? with fiber G/H and hence has G/H
as a deformation retract. Since H,(G/H; Z,) is finitely generated, it now
follows that C* is finite.

Since C* is finite, there is an arc (or a point) 7 in B* whose end points
are in C* and which contains C*.

Let D be a 2-cell neighborhood of = in M*; see Figure IV-1. Then D
is a strong deformation retract of M* by a deformation which preserves
the orbit structure. By the Covering Homotopy Theorem I1.7.3, 1D is
a deformation retract of M and hence is acyclic. Since, for varying D, the
7~1D form a fundamental neighborhood system of n~1(7), it follows that
Hﬂ(n‘l(t); Z,) = 0 for ¢ > 0. By the above remarks, this implies that C*
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is either a point or is empty. Thus the orbit structure of M* is conical and
the theorem follows from II.8.5.

We still must treat the case for which G is disconnected. Consider the
action of G/G, on M/G,. Since this preserves the local conical structure of
M|G, and since the actions of a finite group on arcs and circles are easily

FiGure IV-1

analyzed (see Exercise 3), we see that this action is locally smooth. First,
let us assume that G, acts nontrivially, so that M/G, is a halfplane. On the
boundary of M/G,, G/G, must effectively be either trivial or a reflection.
If an element g € G leaves d(M/G,) fixed, then it must leave all of M/G,
fixed by an easy argument using local smoothness (or by extending it triv-
ially to the other halfplane and using Newman’s Theorem II11.9.5). Thus
G/G, is effectively either trivial or Z, on M/G,. If this action is nontrivial,
then there is a unique fixed point on d(M/G,). (Note that M% is either a
point or is all of d(M/G,) and, in the first case, G must preserve this point.)
Local smoothness shows that (M/G,)¢ is then a 1-manifold with boundary
being one point, its intersection with d(M/G,). Since M|/G = (M/G,)/(G/G)
is simply connected by I1.6.3, it is a halfplane and its boundary is clearly
the union of two rays, one the orbit space of d(M/G,) under G/G, and the
other, the fixed set of G/G, on M/G, (either by the Smith Theorems or by
the fact that B* U E* is connected). From this it is again clear that the orbit
structure of M/G is conical, which implies the desired result. This is also
clear when G/G, acts trivially on M/G,.

If G, acts trivially on M so that, effectively, G is finite and M =~ R?,
then a similar analysis can be made by first considering the action of the
subgroup G, preserving orientation, and then the action of G/G, (trivial or
Z,) on M/G,. (Note that M/G, is a plane and that G, acts freely outside
of a unique point, by our previous remarks.) The details of this case are
left to the reader as Exercise 4. |
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Remarks The case d =n — 1 is treated in Hofmann and Mostert [2],
Montgomery and Zippin [2, 4], and Mostert [1] (without local smoothness).
Theorem 8.5 was proved in Montgomery, Samelson, and Yang [2]. A similar
investigation of the case d = n — 3 on S” with a stationary point is carried
out in Montgomery and Yang [3].

We now focus our attention on actions on compact manifolds with
d = n — 2. The proof of the following result is essentially from Montgomery,
Samelson and Yang [2] and could be used as an alternative approach to
part of the proof of 8.5.

8.6. Theorem Suppose that G is connected and that d = n — 2. Also
suppose that M is compact and connected with H(M;Z) = 0, and that a
singular orbit exists. Then E* = & and M* is a 2-disk with boundary B*.

Proof By 11.6.5 M* =~ D? S2, or P2 From 3.12 and 8.3 we know that
IM* = B* =£ (. Thus M* ~ D? and it suffices to show that E¥ = (. Let
7 be an arc in M* from a point of B* to a point of £* and otherwise passing
through principal orbits. Consider the set A = n1(t). It is clear from the
proof of 8.2 that A is the union of mapping cylinders

A=M,U M,

where p: P— Q and y: P — S are equivariant maps from a principal orbit
P to an exceptional orbit Q and a singular orbit S. By 4.5, P and Q are orien-
table. If ¢ is a k-fold covering map, then we have the exact sequence

o o> HX(Q3Z) 2 HP¥(P;Z) — HP-Y(M,,P;Z) — H"Y(Q;Z) = 0

of ¢ [i.e., of the pair (M,,P)]. The first two groups displayed are infinite
cyclic, since P and Q are connected, orientable (» — 2)-manifolds, and the
map between them is essentially multiplication by & since deg ¢ == k. Thus
H»Y(4, M,; Z) ~ H(M,,P;Z) ~ Z;. However, M, has S as a deforma-
tion retract and dim S << n — 3. Thus H*'(4; Z) ~ Z,. Since H*(M;Z)
~ H,(M;Z) =0, the exact sequence

0 =AY (M;Z)—> H(A4; Z) > HM(M, A; Z) — -+

shows that Hy(M — A;Z) =~ H™(M, A; Z) has torsion, which is impos-
sible. ||
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By similar arguments, we shall now show that, for general compact
orientable M with M¢ =£ (& (for example), quite strong information on the
set of exceptional orbits can be obtained.

8.7. Theorem Let G be connected and let M be compact, connected,
and orientable. Suppose that the inclusion of a principal orbit P in M induces
the trivial homomorphism H,(P; Z) — H,(M ; Z). (This holds if H,(Q; Z) =0
for some orbit Q;e.g., if M® 7~ (3.) Also suppose that d = n — 2. Then we
have the following facts:

(i) If Hi(M; Z) has no 2-torsion, then there are no special exceptional
orbits.

(i) If there is a singular orbit but no special exceptional orbits, then
rank H,(M; Z) = dim H,(M*; Z,), and, if Q,, ..., Q,, are the exceptional
orbits (in int M*) and the canonical map P — Q; is a k;-fold covering, then
the torsion subgroup of H{(M;Z) is Z; @ -+ @ Zy,,.

Proof The parenthetical remark holds because the inclusion P < M factors
through any orbit Q, since P can be assumed to lie in a linear tube about
Q and this tube deforms into Q. Note that the theorem has no content
unless the 2-manifold Af* has a boundary, i.e., B* U SE* # (. Consider
the set A* = M* consisting of the boundary curves of M*, together with
s arcs with end points in dM* and together with m arcs from dM* to the m
exceptional orbits in int M* with the interiors of these m + s arcs lying
in the set of principal orbits. Furthermore, we choose the s arcs so that
M* — A* ~ R% Then s = dim H,(M*; Z,), as is well known and easily
computed, whether M* is orientable or not. (See Figure IV-2.) Let A4
=m1(A*). Then M — A ~ (M* — A4*) X P =~ R®* X P and, by hypoth-
esis, this implies that H,(M — A; Z) — H,(M; Z) is trivial. By Poincaré-

FiGURE IV-2 m =3, s = 2.
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Lefschetz duality, H"YM, A;Z)— H*'(M;Z) is trivial. Similarly,
H"(M, A; Z) — H*(M; Z) is an isomorphism, since M — A is connected.
Thus the restriction

H,(M;Z)~ H\(M; Z) — HY4;Z)

is an isomorphism.

If SE # (J, then by 3.11 we see that A contains a set of the form I X Q;
O special exceptional, nonorientable. By the remark following 3.9 this implies
that H"1(4; Z) contains 2-torsion; proving (i).

In the situation of (ii) we have B* = dM*. If 4, denotes the portion of 4
over B* and A,, that over the added arcs, then dim(4;, N 4,) <n— 3
and dim 4, <n— 2. Thus the Mayer-Vietoris sequence implies that
Hr(A4; Z) =~ H*Y(A,; Z) and, similarly, this is the direct sum of the pieces
corresponding to each arc. Recall that P is orientable by 3.11. From the
proof of 4.5, using the fact that each Q; is isolated in E* and that M* is
orientable in its neighborhood, we see that each Q; is orientable. Thus it
follows from the proof of 8.6 that the arc from B* to Q; contributes a sum-
mand Z, to Hr-Y(4; Z). 1t is easy to see, in a similar manner, that each
arc with end points in B* contributes an infinite cyclic summand, and the
theorem follows. ||

Remark It should be clear that, for explicit groups G, the analysis of actions
with d = n — 2 can be carried considerably further. In fact, Raymond [2]
and Orlik and Raymond [1] have completely classified actions of the circle
group on 3-manifolds, and in Orlik and Raymond [3] a similar study is
made of actions of the 2-torus on 4-manifolds.

Let us now discuss briefly the case of a locally smooth action of a con-
nected, compact Lie group Gon M = 8" (n > 2) withd = n — 2. If n 5£3,
it can be shown that a singular orbit exists, and we will assume that this is
the case. Then, by 8.6, M* ~ D?, B* =~ gD? and E¥ = (. Consider the
set C* of points in B* = dD? near which the orbit type on B* is not con-
stant, and let ¢ be the number of points in C*.

The examples of Chapter I, Section 7 of SO(n) on 2§-! (n = 3) show
that ¢ can be zero, and that the action may be nonorthogonal.

For an example with ¢ = 1, let G = U(2) and recall that there is a ho-
momorphism G - SO(3) whose kernel is precisely the center of U(2).
Through this homomorphism, G acts on R? and, through the usual represen-
tation of U(2), it also acts on R* = C2. Thus we have the diagonal action
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of G = U(2) on S®* < R?® x R% The action on R® is transitive on S? with
isotropy group a maximal torus U(1) x U(l) of U(2). The action on R*
is transitive on S® with isotropy group U(1) = U(1) x {I} = S'. Since
G4y = G, N G, we see that this is either finite or equals S* when x £ 0.
However, G is transitive on {0} X 8% < S with isotropy group U(1) x U(l).
Since some conjugate of U(1) can be seen to have trivial intersection with
U(1) x U(l) we see that the principal isotropy group is trivial. By the gen-
eral results 8.3 and 8.4 and the fact that E* = (), it now follows that the
orbit structure is as shown in Figure IV-3 (in which the isotropy groups
are indicated).

FIGURE 1V-3

An example with ¢ =2 is given by SO(n) x SO(m) on S*tm < R»
X R™ x R as is easily seen. Another example is the compactification of
the example given in Chapter I, Section 4.

An example with ¢ = 3 is given by SO(m) x SO(@n) X SO(r) on
Stmir-1 « R* x R™ X R".

It was conjectured by Montgomery and Yang that ¢ << 3 in general. We
also conjecture that the examples of Chapter I, Section 7 are the only lo-
cally smooth, but nonorthogonal, actions on S* withd = n — 2. (If ¢ = 0,
then this was shown to be the case in Bredon [11, 12]. We shall discuss special
cases of this in Chapter V.)

9. ACTIONS ON TORI

Although actions on spheres can be quite complicated, we shall show,
in this section, that an action on a torus T* has a very simple nature. Spe-
cifically, if G is a compact, connected, Lie group acting on T¥%, then we shall
show that G is a toral group, that G acts freely, and that the orbit map is a
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trivial principal fibration. These results are due to Conner and Montgomery
[1], who treated the more general case of actions on compact aspherical
manifolds (vanishing higher homotopy groups). More recently, Conner and
Raymond [1] have extended these investigations considerably, and have
repaired a gap in the original work of Conner and Montgomery. We shall
restrict our attention to actions on tori in order to make available a relatively
simple approach to these matters using Newman’s Theorem (Chapter III,
Section 9). We need not assume local smoothness in this section, and, in fact,
this section is independent of the rest of this chapter.

9.1. Proposition Let G be an arcwise connected group acting on a space
X and let H = G have a stationary point x € X. Then the action of H on
7,(X, x) is an action by inner automorphisms.

Proof 1If p is a loop at x, and k € H, then, since G is connected, hu is
Jreely homotopic to 4. But this is equivalent to the statement that the homo-
topy classes h,[u] = [hu] and [u] are conjugate in m(X, x). 1

9.2. Theorem If G is a compact Lie group acting effectively on M = T*
with a stationary point x € M, then G acts effectively on 7,(M, x).

Proof Recall that the identity component of G acts trivially on 7, (M, x),
and thus the subgroup acting trivially on #,(M, x) is open and closed. Hence
we may assume that G acts trivially on 7z; and must prove that G is trivial.
Now RF* is the universal covering space of M and we may assume that 0
projects to x. The G-action may be lifted to an action on R* with 0 stationary,
by 1.9.2. The action of G on =,(M, x) may be identified with conjugation
by G on the group A4 =~ Z* of deck transformations. Thus the assumption
implies that G commutes with A. If ¥ = [0,1], then ¥* < R* is a fundamental
domain for 4. Let 4 = GI¥) = R* which is a compact invariant subset.
Let y € RE. Then y = D(z) for some z € ¥¥ and D € 4. Then

G(y) = G(D(2)) = D(G(2)) = D(A).
Thus
diam G(y) < diam D(A4) = diam A4

for all y. Since this gives a uniform bound for the diameters of the orbits
in R¥, it contradicts Newman’s Theorem II1.9.7. ||
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9.3. Theorem If G is a compact, connected, Lie group acting effectively
on M = T¥% then G is a torus and the action is free.

Proof 1If H is the isotropy group of a point x € M, then, by 9.1, H acts
trivially on &, (M, x), since this is abelian. Then, by 9.2, we conclude that
H is trivial. Hence G acts freely. The action may be lifted to an effective
action of some covering group G’ of G on R¥, by 1.9.1. If G’ contains a
compact subgroup, then it contains a cyclic subgroup H of prime order.
Then H has a stationary point on R* by I11.7.11, and hence has a stationary
point on M. Thus H acts trivially on M, since G acts freely, and hence is in
the kernel of G’ — G which is contained in A4 = Z¥; a contradiction. Since
the simply connected covering group of a semisimple compact Lie group
is again compact, it follows that G can contain no such subgroup, and hence
that G is a toral group; see 0.6.10. ||

9.4. Lemma If S is a circle group acting effectively on M = T¥, then, for
any x € M, the inclusion S(x)— M induces a monomorphism n,(S(x))
— m,(M).

Proof Let S’ acting on R¥ be the unique effective covering action as given
in 1.9.1. Then S’ cannot be a circle, by the proof of 9.3, and hence S' = R.
Then the kernel Z of R — S'is a subgroup of the group A of deck transforma-
tions of R¥ — M, by 1.9.1. However, the inclusion Z < A can be identified
with the map x,(S) — =, (M) [via S — S(x)] once the base point x is given,
and hence this map is a monomorphism. [J

Remark The preceding results clearly hold, more generally, when M is
any space such that T” X M is a torus for some r (or, indeed, if X X M
=~ T¥ for any X), since the results can be applied to the action on T” X M,
trivial on T7. This is just a minor generalization, but it will be convenient for
use in inductive arguments below. We also note that singular and Cech
theories coincide for such spaces, since they are ANR’s. We shall assume
this. If the reader wishes, he may assume that the action is locally smooth,
so that these spaces will be manifolds.

9.5. Theorem If G is a toral group acting on M = T%, then the orbit map
M — M* is a trivial principal G-fibration; that is, M =~ G x M* with trivial
action on M*.
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Proof First let us reduce the theorem to the case in which G is a circle
group. Let G = G’ x S, where S is a circle factor. Suppose we know that
there is an equivalence M ~ G’ x M’, where M' = M/G’. Then S acts
freely on M’ (by inspection, or by the above results and the remark, since
G’ x M'isatorus). Thusif M’ =~ S X (M’'/S),then M =~ G’ x S X (M’/S)
~ G X M*.

Thus we may assume that G = S! is a circle group and that M becomes a
torus upon multiplying by some torus. In particular, &, (M) is free abelian
and 7;(M) = O for i > 1. Since S acts freely on M, M — M* is a principal
Si-fibration. By 9.4 and the exact homotopy sequence

0 — my(M*) — 7,(S") — (M) — 7, (M*) -0

we see that n,(M*) =0 for i > 1. Since 7;(M) is abelian, so is n,(M*).
Now the universal covering space of M* is acyclic and finite-dimensional,
and hence, by Smith theory, its group of deck transformations contains no
elements of finite order. Thus 7, (M*) is free abelian and

0 — 7,(S?) — =) (M) — 7, (M*) — 0

must split. Since these are abelian, we may substitute H, for =;. Applying
Hom(-, Z) to this gives a split exact sequence and, using H(.;Z) =
Hom(H,(-), Z), we see that

0—- H(M*;Z) > H(M;Z)—> H'(S};Z) -0

is exact. In particular, the inclusion S! — M of a fiber induces an epimor-
phism on cohomology.

Now consider the Gysin sequence (coefficients in Z) and the diagram
induced by inclusion of a fiber

HY(M*) — H\(M) — HY(M*) -2 HX(M*) —
0= H(*x) — H'(S') > H°(x) — H?(x) =0.
This shows that w = 0.

Now consider a universal S'-bundle S*° — CP> (or use S?¥+! for large
N). There is a classifying map M* — CP> and a natural diagram

M See

-y

M*—2 CP>
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The induced map of Gysin sequences gives a diagram

H(CP>) _2_. H*(CP>)

HOM*) —— H(M*)

which shows that ¢* = 0. By standard obstruction theory, since CP*
is a K(Z, 2), homotopy classes of maps of M* into CP> correspond to ele-
ments of H*(M*) and, in fact, the correspondence takes [¢] to ¢*(u), where
u is some generator. Thus ¢ is homotopic to a constant map which means
that M — M* is a trivial bundle. }

Remark Clearly a large part of the above proof is standard material, and
the reader with an extensive background on topology should see how to
condense it. A more efficient version of essentially the same proof is given
in Conner and Montgomery [1].

10. FINITENESS OF NUMBER OF ORBIT TYPES

We shall now prove a theorem due to Mann [2] which states that, on an
orientable manifold M having finitely generated homology, an action has
only finitely many orbit types. As usual, we shall restrict our attention to
the locally smooth case, although the result can be proved without this re-
striction. We will say that M has finite type if each H,(M; Z) is finitely
generated.

10.1. Lemma Let M be orientable and of finite type. If C is a compact
neighborhood of infinity in M, then there is a neighborhood C' < C of
infinity with H*(C, co; Z) — H*(C', 00; Z) trivial. (That is, M, is clc at c0.)

Proof If C’ < int C, then it is well known that the image of H*(M,, C)
— H*(M,, C") is finitely generated. [This holds since M is cohomologically
locally connected in each degree (clc), and a proof can be found, for example,
in Bredon [13, p.77]. Here we shall be satisfied with the remark that this is
easily proved when M is triangulable. For this case, a subdivision will pro-
vide a finite polyhedron K in M with K « M, — C'and M, — C < int K.
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Then H*(M,, M, — int K) ~ H*(K, dK) is finitely generated, and the
homomorphism in question factors through this.]
Now H'(M,,c0) =~ H,_;(M) is finitely generated, by assumption, and
the diagram
Hi(M, , 00) — H(C, c0) — H+(M,, C)

Hi(M,, 00) — H(C’, co)—> H* (M, C')
implies that H(C, 00) — H(C',c0) has finitely generated image. Now
lim H¥(C, 0o) = Hi(co, 00) = 0
->
by continuity of Cech theory. Thus any element of the image of Hi(C, co)

— Hi(C’, 00) can be killed by further restriction to a smaller neighborhood
of co. By finite generation of this image we can, in fact, kill all of it at once. J]

10.2. Corollary The conclusion of 10.1 holds for coefficients in Z,,, uni-
formly in p.

Proof Suppose that 10.1 holds for the two inclusions C" < C' < C. The
coefficient sequence 0 > Z —Z — Z, — 0 gives the diagram

Hi(C,00;Z,) — H*(C,c0;Z)
0
Hi(C',00; Z) — H(C',00;Z,) - H*(C',00; Z)
0
Hi(C",00;Z) — H{(C",00;Z,)
and a diagram chase shows that H¥(C, co; Z,) — H¥(C",c0; Z,) is trivial. ||
We remark that, since the universal coefficient sequence is valid in the

present context, a similar proof gives 10.2 for arbitrary coefficients, but we
shall not use this fact.

10.3. Lemma Let M be an arbitrary n-manifold. Suppose that G =17,
acts on M and that Cy > C; > -« D C,, are compact invariant neighbor-
hoods of infinity in M, such that H*(C;, co; Z,)— H*(Cyiyy, 0; Z,) is
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trivial for all i. Then
ﬁ*(COG’ ©0; Zp) g H*(C1?+1’ C0o; Zp)

is trivial.

Proof In fact, we claim that (with coefficients in Z,)
Hp=#1(C,y, 00) @ H™#Y(C,%, 00) — HyH+Y(C;, 00) @ H*+(C ¢, c0)

is trivial for both ¢ = 7 and ¢ = ¢. This holds vacuously for i = 0 and will
be proved in general by induction on i. The Smith sequences give the
diagram

H'g_i(co’ 00) D Hn_i(CoG ,00) — H"Q—HI(CO » ©0)

0

ﬁn—i(ci » OO) g Hg—i(ci ’ OO) ('B Hn_i(cias OO) g Hg_H-l(Ci ’ OO)

0

Hn—i(ciﬂ , 00) — HZ,""(Cm ,00) D Hn_i(ciﬁl , 00)

from which the conclusion follows by a diagram chase. [}

10.4. Theorem Let G be a compact Lie group acting locally smoothly
on the orientable manifold M of finite type. Then there is a compact subset
K of M which touches every component of the fixed point set of every finite
p-group in G, uniformly for all primes p.

Proof Let M, = C, > C, > :-- be compact neighborhoods of infinity
in M, such that H*(C;, co; Z,,)—»I-VI*(CHl,oo; Z,) is trivial for all #
and all p. By 10.2 these exist, and it is clear that they may be chosen so as
to be invariant under G. Let P < G be a p-group. It will suffice to show that
no component F of M? is contained in C,,,». Let M, be the component of
M containing F. Since P has a composition series consisting of normal
subgroups, it follows that there is a normal subgroup P, of P which is ef-
fectively of order p on M,. Let M, be the component of M} containing F.
Then P acts on M, (with P, acting trivially) and we repeat this process to
obtain a normal subgroup P, > P, effectively of order p on M,, and let
M, be the component of MT= containing F. Since the M; have decreasing
dimension, this process stops with M, = F for some k << n. Now an ob-
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vious induction on 10.3 shows that
H*(M; ,,00; Zy) = H*(Cipyryi N M; ., 00; Z,)
is trivial. Hence
H*(F,,00;Z,) > H*(C N F,,00;Z,)

is trivial, where C = C(,,,)». Since F is orientable (or p = 2) by 2.1, we
have H™(F,, c0; Z,) =~ Hy(F; Z,) #0, where m = dim F. Thus F¢ C. ||

10.5. Theorem Let T be a toral group acting locally smoothly on the orien-
table manifold M of finite type. Then T has only finitely many orbit types on M.

Proof By induction on dim T we may assume that each proper subtorus
S of T has only finitely many orbit types on M and, from III.10.13 and
Poincaré duality, this implies that F(S, M) has finite type. Suppose that
K< Misasin 104, Let P, = P, = --- be p-groups (p fixed) converging to
atorus S < T. Then F(P,, M) > F(P,, M) > ... is asequence of manifolds
with intersection F(S, M). Since each component of F(P;, M) touches K,
it follows that the F(P;, M) are eventually constant. In particular, each
component of F(S, M) touches K. The proof now follows the lines of that
of 1.3 (and 1.4), with only minor modifications which the reader should be
able to supply without difficulty. ||

Remark There is a purely Lie group theoretic theorem of Mostow [2]
which implies that results such as 10.5 also hold for actions of any compact
Lie group G when they hold for tori. This result states that if & is any
class of subgroups of a given compact Lie group G, if & is closed under
conjugation, and if {C N T| Ce &} is finite, where T is the maximal
torus of G, then & contains only finitely many conjugacy classes. An expo-
sition of this result may be found in Borel [5, Chapter VII] and will not be
repeated here.

Remark 1If M is nonorientable, then for 10.4 (and hence 10.5) to hold
on M it would suffice for M and its orientable double covering M’ to have
finite type. To see this, first note that 10.4 holds for the prime 2 since orien-
tability does not enter the proof in that case. If p is an odd prime and P
is a p-group acting on M, consider the lifting of P to an action on M’
(given by 1.9.4). Since ord P is odd itis clear that M'F is the full inverse image
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of MP, The result then follows from 10.4 applied uniformly to all odd primes
and to this lifted action. Theorem 10.5 also follows, since its proof out of
10.4 makes no essential use of orientability.

EXERCISES FOR CHAPTER 1V

1. Show that the principal isotropy group of a locally smooth action of
a compact abelian Lie group is trivial.

2. Suppose that the compact Lie group G acts locally smoothly on S*!
or R" with principal isotropy group H. Let r = rank G — rank H. Show
that dim G < [(n — r)(n — r + 1)]/2.

3. If G is a finite group acting locally smoothly on S!, show that the
action is equivalent to an orthogonal action (and, in particular, that G is
either cyclic or dyhedral).

4. Show that a locally smooth action on R2? is equivalent to an orthog-
onal action.

§. If S? acts locally smoothly on a compact 3-manifold M having the
homology of S3, show that either M =~ S3 or that there are no stationary
points.

6. Let G be a compact Lie group acting locally smoothly on the con-
nected orientable manifold M of finite type. Show that there is a compact
subset of M which touches each component of the set B U E of points
on nonprincipal orbits and hence that there are only finitely many such
components.

7. Suppose that SO(3) acts locally smoothly on S* with principal orbits
of dimension 2. Show that the action is equivalent to the orthogonal action
on St = R® = R?® x R? which is the sum of the standard representation
on R® and the trivial representation on R2.

8. Suppose that SO(3) acts locally smoothly on S* with principal
orbits of dimension 3. Show that the principal isotropy group is Z, @ Z,
and that there are precisely two singular orbits, both projective planes.

9. Suppose that SO(3) acts locally smoothly on S® with principal or-
bits of dimension 2. Show that F(SO(3), S*) =~ S? and that all nonfixed
orbits are 2-spheres.



EXERCISES FOR CHAPTER IV 223

10. If G is a compact, connected, Lie group acting locally smoothly
on the #n-manifold M and if H,(M; Z,) = 0, show that n — dim F is even.

11. Suppose that G is a compact, connected, Lie group acting locally
smoothly on an orientable #n-manifold M with principal orbits of dimension
n — 2. Assume that M% =~ (7 and that M* is an annulus. If 7, (M) is abelian,
show that there are no exceptional orbits inint M*. (Hint: Consider cov-
ering spaces of M* and the associated pull-backs of M.)

12. If H(M";Z,) = 0 and if the compact Lie group G acts locally
smoothly on M with principal orbit S**, show that all nonprincipal orbits
are stationary points and that each component of M¢ has dimension
n—2k— 1.

13. Let G be a compact Lie group acting locally smoothly on S* or R?
with principal isotropy group H. Let T be a maximal torus of H and assume
that (G/H)T is connected. Show that Q7 is connected for any orbit Q.



CHAPTER V

ACTIONS WITH FEW ORBIT TYPES

In this chapter we shall prove and apply several classification theorems
concerning, basically, locally smooth actions with two or three orbit types.

In the first section we prove an equivariant version of the collaring theo-
rem of Brown. However, only the nonequivariant version is used in sub-
sequent sections.

In Section 2 we study actions on spheres such that the fixed point set
has the largest possible dimension for a given maximal orbit dimension.

We deal with some background material on reduction of structure
groups of bundles in Section 3. This is applied in Section 4 to prove the
“Tube Theorem™ which states that, for a G-space with a manifold with
boundary as orbit space and with two orbit types (one corresponding to
the boundary points), the part over a collar has the structure of an equi-
variant mapping cylinder. This result in the locally smooth case is analogous
to the relatively simple Tubular Neighborhood Theorem in the smooth
case, and is basic to the remainder of the chapter.

In Sections 5 and 6 we prove two classification theorems concerning ac-
tions with two types of orbits and with a manifold with boundary as orbit
space. The second of these is analogous to a theorem of Jdnich and of
W.-C. and W.-Y. Hsiang in the smooth case. Classification of self-equiva-
lences of such actions is studied in Section 7. These results are applied in
Sections 8 and 9 to study equivariant plumbing and actions on Brieskorn
manifolds.

Actions with three types of orbits, one consisting of fixed points, over
a contractible manifold as orbit space, are studied in Sections 10 and 11.

1. THE EQUIVARIANT COLLARING THEOREM

A well-known result of Brown [1] states, in particular, that the boundary
of a topological (paracompact) manifold with boundary has a collar;
that is, a product neighborhood. We shall prove an equivariant version
of this result in this section.

224
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Recall that a G-orbit structure on a space X is just a function from X
to the set &, of G-orbit types. In general, we will use the term structured
space for a space X and a function, the “structure function,” from X to a
set S which is fixed once and for all. We shall denote a structured space
by the same symbol as its underlying space, the structure function being
understood. A map of structured spaces is just a continuous map which
commutes with the structure functions. Let I = [0,1] and J = [0,1). If
X is a structured space, then we understand X X J to have the structure
induced by the projection to X composed with the structure function on X.

If X is a structured space and B — X (with theinduced structure), then
B is said to be collared in X if there is a homeomorphism (of structured
spaces) # of B X J onto an open neighborhood of B in X such that
h(b,0) = b. Next, B is said to be locally collared in X if each point of
B has an open neighborhood in B which is collared in X. We shall show that
a locally collared closed subspace B of a paracompact structured space X
is collared in X. Our proof follows Brown [1] with a few minor modifica-
tions, and the “structure” adds no complications whatever.

We assume throughout that X is a paracompact structured space and that
B is a closed subspace.

For a map u: B—1 we put

U, = {be B| u(b) > 0}

and
S, ={(b,t)e Bx J|t<u)}

Then S, is called a spindle neighborhood of U, x {0}. Note that U, must
be an F, (a countable union of closed sets). Moreover, if U is an open F,
set in B, then U is paracompact by Dugundji [1, p. 165] and is the nonzero
set of some map B — I by Dugundji [1, p. 148). Thus it is easy to see that
the spindle neighborhoods of U x {0} form a neighborhood basis of U
X {0} in B X J when U is an open F,.

Given u as above and putting (¢/2)(b) = u(b)/2, we define a map ¢,:
B x J— B X J by putting

&1 if (b,1)¢&S,,
‘Py(b: t) = (b, 0) if (b’ t) € S,;/z,
(6,2t —pu®)) if (B,t)€S,— Sy

Note that ¢, preserves “verticals” and hence preserves structure. Also note
that

@i BXJI— 8, —>BxJ.
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1.1. Lemma Let U be an open F, set in B and let N, and N, be open neigh-
borhoods of U x {0} in B X J. Suppose that f: N,— N, is a homeomorphism
(of structured spaces) such that f| U x {0} is the identity. Then there exists
a homeomorphism f': N, — N, and an open neighborhood V of U x {0}
in Ny N\ N, such that

(a) f, =fon Nl—le
(b) f' is the identity on V.

Proof There exists a map u: B—1I such that U, = U and with S, =
Ny N N,. Put V=S5, and let

x for x€5S.,
’ x) = . _u/2,
7 ={ eifpux)  for xeNy— S, |

1.2. Lemma Let U, and U, be open F, sets in B and let K <« U, N U,

be closed relative to U, U U,. Suppose that h;: U; x J—:» W, where
W is some open neighborhood of U; in X (i = 1, 2) such that h;(u, 0) = u.

Then there exists a homeomorphism hy': U, X J =, W, such that

@) h'W,0)=ufor ue U,,
b) k| V=~h|V for some open neighborhood V of K x {0} in
(U, " U, x J.

Proof Put B’ = U; U U, (not closed in X). We shall forget about the rest
of B, for convenience, so that closures will be relative to B’ (or B’ X J)
below. Since B’ is paracompact, there exists an open F, set U in B’ with

K<cU and U<cUnU,.

Put W= W, N W, and note that A;2(W) < B x J is an open neighbor-
hood of U x {0}. It follows that there is an open (spindle) neighborhood
N; of U x {0} in B’ X J such that f = ky'h, is a well-defined homeomor-
phism on N, « U x J to N, = f(N,), where N, = f(N,). By 1.1 there is
a homeomorphism f': N,— N, such that f'=f on N, — N; and
/| V is the identity for some open neighborhood ¥ of U x {0} in B" X J.

Put —
h’(x)—{ hf'(x) for xe N,
2T hy(x) for xe (U, x J) — N;.

It is easily checked that 4,” has the desired properties (including preserva-
tion of structure). |
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Remark The reader will find more details of the proofs of 1.1 and 1.2
in Brown [1].

Suppose that k: U X J— X [k(u,0) = u] is a collar, where U < B
is open. Let b, € U and let W be an open neighborhood of b, in X such
that W < k(U x J). There is a map u: B— 1 such that b, € U, [i.e.,
u(bo) # 0] and k(S,) = W. Then we see that k(S,) = k(S,). Then the
map h: U, x J— X given by

h(b, ) = k(b, u(b)t)

defines a collar of U, with the added property that for any open V < U,
we have

AV xHNB=TF.

Let us call a collar (of an open set in B) with this property, a normal collar.

1.3. Lemma Let U, and U, be open F, sets in B with U= U, U U,
and let h;: U, x J-=+ W, c X be normal collars. Then there exists a

normal collar h: U x J =+ W < W, U W, such that h| (U — U)X J
=h | (U, — Up) x J.

Proof As in the proof of 1.2 we put B' = U, U U, = U (which is para-
compact) and take closures relative to B’. We can write B’ = O, U O,
(open in B’), where 0; < U;, and we put K = 0, n 0,. By 1.2 we may
as well assume that A, = h, on an open neighborhood V of K x {0}. Put
V, = (0, — K) x J. Then h(¥V,) " B = O; — K which does not meet
0, — 0,. Thatis, (O, — 0,) x ¥) N hz'(h,(V,)) does not meet (O, — 0,)
x {0}. Since B’ x J is paracompact, and hence normal, and since 0,
— 0, o 0,— K it follows that there is an open neighborhood ¥, of
(0, — K) x {0} in B’ x J such that h,(¥V;) N h(V,) = &

Define kon ¥V, U VU V,to be by on ¥V, h,on V,, and by = hyon V.
Then k is continuous, open, and one-one, hence it is a homeomorphism
into. Since B’ is paracompact, there is a map 7: B’ — I which is nowhere
zero and is such that S, < ¥, U VU V,. Also there is a map 7: B —~1
such that

1 for be U, — U,,
*®) :{ 0 for be O,
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Put x = max(v,7). Then S, = ¥; U VU V,, p is nowhere zero, and
ub) =1 for b e Uy — U,. The map h defined by

h(b, t) = k(b, u(b)?)

clearly has the desired properties. ||

1.4. Theorem If X is a paracompact structured space and B is a closed
subspace which is locally collared in X, then B is collared in X.

Proof The subspace B is covered by open sets having normal collars in X.
The images of the collars form an open covering of B in X. Together with
X — B we have an open covering of X which can be refined to a locally
finite covering. Passing to the covering associated with a partition of unity
subordinate to this, we obtain a locally finite covering by open F, sets in X.
Thus there is a collection {¥,} of open sets in X which is locally finite in
X and such that each U, = V, N B is an F, which is normally collared in
X. The (image of the) collar of U, may also be assumed to be in V,. Well-
order the index set and define

v, =V, ad U/ = U=V, nB.

f<a <

We shall construct inductively a normal collar hy: Uy X J— X with
image in V. As an inductive assumption, we decree that for § < « we have

hy=h, on (U — ) U)xJ.

psr<e

Assume that hg has been defined for all § < e. If @ is a limit ordinal,
then U," = Up<, Ug'. If b € U,/, then there is a neighborhood N of b in
U, = B touching only finitely many Uj for § < a. If 7, 7" < are both
larger than any of these §, then A, and h,. coincide on N X J. Thus the
definition A, = lim,,, #, makes sense. As is easily seen 4, is continuous,
open, and one-one, and hence is a homeomorphism onto its image which is
inside V. Using the fact that {V,} is locally finite in X, it follows that 4,
is normal. (Also note that the U,” are F, sets.)

If @ is the successor of §, then put U, = Uy’ and U, = Ugso that U, U U,
= U,. Using 1.3 we may define A, on U, X J so as to coincide with 4,
on (Uy— U,) X J=(Us' — Up) x J and this finishes the induction.
(Compare the proof of I1.7.1, part C.) |
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Remark Brown [1] gives the proof for metric X and general B. Note,
however, that local collaring implies that B is locally closed. Thus B is
always a closed subset of an open set in X (which is paracompact when X
is metric), so that Brown’s version follows from the present one.

1.5. Theorem Suppose that G is a compact Lie group acting locally
smoothly on the (paracompact) manifold M with boundary B. Then there
exists an equivariant homeomorphism h of B X 1 onto a neighborhood of B
in M with h(b, 0) = b and where G acts on B X 1 by the product action (triv-
ial on I).

Proof Local smoothness implies easily that this holds locally and hence
that B/G is locally collared in M/G with the given orbit structure on M/G.
Thus B/G is collared in M/G and the theorem now follows from the
Covering Homotopy Theorem IL.7.1 of Palais. ||

We shall take this opportunity to state the following theorem, which is
unrelated to the preceding material. It is quite well known but we know
of no convenient reference for it. It will be used several times in this chapter.

1.6. Theorem A4 (paracompact) manifold M, with or without boundary,
has the homotopy type of a CW-complex.

Proof We shall only outline the proof of this well-known fact. The man-
ifold M may be taken to be connected and can then be embedded as a
closed subset of some euclidean space R™. Since M is an ANR (see Hanner
[1]) there is a neighborhood U of M in R* and a retraction r: U — M.
Then R” may be triangulated so that M is contained in some subcomplex
L which is inside U. Cells may be added (inductively) to L to kill ker r:
7y(L) — (M) and in such a way that r extends to the new CW-complex
K. That is, there is a CW-complex K > L such that r extends to s: K— M
and such that s,: 7,.(K)— n,.(M) is a monomorphism. Since s,i,; =1
(where i: M — K is the inclusion), s, is an isomorphism with inverse i,.
Thus is: K— K is a weak homotopy equivalence (an isomorphism on ho-
motopy) and hence is a homotopy equivalence since K is a CW-complex
(see Spanier [1, p. 405]). If ¢: K— K is a homotopy inverse to is, then
isp ~ lg so that is ~ isisp = isp ~ lg. Thus i and s are inverse homotopy
equivalences between M and K. |
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Thus standard results from obstruction theory can be applied to M.
For example, if M is simply connected and homologically acyclic over the
integers, then M is contractible.

2, THE COMPLEMENTARY DIMENSION THEOREM

Suppose that G acts locally smoothly on an n-sphere M with principal
orbits of dimension d. Then from IV.3.8 we have that dim M% <n — d — 1.
In this section we study the case in which equality is achieved and shall
obtain quite complete results.

2.1. Theorem Let M be a compact integral homology n-sphere and let
the compact Lie group G act locally smoothly on M with principal orbits of
dimension d. Assume that dim M¢ = n— d — 1. Then

(@) All nonfixed orbits are principal and are equivalent to S% with an
orthogonal G-action.

(b) ME€ is an integral homology (n — d — 1)-sphere.

(¢} M* is an acyclic (n — d)-manifold with boundary M.

(d) There is a cross section in MY for the orbit map M — M*, where H
is a principal isotropy group.

Moreover, if the orthogonal action of G on S¢ is given, then the assign-
ment M +— M* induces a one—one correspondence between equivalence classes
of such actions on homology n-spheres and homeomorphism classes of acyclic
(n — d)-manifolds with boundary. Also M is simply connected iff M* is simply
connected (and hence contractible).

Proof Let F be a component of M® of dimension n — d— 1 and let
x € F. By local smoothness, a neighborhood of x has the form R»-4-1
X R where G acts orthogonally on Ré+! and trivially on R*—4-1, Then
each sphere about the originin R4 is an orbit of G and the action on Ré¢+!
is the cone over the action on S%. Thus G has only principal orbits S¢ ~ G/H
and fixed points near x. Moreover, (R* %1 x R#1)/G =~ R* %1 X [0, o0)
so that M* is an (n — d)-manifold with boundary M¢ in the vicinity of x*.

In particular, we see that F is a component of B U E (in the notation
of Chapter IV). By IV.7.2 (upon removing a point of F), B U Eis connected,
which shows that F = M and that all other orbits are principal. This proves
part (a) and also shows that M* is an (n — d)-manifold with boundary
Mé€,
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If rank G > rank H and if T is a maximal torus of G, then (G/H)Y =
so that M% = MT which is a homology sphere by II1.10.2.

If rank G = rank H, then (G/H)T = N/T is finite, where N = N(T).
Since it is a homology sphere, it is just Z,. Since (G/H)Y = ¢ we have
that M% = M¥ = (MT)¥T. Now dim MT = dim M* + dim(G/H)T =
n—d and dim(MT)¥'T =n — d— 1. Thus it follows from IV.2,6 that
MG = (MT)¥'T is an integral homology (n — d — 1)-sphere, which proves
part (b).

Let U = R” be an open n-disk in M about a point of M¢ on which G
acts orthogonally (so that U N M€ ~ R"%1) and let y € M¢ — U. Since
M and M€ are homology spheres, the inclusions induce isomorphisms

Hi(M, M — U) = H(M, y),
H(M® U (M — U), M — U) ~ H(MS, M® — U) > H{(MS, y).

The 5-lemma applied to the map from the cohomology sequence of the
triple (M, M® U (M — U), M — U) to that of (M, M€, y) implies that

Hi(M, M® U (M — U)) = H(M, M)

By Poincaré-Lefschetz duality, the inclusion U— U% =M —(M® y
(M — U))—> M — M¢? induces an isomorphism

H (U — U%) = H(M — M®).

There is an orbit S < U — U® which is clearly a deformation retract
of U— U® Thus we conclude that the inclusion S « M — M? of a
principal orbit in M — M€ induces an isomorphism H;(S%)— H;(M— M%);
that is,

Ho(M — MS,S%) = 0. 1)

Now M — M€ is a fiber bundle with fiber S over M* — M¢. The bundle
is orientable (i.c., a loop in M* — M? cannot reverse orientation of S¢)
since otherwise S¢ = M — M¢ would not give an isomorphism in homol-
ogy. Thus there is the relative Gysin sequence

- — H(M — M€, 8% — H(M* — M® x) > H;_ 4 ,(M* — M x)
— H_ (M — M% S%) — ...
(where x € M* — M% corresponds to the orbit S¢ in M — M®). By (1)

and an easy induction, this implies that H (M* — M®¢, x) = 0 for all i;
that is, M* — M% is acyclic. By the Collaring Theorem, M* ~ M*U (M¢
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x I) and M* has the same homotopy type as does its interior M* — M,
so that (c) is proved.

Now the principal bundle associated with M — M® — M* — M is
just MH — MY M* — M% which is an N(H)/H-bundle. Note that
N(H)/H = (G/H)E is a sphere since G operates orthogonally on G/H ~ S¢.
Let K = N(H)/H = S° S!, or S3, and let Bx be the classifying space for
K. Then the given bundle is induced from a map M* — M% — Bg. Ob-
structions to deforming this map to a constant lie in H*(M* — M¢; n,(Bx))
= 0 [since M* — M¢ has the homotopy type of a CW-complex and since
7,(Bx) operates trivially on the 7;(By)]. Thus the bundle M¥ — M% — M*
— M@ is trivial. If C' <« MH < M is a cross section of this bundle, then the
closed set C = C’' U M9 is a cross section of the orbit map M — M*,
by 1.3.2, proving (d).

To prove the statements in the last paragraph of the theorem, suppose
that we have two such actions on M, and M,, say, with M,* =~ M,*. Let
C, < MH (i=1,2) be the cross sections given by part (d), so that the
homeomorphism of orbit spaces corresponds to a homeomorphism C;
=~ C,. By 1.3.4, this extends uniquely to an equivariant homeomorphism
M, %~ M,. Now suppose that X is any acyclic (n — d)-manifold with bound-
ary and put M = d(D%! x X) with G acting orthogonally on the factor
D4+ and trivially on X. Since M = 3(D?%?! x X) = (8¢ x X) U (D!
X 0X), and, since D¥/G =~ [0, 1] with S4/G corresponding to {0}, we
see that

M* =~ ({0} x X) U ([0,1] X 0X) =~ X

by the Collaring Theorem.

If M is simply connected, then so is M* by I1.6.3. If X ~ M* is simply
connected, then the Van Kampen Theorem implies that z,(M) is generated
by the images of =,(8% X X) = =,(S?%) and of &, (D! X 9X) ~ 7,(8X).
Since 7,(S4) — 7,(D%1) and =, (X)) — 7,(X) are trivial, this implies that
7, (M) is trivial. ]

From Connell [1] it is known that if X is a compact contractible k-
manifold with boundary S*! and if k = dim X # 3,4, then X ~ D¥,
(Also, if k > 5, then the boundary of a contractible manifold is S¥-1 iff
it is simply connected.) Since the (n — d)-disk clearly corresponds to the
orthogonal case of 2.1, we have the following corollary.

2.2. Corollary Let G act locally smoothly on the homotopy n-sphere M
with principal orbits of dimension d. Suppose that dim M® =n—d— 1
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# 2, 3. Then the action is equivalent to an orthogonal action iff M& ~ S»—d4-1,
Ifn—d—12>=35, then M? =~ S iff it is simply connected. In general,
Jor n — d =5, such actions embed in an orthogonal action of G on S"+1,

Proof For the last statement, note that M* embeds as M* x {}} in X
= M* x I Then Xis a contractible (n — d + 1)-manifold whose boundary
0X = (IM* X I) U (M* x d1) is the double of M* and hence is simply
connected by the Van Kampen Theorem. Thus X =~ D"4+!, The corre-
sponding G-action on an (n + 1)-manifold is then orthogonal, has orbit
space X, and its restriction to the part over M* x {}} is clearly equivalent
to the original action. J]

2.3. Corollary If G = S! acts on a homotopy n-sphere M with n # 4,5
and if M€ ~ S"2, then M =~ S"* = R™! agnd the action is equivalent to the
orthogonal action by rotations in the first two coordinates. ||

Remarks Theorem 2.1 was proved in Bredon [2] (also see Bredon [4])
in the nonlocally smooth case. The proof there is considerably more dif-
ficult since M¢ is not, a priori, a manifold (and, in fact, turns out to be
only a generalized manifold)and it is more difficult to identify the principal
orbit. There are obvious analogs of 2.1 for actions on homology disks and
euclidean space, and which have essentially the same proofs.

3. REDUCTION OF STRUCTURE GROUPS

In this section we shall develop some background material on the reduc-
tion of structure groups of bundles and shall prove some results, vital to
us later, which are not available in the standard literature.

Let T be a topological group and suppose that py: ¥ — B is a principal
T-bundle. Let S be a closed subgroup of 7. By an S-reduction of Y we
mean a principal S-bundle py: X — B together with an S-equivariant map f

over B

x—' .y

N 7y
B

If X is given, then fis called an S-reduction of Y to X.
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Two S-reductions (X, f) and (X7, f’) of Y are said to be equivalent if
there is an S-equivariant map ¢ such that
x—*.x

N T
Y

commutes. [Since @ must cover the identity on B it follows that ¢ is a
homeomorphism.]

Since it is convenient, in dealing with associated bundles, to use both
left and right actions, we shall use S\ X for the orbit space of a left S-action
on X (for example) in this section, contrary to our usual notation.

Recall from II1.2.2 that the canonical map T X ¥ — Y is a homeomor-
phism. Also T— S\ T is open, so that the induced map

T XT Y-’(S\T) XT Y
is also open by II.2.1. The obvious induced map
ANY=NTxr N—>\T) xXp Y

is then one-one, continuous, and open, and hence is a homeomorphism.
Thus the projection S\ Y — T\ Y =~ B can be regarded as the projection
in the associated (S\ T)-bundle (S\T) Xy ¥ — B. Since S\ X = B, an
S-reduction f: X — Y induces a commutative diagram

S\x—L
=N
B

S\ Y

Thus o5: B~ N X 7z, SN\ 7Y is a cross section of the (S\ T)-bundle

SN\Y— B
Note that T— S\ T is a (principal) bundle if .S is compact Lie (see II.

5.8).

3.1. Theorem Suppose that the natural map T -~ S\T is a bundle.
Then the assignment of the cross section

o B~S\X-1 s\ ¥

to an S-reduction f: X — Y gives a one—one correspondence between equiv-
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alence classes of S-reductions of the principal T-bundle Y — B and cross
sections of the associated (S\ T)-bundle

(S\T) xp Y= S\ Y-% B.

Proof The fact that T — S\ T is a principal S-bundle implies that T x 7 ¥
— (S\T) xr Y is also a principal S-bundle, since locally it is just T x U
— (S\T) x U. That is, the orbit map ¥ — S\ Y is a bundle projection.
Let 6: B— S\ Y be a cross section and let ¢*Y be the S-bundle over B
induced by ¢ from the bundle ¥ — S\ Y. Then we have the pull-back
diagram

*Y—L Y
N S
B—" . S\Y "B

Since go: B— B is the identity, by assumption, we see that

Y2 .y

N

B

commutes. Thus (¢*Y, g) is an S-reduction of Y — B with o, = 0. If
f: X— Y is any S-reduction with ¢; = o, then by the pull-back property
we have the diagram of S-spaces

X ! Y
N /'
oy °
N
B SN\Y
o'=af

which gives an equivalence between the S-reductions (X, f)and (c*Y, g). |

Remark If f: X — Y is an S-reduction and F: X X I - Y is an S-equi-
variant homotopy over B, then F clearly induces a homotopy of cross
sections of S\ ¥ — B. Conversely, since a bundle over B X I is the prod-
uct of some bundle over B with I (when B is paracompact), it is easily
seen that any homotopy of cross sections is induced by such an S-equi-
variant homotopy X X I — Y over B; B paracompact.
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3.2. Theorem Let G be a compact group and let H < G be a closed
subgroup. Let T = N(H)/H and S < T a closed subgroup. Let X — B and
Y — B be principal S and T bundles, respectively. To each reductionf: X — Y
of Y to X we associate a G-equivariant map

' (G/H) xs X — (G/H) X7 Y

over B by f'[gH, x| = [gH, f(x)]. This is a one—one corfespondence of S-
reductions of Y to X and G-equivariant maps over B of the associated G/H-
bundles.

Proof Given f' note that restriction to the fixed sets of H gives a T-equi-
variant map T XgX — T X Y. The inclusion X - T X ¢ X given by x
> [e, x] is S-equivariant and thus so is the composition X > T XgX
—+TxpY=Y. |

Now let 4 be a locally compact space which is an effective right T-space,
where T is an arbitrary subgroup of Map(4, 4) with the compact-open
topology. Let S be a subgroup of T, let X and X’ be principal S-bundles
over B, and consider the associated 4-bundles 4 X ¢ X and 4 X g X'. (Note
that the structure group can be extended to T since A X g X ~ (4 X T)
XsX = A Xp (T XgX).) Consider a map ¢ over B

AXgX—2 A4 xgX'

N
B

and recall, from II.2.7, that ¢ corresponds to a cross section @ of the as-
sociated Map(A4, A)-bundle

Map(A,A) XSXSA — B.

We shall say that ¢ is a T-equivalence if its associated section @ lies in the
subbundle
T % SxS A g B.

(Using charts coming from charts of X and X’, one easily checks that this
means precisely that g is fiberwise operation by elements of T.) Similarly,
@ is an S-equivalence if @ is a cross section of § X gg4 — B.

Remark Since T = Map?(7,T) it is easily checked that ¢ is a T-equiva-
lence iff it is induced from a T-equivariant map T X ¢ X — T X ¢ X’ over
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B. Similarly, it is an S-equivalence iff it comes from an S-equivariant map
X — X’ over B. It is clear that a T- (or S-) equivalence is invertible to
a T- (or S-) equivalence.

The following result will be of primary importance to us in the remainder
of this chapter.

3.3. Theorem Let T be a topological group and S a closed subgroup
such that T — S\ T is a bundle. Suppose that the inclusion S = T is a weak
homotopy equivalence. Also assume that B is paracompact and of the homo-
topy type of a CW-complex. Then:

(a) Every T-bundle over B has an S-reduction and any two such reduc-
tions are S-equivariantly homotopic to equivalent S-reductions.

(b) If A is a right T-space and X and X' are principal S-bundles over B,
then every T-equivalence @: A X g X — A XgX' is homotopic (through
T-equivalences) to an S-equivalence. Here we assume that A4 is locally compact
and that T has the compact-open topology.

Proof Suppose that B is a CW-complex. Since SN\ T has trivial homotopy
groups, there are no obstructions to constructing a section of an (S\7T)-
bundle over B and no obstructions to deforming one section to another.
Thus (a) follows from 3.1 and the remarks following it. Similarly, there
are no obstructions to deforming a section of T X g4¢4 — B to a section
of § X g«s4 — B. Such a homotopy of sections corresponds to a homotopy
of T-equivalences 4 X g X — A4 X g X', by Chapter II, Section 2, and this
implies (b). The use of obstruction theory in these arguments is easily
justified when B has only the homotopy type of a CW-complex C and is
paracompact. For instance, let A: C — B be a homotopy equivalence with
homotopy inverse k: B— C and let W= S\Y be the S\ T-bundle
associated with a principal T-bundle Y over B. Then A*W has a section
and it follows that k*h*W has a section. But W =~ k*h*W since
hk ~ 1 and B is paracompact. Similarly with the bundle pair (T X gxs4,
S X gxsA) over B. |

Remark The hypothesis that T— S\ T be a bundle is not used in (b).
It could also be dropped from (a) by utilizing the theory of classifying spaces
in the proof, but we shall not need this fact.
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4. THE STRAIGHTENING LEMMA AND THE TUBE THEOREM

Let G be a compact Lie group and let H < K < G be closed subgroups.

Consider the canonical projection n: G/H — G/K and let
M,= (G/H) x 1 | (G/K)
nx{0}

be the mapping cylinder of z. Then M, is a G-space with orbit space M_*
canonically homeomorphic to I via the projection (G/H) X I—1. We
shall, in fact, identify M, * with L

Let Homeo;®(M,) denote the group, under composition, of self-equiv-
alences of M, over 1 (i.e., G-equivariant homeomorphisms inducing the
identity on the orbit space). This is given the compact-open topology which,
since M, is compact metric, is the same as the topology given by the uni-
form metric. It is clearly a topological group.

Recall that N(H) n N(K) acts by right translation [R,(gH) = gn'H
etc.] on G/H and on G/K, and the diagram

n

G/H G/K
R, l l Ry
G/H —= G/K

clearly commutes. Thus there is an induced action of N(H) N N(K) on
M, whose kernel is just H. This gives a monomorphism

NH) N NK)

Vi — Homeo,*(M,)

which we shall regard as inclusion.
The next result is basic for the remainder of this chapter. The reason for
its name will become apparent later.

4.1. The Straightening Lemma The subgroup [N(H)N N(K))/H is a
strong deformation retract of Homeo,®(M,).

Proof First, let us interpret the group Homeo®(M,) in an instructive
geometric way. Note that the G-space M, has a cross section J given by
the identity cosets; that is,

J = ({eH} x (0,1]) U {eK}.
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Let J, denote the point of the cross section corresponding to t € I = M, *;
that is, J, = (eH, t) for t£0 and J, = eK. If ¢ € Homeo,®(M,), then
@(J) is another cross section and, since ¢ preserves isotropy groups, we
see that

N(H)

x {t} for t+#0,
P =00 ey

7 for t=0.

Conversely, any such cross section gives rise to a self-equivalence by 1.3.4.
Moreover the correspondence between the self-equivalences ¢ and the
cross sections @(J) is clearly bicontinuous, where the space of cross sections
is given the obvious uniform metric. To simplify notation we shall now put
@(t) = @(J)) and we display its coordinates by putting ¢(¢) = (¢, t) for
t % 0, where ¢, € N(H)/H.

Let Q denote the subspace

_ (N NEK) _
Q_( ’ ><(0,1])u——K—— M.,

n

which is generally noncompact. Put Qy = N(K)/K = Q. We may regard
Homeo;%(M,) as a subspace of the function space

(Q, Q) = (M, G/IK)LO,
Note that

NH) A N(K)  NEH) ., [ NK)
" =—g 7 (T)

Now [N(H) n N(K)]/H has a tubular neighborhood U in N(H)/H (a linear
tube about this orbit by left translation of this subgroup on N(H)/H).
Clearly there exists a smaller tubular neighborhood ¥ and a deformation

. NH) N(H)
F: H X I-’—H—
such that
F(x’ O)ZX,
F(x,t)=x for x¢& U,
F(x,t) = x for xeiv‘(il—)——;}ivgg—,
F@v, ) e w for veV.

H
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Define the deformation
D: Q9 xI—>Q
by
D((x,s), 1) = (F(x,t),s) for xe& N(H)/H and s#0,
D(y,t)y=y for y e N(K)/K.

Then D induces a deformation
D': (Q, Q)10 X I — (Q, Qg)%¥

in the function space by D'(y, £)(s) = D(y(s), t). Clearly this restricts
to a deformation

D,: Homeo;%(M,) x I — Homeo,%(M,).
Now for ¢ € Homeo[®(M,) we put
glp)=sup{s>0[|0<t<s=gq €V}

Then g is clearly a lower semicontinuous, positive, real-valued function
on the metric space Homeo;%(Af,). By a theorem of Dowker (see Dugundji
[1, p. 170]), there is a continuous function f such that

0 < fle) < glp)

for all ¢. In particular, note that
N(H) n N(X
Dy, 1)) = Dlp(s), 1) = (Fip,, 1, s) e X ONE)
for 0 < s < f(p).

We shall multiply elements x € M, by numbers r € I by simply multiply-
ing the I parameter by r, meaning the canonical projection M,, - G/K <« M,
when r = 0. Note that this (for r = 0) does not restrict to Q and this is
basically the reason for the first deformation D,. With this notation we
define another deformation

D,: Homeo,%(M ) x 1— Homeo®(M,)
by
Di(p, 1)(s) for s=flo)t,

—_ Dy, D(fi@)t)  for s<f(p).

Dy, )(s) = {
St
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Then
Dy(p, 0) = Dy(p, 1),

Dy(e, 1)(s)=7(“;—)1>1(¢, D(fp)) for s<f(p).

The latter equation means that the N(H)/H coordinate is constant, and is
in [N(H) n N(K))/H, for small s. Because of this, we can follow this by
the “Alexander deformation™:

D,: Homeo?(M,) x I— Homeo,¢(M,)
given by

1—1_7D2(<p, D@ —0s) for t#£1,
Ds(‘?” t)(S) =

T;)Dm D(f®)) for ¢=1.
Then
Dy(p, 0) = Dy(p, 1),
Dy(p, 1)(s) = (n(®), s)  where n(p) € N(H)?IN(K)

is independent of s.

The latter fact clearly means that Dy(p, 1) € [N(H) N N(K)]/H regarded
as a subgroup of Homeo,%(M,). Thus D,, D,, and D; patch together to
give the desired strong deformation retraction of Homeo,®(M,) onto
[N(H) n N(K))/H. 1

Although we have been taking H to be a subgroup of K and n: G/H
— (/K the canonical projection, it will be convenient for the statement,
and applications, of the next theorem to free ourselves of this restriction.

Thus suppose now that
n: G/H— G/K

is any G-equivariant map with arbitrary H and K. Then, by 1.4.2, = is of
the form = = REXH for some a € G determined up to its coset Ka. Thus
with K’ = g 'Ka > H and &’/ = RE-H (the canonical projection) there
is the commutative diagram
G/K'
G/H REE
N\

G/K
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This induces a G-equivariant homeomorphism M,,,—:—> M, over I and
hence yields an isomorphism
Homeo%(M,,.) a Homeo¢(M.,).
This carries the subgroup [N(H) N N(K")]/H onto a subgroup
S() = HomeoG(M,)

which is a deformation retract. In fact, it is clear that S(;x) may be regarded
as
N(H) " N(K')  N(H)a'N(K)a

St = H H

which acts on M, via the commutative diagram

n=Rq

G/H G/K
Ry l l Rgpa-1
G/H =%, G/k

where n € N(H) N a*N(K)a.

4.2. Theorem (The Tube Theorem) Let G be a compact Lie group and
let W be a G-space with orbit space 1 X B, where B is connected, locally
connected, paracompact, and of the homotopy type of a CW-complex. Sup-
pose that the orbit type on {0} X B is type(G/K) and that on (0,1] X B is
type(G/H). Then there exists an equivariant map n: G/H — G/K and, with
S = S(n), there exists a principal S-bundle X — B (unique to equivalence)
and a G-equivariant homeomorphism

M, Xs X W

commuting with the canonical projections to 1 X B. Moreover, the map
@ =mn XgX: G/H X3 X— G|K XgX gives rise to a G-equivariant ho-
meomorphism

fiM, S M, xs X~ W

over I X B. (Thus, if Wy and W, are the subspaces of W lying over {0} X B
and {1} X B, respectively there is an equivariant map v: W, — W, and an

equivalence M, — W of G-spaces over 1 X B extending the identity on
W, and W,.)
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Proof In the proof it will be convenient to choose H < Kin a special way
so that 7 can be taken to be the canonical projection. To do this, let b € B
and let w € W be a point projecting to (0,b) € I X B= W*, Assume that
G, = Kand let 4 be a slice at w in W. Choose H to be an isotropy group at
a point a € 4. [Note that since w can be altered by action of any element of
N(K) we are free to alter H by conjugating it by an element of N(X).] If @’ is
near a in 4, then K. is conjugate in K to a subgroup of K, = H, but since
K,» ~ H in G it follows that K, ~ H in K. This shows that H “works”
for all points in B near b. Since B is connected, the point b € B is irrele-
vant to the choice of H. We now fix such H < K and let =: G/H — G/K
be the canonical projection.

Now we may choose the slice 4 to lie over a set of the form [0, 2¢) X U
< I X B, where U is a connected neighborhood of & in B. Over (0, 26) X U
the K-orbit type is locally constant (as noted above) and hence it is constant
by connectivity. Thus the part of 4 over (0, 2¢) x U is a K/H-bundle.
Now U may be taken to be so small that this bundle is trivial over {¢} x U,
and then, by the Covering Homotopy Theorem, it is trivial over (0, 2¢) x U.
That is, there is a cross section of this bundle in 4 with each point having
isotropy group H. Adding the part of 4 over {0} x U (which is just 4K)
to this, we obtain a cross section of W over [0, 2¢) X U such that
each point has isotropy group H or K. Restricting this cross section to
[0, ¢] X U and applying the Covering Homotopy Theorem to the part of
Wover [g, 1] X U we finally obtain a cross section C of W over I X U
such that points of C have isotropy groups K or H.

Consider the composition

p: W—>IXx B—>B.

Now the G-space M, X U over I x U clearly has the same typé of cross
section as that constructed above for p~1U. By 1.3.4 the canonical map be-
tween these cross sections yields an equivalence M, X U = p~lU which
commutes with the projections to I X U (as well as to U).
This shows that p: W — B is a bundle with fiber M, and structure
group
T = Homeo % (M,,).

Let Y — B be the associated principal 7-bundle, so that W~ M, X, Y
with the projection to I X B being induced by the canonical map M,
—I (e, M, XpY—>IXpY=1X B).
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By 3.3 and the Straightening Lemma 4.1, there is an S-reduction X — Y
where
_ N(H) 0 N(K)

§ H

and X — Bis a principal S-bundle. Then we have the induced G-equivariant
homeomorphism

Mn XsX—>Mn Xq Y=W

which clearly commutes with the projection to I X B.

To prove the remainder of the theorem, note that the group S preserves
the mapping cylinder structure of M, (which is the whole point). In particular,
the S-action commutes with #. Thus # X X: G/ H X X —-G/K X X is
S-equivariant and induces

p=n XgX: G/H Xg X— G[K Xg X.
Now we can define a G-equivariant function
f: Mq, — Mn Xs X

by f(lgH, x], t) = [(gH, ), x] for t 0 and f{[gK, x]) = [gK, x] for ¢ =O.
Over a small open set U < B this is just the obvious function taking the
mapping cylinder My (of the map n X U: G/H x U— G/K x U) to
M, x U. Now if we put

P = (G/H x [0,1]) + (G/K)

(disjoint union), then M, has the identification topology from the canonical
map P— M,. Now M . is just M, X U as a set, but with the identifica-
tion topology from the map P x U— M, x U. However, these spaces are
Hausdorff and P is compact, from which it is easily deduced that P x U
— M, X U is a closed map. It follows that M, X U has the identification
topology from P x U— M, x U. Thus M.y = M, X U and it follows
that f is a homeomorphism. []

Clearly the map =: G/H — G/K of 4.2 is completely determined up to
equivalence (i.e., up to composition with equivalences of the domain and
target) by the G-space W. It is natural to ask to what extent = is determined
by only the orbit types of G/H and G/K. In many cases of interest it turns
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out that there is precisely one such map up to equivalence. The following
result gives some useful elementary information about this.

4.3. Proposition Let H and K be closed subgroups of the compact Lie
group G. There is a natural one-one correspondence between the equivalence
classes of equivariant maps G/H — G| K and orbits of the action of N(H)|H
X N(K)/K on (G/K). These are also in one-one correspondence with the
Simultaneous conjugacy classes in G of pairs (H', K'), where H' < K' with
H'’ conjugate to H and K' conjugate to K.

If H < K, then there is precisely one such class iff

K
In particular, this holds when N(H) is transitive on (G/K)Y and this always
holds when (G/K)X is connected.

Proof Recall that RE-H > b"1K is a one-one correspondence between
Map®(G/H, G/K) and (G/K)H (see Chapter I, Exercise 12). By composition
N(H)/H = Map%(G/H, G/H) acts on the right of Map®(G/H, G/K) and
N(K)/K acts on the left. Since

RELEREKHREH — REH s c~-1h~1q 1K

this N(K)/K x N(H)/H-action on Map®(G/H, G/K) corresponds to the
canonical action of N(H)/H x N(K)/K on (G/K)? (where N(H)/H acts
on the /eft and N(K)/K acts on the right). This proves the first statement. If
H < K, then the orbit of eX under this action on (G/K)¥ is just N(H)N(K)/K
so that the first part of the second paragraph holds. If (G/K)¥ is connected,
then N(H) is transitive on it since N(H) always has only finitely many orbits
on (G/K)¥ by I1.5.7.

For the correspondence with pairs (H', K’') we associate to such a pair
the class of the canonical projection REH': G/H' — G/K'. By 1.4.2 we
obtain every map G/H — G/K, up to equivalence, this way. If H' = aH'a!

and K” = aK’a™, then
Re

G/H’ G/K'

W

G/HII R, G/KII

commutes so that the two projections R, are equivalent. Conversely, if



246 V. ACTIONS WITH FEW ORBIT TYPES

(H”,K'") and (H', K’) are pairs giving equivalent maps, then there exist
elements @ and b in G such that

G/H 2 Gk’

f s

G/H' — %, G/k"

commutes. However, then RX'"H’ = RE".H’ which means that b = ka for
somek € K" by 1.4.2. Thus H =a'H"gand K'=b"'K"b=a %' K"ka
= a'K"a so that (H',K’) and (H”, K'’) are simultaneously conjugate. ||

The case of main interest to us later is that for which G < O(n), K= G
NOn—1), H= G N O(r— 2) and for which G is transitive on S,
In this case we have (G/K)X = (S* )X which is a sphere containing
(S»1)0-2 = §1 Thus (G/K)¥ is connected and there is just one equi-
variant map G/H —» G/K up to equivalence in this case.

5. CLASSIFICATION OF ACTIONS WITH TWO ORBIT TYPES

Let X be a given (paracompact) manifold with boundary B. Let G be
a compact Lie group and H < K closed subgroups of G. Let X have the
orbit structure which assigns type(G/K) to B and type(G/H) to X — B.
In this section we shall classify G-spaces W over X; that is, G-spaces W

together with an orbit structure preserving homeomorphism W/G - X.
Of course, we wish to classify such actions up to equivalence over X.

Note that in the present context W need not be a manifold. Even though
the case of locally smooth actions on manifolds W is our main concern
here, such an assumption does not simplify the discussion. (See the remarks
in Example 5.2.)

By the Collaring Theorem, we can regard X as the union X, U ([0, 2] X B)
with intersection {2} x B and with {0} X B identified with B. Let X,
=X, U ([1,2] X B) so that X = X; U ([0,1] X B). (The interval [1,2]
will be used later to support a homotopy.) Put B, = {1} x B.

Let W be a G-space over X and p: W —> X the given projection. Then
Pp~B— B is a G/K-bundle with structure group N(K)/K. We shall denote
this bundle by ¢ (for “singular”). Similarly p—'X, — X, is a G/H-bundle
with structure group N(H)/H and will be denoted by ¢ (for “regular’).
By the Tube Theorem 4.2, there is an equivariant map y: p~(B,) — p~1(B)
over B and an equivalence M, = p~'(I X B) over I x B, which restricts
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to the canonical identification of the top of M,, with p~'(B,) (and similarly
for the bottom). Thus W is equivalent over X to the union of the total space
E(g) = p7'(X,) of ¢ and the mapping cylinder M, of the equivariant map
y: E(o| B;) = p~'B, — p~'B = E(0) over B. (In this section we use E(o)
to denote the total space of o, etc.)

Therefore every such G-space W over X can be constructed, to equiva-
lence over X, as follows: We are given a G/H-bundle ¢ over X,, a G/K-
bundle ¢ over B, and an equivariant map y: E(o| B,) — E(c) over B.
Then construct

W= W(Q’ g, 'P) = E(@) v Mw’

where the union is via the canonical identification of E(¢| B,) < E(p)
with the top of the mapping cylinder M.

Let Map©(o | B, o) denote the set of all equivariant maps y: E(g| B,)
— E(0) over B. By 11.2.8, since Map®(G/H, G/K) ~ (G/K)", there is a bun-
dle (¢ for “map”)

H= ‘/%’/G(Q l By, 0)

over B (depending on ¢ | B, and ¢) with fiber (G/K)? and structure group
N(H)/H x N(K)/K (made effective) and a canonical one-one correspon-

dence
Map€(g | By, o) I'(1)

of equivariant maps over B with cross sections of u. Also, by the remarks
following I1.2.8, equivariant homotopies of maps correspond to homo-
topies of sections. Thus the set

(1)

of homotopy classes of sections of u corresponds to the set of equivariant
homotopy classes of maps E(g | B,) — E(s) over B.

Thus, given o, ¢ (which determine u) and y € I'(4), we have shown how
to construct a G-space W(g, o, p) over X. Let us show now that W, o, 9)
depends, to equivalence, only on the homotopy class [y] € mod () of .

Suppose that ¢, and y, are equivariantly homotopic maps, via the ho-
motopy

F: E(o| B)) x I - E(0)

over B. Put F'(x, t) = (F(x, 1), t) so that

F': E@|B) xI—>E(@) x1I
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is an equivariant map over B x L. Put

which is a G-space over X x I with orbit structure induced by the projec-
tion to X. However, the part of Y over X x {0} is W(p, 0, v,) and that
over X x {1} is W(p, 0, v,). Thus these are equivalent over X by the Cov-
vering Homotopy Theorem of Palais in the form of I11.7.1.

There are some other obvious redundancies in the data (g, o, ¥). Indeed,
suppose that ¢: E(p) — E(g) is a self-equivalence over X; and that 6:
E(¢) — E(o) is a self-equivalence over B. Let ¢’ be the restriction of ¢ to
E(p| B,). Then the commutative diagram

E(e| By) E(0)
w'l lo—l
E(e| B,) ——— E(o)

gives rise to an equivalence Mq,,v,,,—:u M,. The union of this with the
equivalence @: E(¢) — E(p) produces an equivalence

W(e, o, 'y0) — W(e, 0, v)
of G-spaces over X.

Note. Here we are using the convention that the composition ¢p6 acts
in the left to right order (as if we write these as maps on the right). This
is contrary to our usual convention and we apologize to any traditionalist
readers for it. The reason for it is that equivariant maps G/H — G/K, etc.,
are right translations. If we did not use this convention, it would tend to
confuse our later remarks.

Thus we consider the composition action

©: Map%(, ) X Map€(g | B,, o) X Map®(o, o) — Map®(e | B,, 0).
Thinking of equivariant maps as sections of bundles via I1.2.8, this is
0: I'(Ax%(, 0)) x I'(u) x I'(Map®(0, 0)) — I'(p),
and, fiberwise, @ corresponds to the usual action

N(H)

N(K)
X (G/IK)H x

— (G/K)F.

This action on I'(u) induces one on 7,I'(4), and, since operating on a map
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by homotopic maps gives homotopic maps, this is essentially an action
O 7o (Aep%(g, 0)) X 7ol () X 7oL (Aep(ar, 0)) — 7o ().

For [y] € 7,['(x), the homotopy class of y € I'(), let [y]* denote its orbit
under the action 6,.

We have shown that W(p, o,v) depends, up to equivalence over X,
only on g, o, and [¢]*. Thus we let

W(o, o, [¥]*)

denote this equivalence class over X of G-spaces.

Remark 1t is clear, of course, that a change of ¢ and o by equivalences
produces canonical changes in u and the action @,. Thus the dependence of
W(o, o, [¥]*) on p and o is actually only on the (G-equivariant) equivalence
classes [p] and [¢] of ¢ and o over X, and B, respectively. Also, since the prin-
cipal bundle associated with the G/H-bundle g is retrieved simply by pass-
ing to the fixed point set of H on E(p) (by II.5.11), we may regard [o]
as the equivalence class of this associated principal N(H)/H-bundle or, by
classification, as a homotopy class

[o] € [X;, By@ym);

where By )z is a classifying space for N(H)/H. (Also note that X; could
be replaced by X here, if we wish, and ¢ may be regarded as a bundle over
X.) We may similarly regard

[¢] € [B, By &kl

5.1. Theorem (First Classification Theorem) For given regular and
singular bundles p and o, the assignment [y]* — W(p, g, [¢]*) is a one-one
correspondence between the set of orbits of the action @, on m,I'(u) [where
u = M24%(p | By, 0)] and the set of equivalence classes over X of G-spaces
over X with these regular and singular bundles.

Proof First let us remark that it may very well happen that for given g,
o there are no sections of . This simply means that p, o are inconsistent in
the sense that there exist no G-spaces over X with these particular regular
and singular bundles.

We have already shown that the indicated assignment is well defined
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and onto. Thus we must show that if W(p, o, v) and W(p, o, @) are equiva-
lent over X, then [y]* = [¢]*. Thus we are given an equivariant map

fr E@) U M,—~ E(@) U M,
over X (necessarily an equivalence of G-spaces), where
¢, v: E(| B) — E(0)

are G-equivariant maps over B.

If b € B, then the part of M, above I x {b} is equivalent as a G-space
over I to a mapping cylinder M, where z: G/H — G/K is some equivariant
map. (In fact, by conjugating H and K (separately) it could be assumed that
7 is the canonical projection.) Since f is an equivalence of this to the part
of M, over I x {b}, the latter is also equivalent to M,. Thus M, and M,
may both be regarded as M_-bundles over B with structure group S = S(x)
in the notation of Section 4. (Thus S = [N(H) n N(K)l/H if we arrange
7 to be the projection.)

Since the restriction f’: M, > M, of f is an equivalence of G-spaces
over I X B, it is a T-equivalence in the terminology of Section 3, where
T = Homeo¢(M,). By 3.3 and 4.1, f' is homotopic through T-equivalences
to an S-equivalence f,": M, — M. Let

F:IxM,—~M,

be this homotopy, so that F(0, x) = f'(x) and F(l, x) = fi'(x). Now
a T-equivalence is necessarily G-equivariant, so that F is an equivariant
homotopy. Now g | ([1,2] X B) is equivalent to [1,2] X (¢ | B,). Using this
parametrization, and regarding g | B; as the top of M,, we define

F': [1,2] X E(| B;)— [1,2] x E(e| By)
by
F'(t,x) = (1, FQ — 1, x)).

Then F’ can be regarded as an equivalence of E(g | [1,2] X B) with itself
over [1,2] X B which equals f (= f') over {2} X B and equals f;’ over
{1} X B. Thus f over X — X,, F' over [1,2] X B, and f; over [0,1] X B
match together to define an equivalence

E(Q@) UM, E(@) U M,

which extends the S-equivalence f,": M, — M,,.
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This shows that we may as well assume that the restriction f': M, > M,
of fis an S-equivalence. However, this simply means that f is the map of
mapping cylinders induced by a commutative diagram

E(e| B)) —— E(o)
fIBll lfl B
E(e| B,) —— E(0)

(That is, the commutativity of this is implied by the fact that f* is an S-
equivalence, the point being that S preserves the mapping cylinder structure
of the fibers.) This shows that ¢ and v are in the same orbit of the action @
and, in particular, that [¢]* = [¢]*. |

Remark Note that the proof shows that if ¢, w: E(o| B,) > E(o) are
equivariantly homotopic (and hence lead to equivalent G-spaces), then
they are, in fact, in the same orbit of @. That is, ¢ differs from % only by
composition with self-equivalences of E(g) and E(c). In fact, one can show
that equivariantly homotopic ¢ and ¢ differ only by composition with a
self-equivalence of E(g). This is due to the fact (IL.5.7) that each component
of (G/K)¥ is contained in an N(H)/H-orbit.

We shall now apply 5.1 to some specific examples.

5.2. Example Let (G,K, H)= (U(n), U(n— 1), U(n— 2)). Note that the
diagonal action of U(n) on S¥! < C" X C” has the given orbit types and
has orbit space D?® with the boundary S? consisting exactly of the singular
orbits U(n)/U(n — 1) = S (which the reader may verify; compare
Chapter I, Section 7).

Now consider any G-space W over D® with this orbit structure. By 4.3
there is precisely one equivariant map =: U(n)/U(n — 2) > Um)/U(n — 1)
up to equivalence. If = is the canonical projection, then M, is a linear
(closed) tube about its orbit U(n)/U(n — 1). Thus it follows that any such
G-space W is a (4n — 1)-manifold with locally smooth G-action. Clearly
N(H)/H ~ U(2) and N(K)/K =~ U(1) ~S". Now there is exactly one ele-
ment [g] € [D?, By )] Also

[6] € [S%, Byw] =~ H*(S*; my(SY) = HX(S*; Z) ~ Z

is characterized by the Chern class ¢,(6) = [0] € H*(S*; Z) =~ Z.
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Since (U(n)/U(n — 1))Vin-2 — (Sn-1)Un-2 — §3 we have that u =
Map%(0 | S%, o) is some S*-bundle over S* (for any choice of o). By
obstruction theory, there is a one—one correspondence

mol () e H2(S?; 7,(S?)) = 0.

Thus such U(n)-spaces W over D?® are completely determined by the
characteristic class c¢;(¢) of the principal S'-bundle associated with the
(Um)/U(n — 1))-bundle ¢ of singular orbits over 8% Now if T = {diag(1,
Zg, ..., Z,) € U(m)}, which is a maximal torus of U(n— 1), then we see that

Um/UE—2)) = &,
(Um)/Un — 1))T = (UE)U@r — 1))Ue-b — S,

Thus WT — S%is precisely the principal S!-bundle associated with ¢. Since
¢,(0) is just the euler class of this S!-bundle over S, one computes from the
Gysin sequence that

HYWT, Z) ~ Zy,

where k = | ¢;(0) |. Thus W7 is a homology 3-sphere (and, if so, then an
actual 3-sphere) iff ¢,(6) = 41. Therefore, if W is a homology sphere,
then so is W7 by I11.10.2, and hence ¢,(¢) = +1.

Now if we reflect D® across D? by f: D? — D3, then we have the pull-
back

W w
IR

Clearly the invariant [¢] = ¢,(¢) attached to f*W is just the negative of
that for W.
Thus, up to reflection of D3, the only such U(n)-action on an integral
homology sphere W is precisely the linear action described at the beginning.
A completely analogous discussion shows that an action of Sp(n) over D?
with isotropy types Sp(n — 1) and Sp(n — 2) is completely characterized
by the characteristic class

[o] € HA(S*; ny(S¥)) =~ Z

of the principal S?-bundle over S* associated with the bundle of singular
orbits. Again, up to reflection of D?, there is precisely one such action on an
integral homology sphere, and this is the diagonal action of Sp(n) on S*-!
< Q" x Q" [twice the standard representation of Sp(n)].
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Remark The case, analogous to 5.2, of O(n)-actions over D2 with isotropy
types O(n — 1) and O(n — 2) is actually the main case of interest to us,
since it includes the exotic examples discussed in Chapter I, Section 7.
However, it is more convenient to treat this case from another point of view
and we shall do this at some length in Sections 6 and 7. Nevertheless, it is of
interest to carry out the analysis of this case from the present point of view,
since it illustrates the action &, on 7,/ '(1) quite well, and the reader is invited
to do this for himself. Exercise 1 gives another case in which the action
@, plays an important role.

Remark 1f Bis disconnected, then it may be necessary to choose different
maps n: G/H — G/K over each component of B for the proof of 5.1.
This does not affect the statement of 5.1 itself, however. Moreover, it is not
even necessary that type(G/K) be the same for each component of B; that
is, K may be allowed to be different (nonconjugate) for different components
of B. The necessary modifications in the proof are obvious. The statement
of 5.1 covers this generalization if it is interpreted correctly in the obvious
way.

6. THE SECOND CLASSIFICATION THEOREM

The Classification Theorem 5.1 contains the singular bundle o explicitly.
Sometimes this is an advantage, particularly in examples (such as 5.2)
for which ¢ carries all or most of the relevant information. In other cases,
however, this can be a disadvantage. In this section, we shall prove an al-
ternative classification theorem in which the singular bundle is hidden, but
which possesses other advantages, particularly in that it takes a very simple
form when X is contractible.

We retain the notation of Section 5. In particular, H < K < G are fixed
once and for all. The manifold X with boundary B and its orbit structure
are as in Section 5.

First, we must discuss a technical point necessary to the present approach.
If Y is a G-space over X with projection p: Y — X, then, for each compo-
nent B; of B, p~'(I x B;)— B; is an M_-bundle for some equivariant map
n: G/H — G/K (depending on i), by the Tube Theorem 4.2. This map =
is determined only up to self-equivalences of G/H and G/K; that is, up to
its orbit in (G/K)¥ under N(H)/H x N(K)/K (see 4.3). We shall say that
Y is proper [with respect to (H, K)] if = (for each i) can be chosen to be the
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canonical projection G/H — G/K. By 4.3, if (G/K)¥ is connected, then all
G-spaces over X are proper, and this will be true for all specific cases with
which we will deal. If B is connected, then K can be changed by a conjuga-
tion so that any given Y will become proper for the new (H, K), but the
distinction must be made here.

If B is disconnected, then one should allow K to vary over the components
and the notion of properness should be generalized in the obvious way.
Since we shall not need this generalization, we shall not do this, so as not
to unduly clutter the exposition. However, it will be clear how to carry this
modification along.

A restriction to proper G-spaces Y over X is tantamount to the selection
of what Jinich [1] calls a fine orbit structure on X. Also note (from the proof
of 4.2) that Y is proper over X iff, for some point y € ¥ with G, = K, H
occurs as an isotropy group in a slice at y (over each component of B).

From now on, in this section, n: G/H — G/K will denote the canonical
projection. Also, we put

N(H) n N(K) and N— N(H).

§= H T T H

Let Y be a proper G-space over X with projection p: ¥ — X. Let g be
the G/H-bundle p~1X, — X, as in Section 5. It will be convenient to display
the principal bundles explicitly in this section, and thus we let P — X
be the principal N-bundle associated with g. Thus we have an equivalence

h: GIH x y P piX,

of G-spaces over X;. By the Tube Theorem 4.2 and properness, there exists
a principal S-bundle Q@ — B and an equivalence

K': M, XsQ—»p~(I x B)

of G-spaces over I X B. Since G/H may be regarded as the top of M,_,
k' restricts to an equivalence

k: G/H x5 Q — pB,
of G-spaces over B;. Let us denote by P, the part of P over B, < X;. Then
f =h"%: GIH x5 Q —> G/H Xy P,

is a G-equivariant map (equivalence) over B,. By 3.2, f' corresponds
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uniquely to an S-reduction
fiQ—P
of P, to Q.

Thus the G-space Y can be constructed, to equivalence over X, as follows:
We are given the G/H-bundle p over X; which is associated with a principal
N-bundle P — X;. We are also given an S-reduction (Q, /) of P, (the part
of P over B,). To this corresponds the G-equivariant map

f'i G/H x4 Q = G/H x y P,
over B,. Then we construct the (proper) G-space

Y(Q’ (Q,f)) = (M, X5 Q) Uy (G/H X y P)

over X.

It is clear that if the S-reduction (Q,f) is changed by an equivalence,
then Y(p, (Q,f)) is changed by an equivalence of G-spaces over X.

Suppose now that ¢ € Map®(p, o). [Note that this corresponds (by 3.2,
for example) uniquely to a self-equivalence P — P of principal N-bundles
over X; which we shall continue to denote by ¢.] If ,: P, — P, is the restric-
tion of ¢, then the union of the identity on M, X s @ and ¢ on G/H Xy P
clearly gives an equivalence

Y(Q’ (Qaf)) =~ Y(Q’ (Q,f%))-

(Here, as in Section 5, the composition fp; acts from left to right.)
Note that
S\WN = (N(H) n N(K)\N(H)

and recall that by 3.1, the S-reduction (Q, f) gives rise to a cross section
T€E F(’] I Bl)a

where 7 is the S\ N-bundle associated with o. (Thus the total space of # is
(S\N) Xy P.) Also v depends only on the equivalence class of (Q,f).
The composition with the restriction ¢, of @ defines an action

@: I'(n | By) x Map®(g,0) — I'(n| B,).

Regarding elements of Map%(p, o) as sections of the bundle #4%(p, 0)
with fiber N = N(H)/H, then

&: I'(n] B,) x I'(A%(,0))— I'(n| By)
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is, fiberwise, just the canonical right translation action

(S\N) X N— S\W.

By the remark preceding 3.2, a homotopy of 7 is induced by an S-equi-
variant homotopy Q X I— P, of f; that is, by a G-equivariant homotopy

(G/H X3 Q) x 1> G/H Xy P,

of ' over B,. It is easily seen, much as in the proof of 5.1, that this change
of f' changes Y(p, (Q,f)) only by an equivalence over X. (Alternatively,
this can be seen by showing that homotopic sections of 7 | B, lie in the same
orbit of @.) Denote the action on homotopy classes induced by @ by

Dy: 7el(n | By) X 7ol (M0, 0)) = 7ol (1 | By)-

Then we have shown that Y(p, (Q,f)) depends to equivalence over X
only on g and the orbit [7]* of [t] € n,['(n | B,) under @, where v € I'(n|B,)
is the section corresponding to the S-reduction (Q, f). Let

Y(o, [z])

denote this equivalence class of G-spaces over X. (As in Section 5, an equiv-
alence of ¢ with ¢’ produces canonical changes in 5, @,, and [7]*, so that
only the equivalence class [g] € [X;, By] matters.)

Now suppose that Y (o, (Qy,f)) and Y (g, (Q,, f,)) are equivalent over
X via the map

(M, X5 Qo) Uy, (GIH X x P) > (M, X5 Q1) Uy, (GIH X 5 P)

which, as in the proof of 5.1, may be taken as an S-equivalence over I X B.
If @ is the restriction of this to G/H Xy P and if ¢ is the restriction of it to
G/H X g Qy,— G/H X5 Q,, then we have the commutative diagram

GIH X5 Qo L G/H X5 O
fo’l lfl'
G/H xy P —2 G/H xy P

This shows that the S-reductions (Q,,f;) and (Q,,fop) are equivalent.
Thus the sections 7, and 7, of 5| B, associated with (Q,, f;) and (@, f)
are in the same orbit under @. This proves the following theorem.
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6.1. Theorem (Second Classification Theorem) Let H < K = G be
given and let X be as above. For a given regular bundle ¢ (a G/H-bundle over
X, with structure group N(H)/H), let ) be the associated bundle with fiber
(N(H) N N(K))\N(H) and let D, be the action of m I (Mz4%(g, 0)) on
7ol '(n | B,) defined above. Then the assignment [t]* — Y(g, [t]*) is a one—one
correspondence between the set mol'(n| By)/®, and the set of equivalence
classes over X of proper G-spaces over X having regular bundle 9. |}

Remark Theorems similar to 6.1 were proved by Jinich [1] and Hsiang
and Hsiang [4] in the differentiable case (which is easier). The reader should
beware of some mistakes in these references, particularly the latter. For
example, in the Hsiang paper, [t] € 7,I'(n | B,) is called the “twist invariant”
and is treated as if it were an invariant, which it is not. A strong differentiable
version of 6.1 will be proved in Chapter VI, Section 6.

This result takes a particularly simple form, which is due to Jinich,
when X is contractible. In this case p is a trivial bundle (and the trivializa-
tion is essentially unique) and hence so is  and 7| B;. Thus

nol'(n | B)) = [B,, (N(H) N N(K))\N(H)]

Also #z4%(p, o) is the trivial N(H)/H-bundle over X, and every map X,
— N(H)/H is homotopic to a constant map, so that

nol (p(0, 0)) = o o)),

the group of arc components of N(H)/H (that is, the quotient of N(H)/H
by its component of the identity). The action @, is clearly induced, in the
obvious way, by the right translation action of N = N(H)/H on S\ N
= (N(H) n N(K))\N(H). Thus we have the following corollary.

6.2. Corollary Inthe situation of 6.1 with X contractible, the set of equiv-
alence classes of proper G-spaces over X is in one—one correspondence with

(8, (NCE) n NGONNGD o ).

6.3. Example Let (G, K,H)= (O(n), O(n— 1), O(n—2)) and X =D2
By 4.3 every such action over D? is proper and it is also clearly locally smooth
on a (2n — 1)-manifold. Then N = N(H)/H ~ O(2) and S = (N(H)
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N N(K))/H =~ O(1) X O(1) =~ Z, X Z,. Thus S\N = RP! (= S') with
the usual O(2)-action. Note that O(1) < O(2) reflects S'. Thus 7zy(N)
=~ Z, acts on [S!, S\ N] = [S!, 8] = Z by taking m to —m. Thus [S!,
SN\ NI/7o(N) = Z*, the nonnegative integers. The actions of O(n) on zt
described in Chapter I, Section 7 are of this type, and we shall now show
that the invariant in Z+ for Z;* ™ is just | k |. Another method of showing
that the Z7"™ exhaust these actions is given in Section 7. Of course, we
could with sufficient care, simply compute the invariant for the ex-
plicitly given action, but it would seem to be preferable to give the fol-
lowing indirect argument. Let Y3*~! denote the O(n)-space over D? with
invariant k >0 in Z* = [S!, S\ N]/ny(N). Consider the fixed point set
FO(n — 2), Yi*1). Now OQ2) X O(r — 2) < O(n) and the factor O(2)
can be regarded as N(H)/H = N. Similarly O(1) x O(1) x O(n — 2)
< O(n) and O(1) x O(1) can be regarded as (N(H) N N(K))/H = S.
Clearly O(2) is transitive on both F(O(n— 2), O(n)/O(n — 2)) and
F(O(n — 2), O(m)/O(n — 1)) and hence F(O(n — 2), ¥7*1)/O(2) is ca-
nonically identified with ¥Y3*-1/O(n). It is also clear that the invariant in
[St, O(1) x O(I)N\OQ))/7(0(2)) for OQ2) on F(O(n — 2), Y1) is
just k. Thus it follows that

Y, =~ F(O(n — 2), Yi*-?)

as O(2)-spaces over D2 Since we also had Z;® = F(O(n — 2), i) it
will suffice to treat the case n = 2,

For k > 0, consider the map f,: D? — D? given by f;(z) = z*. There is
the pull-back diagram

Syt Yt
l 2 T l2
D D

and the invariant in [S!, S\ N]/7o(N) for the O(n)-space f;* Y"1 is clearly
Jk. Thus
[V~ -1

as O(n)-spaces over D2 In particular, f;*Y# ! =~ Y§*1. Note that f; is
the orbit map of a Zj-action on D% Thus the pull-back Y1 =~ f,*Y1
has an action of Z; x O(n), and, moreover, the factor Z, leaves stationary
the orbit O(n)/O(n — 2) over 0 € D? and acts freely outside this orbit.
For n = 2, this fixed set of Z; (and of any nontrivial subgroup) is O(2)
=~ S! 4+ S'. By the Smith Theorem IIL.7.11, ¥,® cannot be a sphere for
k =1, Thus the diagonal linear action of O(2) on S% < R? x R? must
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coincide with the O(2)-space Y,% (Recall that X3 is also this linear O(2)-
space.)

Regarding §? = C x C, the given linear O(2)-action is generated by the
S' = SO(2) action z(s, t) = (zs, zt) and the O(1)-action which is given by
the involution (s, )~ (5, 7). A change of coordinates

s — it s+ it
U= and v = +

V2 V2

transforms this action into the same S!-action but with the O(1)-action
becoming (u, v) — (7, #). In these coordinates the circles u = 0 and v = 0
form (together) a principal orbit of O(2), and we may assume that this
orbit corresponds to the origin 0 € D2

Now the lens space L, = L(k, 1) is the quotient space S%/Z;, where
Z, < S!in the above action. Let [u, v] denote the point of L; which is the
orbit of Z; on (u, v) € S3. Since Z, is normal in O(2), there is an induced
action of O(2)/Z, on L;. Now z > z* clearly induces an isomorphism

0(2)/Z; > 0(2)

and thus we may consider this action on L, as an O(2)-action. (Thus S!
acts on L, by z[u, v] = [z2V*u, z/*v], with the same choice of z'/* for each
factor; and O(1) acts via [u, v] — [7, #].) Consider the map

p: Ly — S8

(¥, v¥)
u lzk + l v Izk)l/z'

(p[u’ V] = (]

This is clearly O(2)-equivariant. If ¢[u, v] = ¢[u’, v'], then there is a real
number ¢ > 0 with (2v')* = u* and (#')* = v*. Since

L ufs o= ]t e = e 2 ) =

we have t = 1. Thus [u, v] = [/, wv'] for some kth root of unity w.

Now [u, v] — [u, wv] defines an action of Z, on L; and ¢ can be regarded
as the orbit map of this Z,-action. Moreover, this Z;-action commutes
with the given O(2)-action, so that together these give an action of Z
X O(2) on L;. The diagram

L, —— S*

|

L;/0O(2) —— D? = S%/0(2)
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commutes and is clearly a pull-back diagram. The O(2)-orbit {[u, v]{ u = 0
or v = 0} is fixed by the Z;-action on L; and it is clear that no other O(2)-
orbit is taken into itself by any nontrivial element w € Z;. That is, Z; is
free on L;/O(2) outside a single stationary point. Thus L;/O(2) is the cyclic
k-fold covering of D? branched at {0}.
It follows that
L;/O(2) = D?

(which could be seen directly) and that the map y in the above diagram can
be taken to be f;: D — D% Consequently

L,= Y

as O(2)-spaces. Since the L, are distinguished from one another as spaces
by the order k, of H,(L,), it follows that ¥,? =~ 2,3 for all k. (It is amusing
to note that this shows that the definition of L(k, 1) used here is equivalent
to that used to define X;2%.) As remarked above, this implies in general
that

Y%n—l ~ z‘%n—l

as O(n)-spaces over D% We have proved the following result which gives
the classification of O(n)-spaces over D2 in a form which is convenient for
some applications,

6.4. Theorem Consider O(n)-spaces over D? with isotropy types O(n — 1)
on S and O(n — 2) on int(D?), n = 2. Any such space Y is equivalent over
D2 to L% for some k = 0. Moreover, for this k we have H(YZ; Z) = Z,
(Z when k = 0), where H = O(n — 2). Thus the O(n)-spaces over D? are
classified by the first homology group of the fixed set of O(n — 2). |

Note that we have also shown that the O(n)-action on 27! can be ex-
tended to an action of Z; X O(n) with

F(Zy, 231) =~ O(n)/O(n — 2).

In particular, for k odd, Z, acts on X5 =~ S° with fixed set O(3)/0(1)
~ RP3. We will see this Z,-action again in Section 9 from a different point
of view. It was first noticed by Hirzebruch in the context of Section 9 (see
Hirzebruch and Mayer [1]), and answered a question stated in Bredon [12].
Also Yang [7] independently found such examples by another method.
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Remark In this section and in Section 5 we have been assuming that X
is a manifold with boundary B. However, we have not fully used this assump-
tion (it is just the main case of interest). It clearly suffices for X to be a
metrizable space and for B to be a closed subspace which is locally con-
nected, has the homotopy type of a CW-complex, and is collared in X.
For example, X could be D™ and B < S™ 1! a closed hemisphere.

7. CLASSIFICATION OF SELF-EQUIVALENCES

Let G o K o H and (X, B) be as in Section 6. Let Y be a proper G-space
over X. In this section we show how to classify the self-equivalences of ¥
over X up to equivariant homotopy over X. We may take Y to be of the
form ¥ = Y(g, (Q,f)) in the notation of Section 6. Thus P is a principal
N-bundle over X, [with N = N(H)/H] with ¢ the associated G/H-bundle
G/H xy P—X,, f: Q— P, is an S-reduction of the restriction P, of P
to B, [with § = (N(H) n N(K))/H], and

Y= (Mn Xs Q) Uf’ (G/H XNP)’

where f': G/H X ¢ Q —» G/H X y P, is induced by f, and n: G/H — G/K
is the projection.

Let £ be the bundle G/H % g O — B, and .#24%(&, £) the bundle (defined
in I1.2.8) whose sections are the equivariant self-maps of & over B;. This
bundle has fiber N and may also be regarded as the bundle of N-equiva-
lences of & over B, (see Section 3). Then f’ clearly induces an isomorphism

Mep(E, £) > Mop®(0, 0) | By

of bundles over B,, which we may regard as an identification (with f fixed).
The S-equivalences of & form a subbundle of #z4%(&, £) which has fiber
S. (As defined, this has structure group S x S made effective, acting by
right and left translations, but this is easily seen to be reducible to S acting
by conjugation. Similarly for #24%(p, o). We do not need this fact, however.)
Let us call this subbundle of S-equivalences

S-Map®(§, &) < Mp(0,0) | By

Now suppose we have a self-equivalence ¢: ¥ — Y over X. By 3.3 and 4.1,
¢ | I x B is equivariantly homotopic to an S-equivalence. Now the part
of Y over [1,2] X B is equivalent to [1,2] X (G/H Xy P,) =~ [1,2] X (G/H
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X g Q). Let ¢, be the rth stage of this homotopy on M, X g Q (where
@, = ¢) and put y, = @p~1. Extend y, to [1,2] X (G/H X5 Q) by put-
ting

yi(s, x) = (S, V)t(z—s)(x))'

Then extend ¢, to [1,2] X (G/H xg Q) by ¢, = ye. Since ¢, = ¢ over
{2} x Bitextends over X by g over X,. Thus ¢ is homotopic over X through
self-equivalences to ¢, which is an S-equivalence over I X B. Similarly one
sees that if two self-equivalences of Y over X which are S-equivalences over
I X B are equivariantly homotopic over X, then they are homotopic through
self-equivalences which are S-equivalences over I X B. Let Homeoy%(Y)
denote the group of self-equivalences of Y over X. Let I'(#as%(g, o),
S-Map®(€, £)) be the set of sections of the N-bundle #z4%(p, 0) over X,
which, over B, , take values in the S-subbundle S-.#z4%(&, &) over B,. Then
we have shown the following theorem.

7.1. Theorem The natural map
nof(%/a(g, Q)’ S'V%/G(E, E)) - ﬂoﬂomeOXG(Y)

is a one—one correspondence. |

Here r;Homeox%(Y) may be regarded as the set of equivariant homotopy
classes over X of self-equivalences of Y. The following fact is useful in de-
termining how S-#z4%(&, &) sits in A#a48(p, o).

7.2. Proposition Suppose that, in the above situation, g is trivial and that,
Jfor a given trivialization of g, the S-reduction f: Q — P, gives rise to the map
T: B, — S\ N as in Section 6 (the induced cross section of the trivial S\ N-
bundle | B,). Then, with respect to the induced trivialization of Mzs%(g, @)
as N X X,, the fiber of S-.Mzs%(&, £) over b € B, is

o(b)-1S7(b).

Proof Use a chart at b to represent S as the fiber of Q over b. (This is
determined up to right translation.) In terms of this choice f: Q — P,
= N X B, induces

fb: S— N.

Let n = f3(e) so that f,(s) = sn. Now an S-equivalence of Q corresponds,
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in the fiber § over b, to a right translation R, [where R,(s') = s's~1]. The
N-equivalence of ¢ | B, induced by this is, over b, a right translation R,, in
N for some m € N. The diagram

s—r N
S
s N

then commutes. Applied to e € S this means nm=! = s—'n; that is, m = n~sn,
With s running over S, n~lsn runs over

n-18n = 7(b)~1S7(b)

since t(b) = f,(S) = Sn, by definition. (Since 7(b) is a right coset of S,
() 1St(b) = 7(b)'z(b), but we include the S in the middle to avoid
misinterpretation.) [j

7.3. Corollary If X is contractible and the invariant [t}* €[B, S\ N1/7(N)
of 6.2 is trivial, then there is a one-one correspondence

[X, B; N, S]«> m,Homeox%(Y).

Proof Triviality of [r]* means that 7: B, — S\ NV can be chosen to be
the constant map 7(b) = Se. With this choice, S-#zs(§, &) =S X B,
c N x X, by 7.2, and the result follows from 7.1. |}

7.4. Example Let (G, K, H) = (O(n), O(n— 1), O(n — 2)), n=>2, and
X =1, B={0,1}. By 6.2 there is just one such G-space over I, namely
the diagonal action of O(n) on S*! x S, By 7.3, the homotopy classes
of self-equivalences of S»! x S»—! over I correspond to

[L, dL; N, S] = [I, 61; O(2), O(1) X O(1)].
To any such self-equivalence ¢ we may form the O(n)-space
W(p) =81 x D*y,8! x D"

over D% Composition of ¢ on either side by self-equivalences which extend
to S71 x D~ alters this O(n)-space only by an equivalence over D2 Now
the self-equivalences of S*~ x D= over its orbit space (which can be identi-
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fied with the upper half disk D2,) correspond, up to homotopy, with [D?,,
S1,; N, §] = n,(S). Two-sided composition clearly corresponds to the ob-
vious action

¥: 7,(S) X [I, 0I; N, S] X mo(S) — [I, 0I; N,S].

It is clear, as in Sections 5 and 6 that W(g) and W(yp) are equivalent over
D2 iff the corresponding homotopy classes [¢] and [¢] in [I, 0I; N,S] are
in the same orbit of ¥. The reader may supply the details of this. If /: (I, d1)
— (N,S), then by left, or right, multiplication by an element of S we may
change f to /' with f’(0) = e. Thus it is clear that the orbits of ¥ on [I,
01; N,S] are in one—one correspondence with the orbits of 7,(S) acting by
conjugation on [I, {1}, {0}; N,S,e] = =,(N,S,e). Since, by 6.2, S*! x D*
is the only O(n)-space over D2, to equivalence, we have set up a one-one
correspondence between the equivalence classes of O(n)-spaces over D?
and

m(0Q2), 0(1) x O(1),¢) _ m(SY, Zy, €)
%01 x 0(1)) z,

where Z, acts on S! by the nontrivial automorphism.

Now consider the self-equivalence ¢ on S*! x S»~! defined in Chapter
I, Section 7. That is,

p(x, y) = (600, x),

where 0, denotes the reflection through Rx in S*L Let H = O(n —2) be
regarded as acting on the Jlast n — 2 coordinates, so that N = N(H)/H
=~ O(2) acting on the first two coordinates. Let C = 871 be the circle
in the plane of the first two coordinates and C, the semicircle defined by
requiring the second coordinate to be nonnegative. Let x, = (1,0) € C,.
Then for y varying over C,, the points (x,, y) € S*1 x S"! describe a
cross section for the O(n)-action. Moreover, the isotropy group, for y = +x,,
is just H = O(n — 2). Define

Sfy) € St =S0(2)
to be the rotation which takes y to x,. Then for y € C,

P(%o, ¥) = (JO) %), SO)D)) = f() (o, ¥)-

This implies that ¢ corresponds (via 7.3) to the map f: C, — S'. (Here
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we think of C, as being parametrized by I with 0 corresponding to x, and
1 to —x,.) This is a path starting at e and going half way around S!
= SO(2) ending in the nontrivial element of Z, = S'. By composition
¢* corresponds to f*, the path which goes k/2 times around S! starting at e.
Thus the ¢* give all elements of =, (S?, Z,, €)/Z,. This means that the exam-
ples 2Z#1 of O(n)-spaces over D? exhaust all O(n)-spaces over D? (with
the given orbit structure) to equivalence over D% Of course, this was also
proved in 6.3 by another method. The present method, if done as directly
as possible (see Bredon [11]), is probably the most efficient way of seeing
this fact.

Remark The above method was essentially the original method used to
classify O(n)-spaces over D? with the given orbit structure. This was done
in Bredon [11], in both the topological and differentiable cases, although
attention was restricted there to the situation in which the total space is a
homology sphere (in particular, where k is odd, which is equivalent to the
nontriviality of the singular bundle). Actually the theorem proved there is
considerably stronger than the present version since actions of general
compact Lie groups were considered. (In fact, this accounts for most of
the difficulties there.) The analogous cases treated in 5.2 can also be done
easily by this method as the reader may verify.

Remark The discussion in 7.4 shows that the O(n)-spaces 2! and X2%}!
over D2 are equivalent over D2, because of the action of Z, on 7,(S%, Z,, e).
This also follows, of course, from 6.4. An equivalence of these was given
in Chapter I, Section 7, namely the interchange of the copies of §*~! x D",
but this is not an equivalence over D2 It will be useful to write down an
explicit such equivalence. To do this let y: S"! x D" — S*1 x D" be
given by y(x, ») = (x,0,(»)). On S*! x §"! we have ¢ = Ty where
T(x, y) = (3, x). Also note that % = 1. Thus

Pryp = (Ty)ty = (Tp)* T = T(pTY = pT)* = pp~*

so that

§n-1 % §n-1 o * > §n-1 ¢ §n-1

ol Is

§r-1 ¢ §n-1 A » §n-1 ¢ §n-1

commutes. Thus : S*! X D" — §"1 x D" on both copies defines an
equivalence over D? of X%*-! to XL
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7.5. Example Let us consider the self-equivalences of 23~ for k 7 0 (the
case k = 0 being trivial). First we treat those over D%, As we have shown,
the invariant [t]* € [S', S\ N]/m(N) = Z* is | k| so that any represen-
tative 7: S! — S\ NV has degree 1-k. It follows easily that the part of the
fiber 7(b)1ST(d) = S = O(1) x O(1) which is in the component O(2)
— SO(2) = S! rotates with nonzero degree as b traverses S' = dD? This
means that there are no sections of #4%(p, 9) = O(2) X D? in the compo-
nent (O(2) — SO(2)) x D? which lie in S-.#z4%(&, £) over S. In the
component SO(2) X D? we see that S-.#z4(&, &) is just Z, X S'. Thus,
since m,(S') = 0, there is exactly one nontrivial self-equivalence, up to ho-
motopy, of 2§, k 7= 0. Moreover, on a principal orbit G/H = O(n)/
Oo(n—2) this is equivalent to the right translation by

[_(1) _(1)] € 0(2) = N(H)/H

and on singular orbits G/K = O(n)/O(n — 1) ~ S*! it is right trans-
lation by —1 € O(1) = N(K)/K (the antipodal map). The reader may
verify that the -explicit map

(x’ y) = ('—x’ _y)

of 81 x D" to itself (on both copies) induces such a self-equivalence of
zp-L,

Since this equivalence preserves orientation on Z*~! we conclude that
there are no orientation reversing self-equivalences of X! over D2

Now any homeomorphism of D? to itself which preserves orientation is
known to be isotopic to the identity. It follows from the Covering Homotopy
Theorem of Palais, I1.7.3, that any self-equivalence of 23"~ covering such
a homeomorphism is isotopic (through self-equivalences) to a self-equiva-
lence over the identity. Thus it suffices to discuss self-equivalences which
induce a reflection on D% Moreover, it suffices to consider one such equiv-
alence since all others are obtained by composition with equivalences over
the identity. However, from the discussion in the last remark, the map
p: S™1 x D" — 8™ x D" given by w(x,y) = (x,0,(y)) together with
the interchange of the copies of §*! x D”, defines such a self-equivalence
of Z#-1. On the intersection S»~! x S™1, y clearly preserves orientation
iff nis odd. Thus this self-equivalence over a reflection of D2 preserves orien-
tation iff » is even. We conclude that there exists an orientation reversing
self-equivalence of X1 iff n is odd.
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8. EQUIVARIANT PLUMBING

Let 7, be the tangent disk bundle of S* with total space E(r,) and projec-
tion p: E(z,) — S™ Let D" be a tame n-disk in S”. Then there is a chart
@ over D" of the form

D" x D* —"— p1(D")

N
Dn

with the projection D* X D* — D" being (x, y) — y. We shall regard ¢
as an inclusion. Let u: D* x D" — D" X D" be u(x, y) = (», x). Then the
plumbing of two copies of E(z,) is defined to be

E(z,) U, E(t,).
(See Figure V-1.)

FIGURE V-1

More generally we may plumb several copies of E(z,) according to a
graph. That is, if 7 is a graph, then we take a copy of E(t,) for each vertex
v of the graph and we plumb the copies corresponding to v and w if there
is an edge of the graph between v and w. The disks used for the plumbing
corresponding to the edge (v, w) are taken to be disjoint from those used for
any other edge, so that at most two points in the disjoint union of the E(z,,)
are identified to one point in the plumbing. We denote the result of this
plumbing by P*(T) which is a 2n-manifold with boundary. (In the differen-
tiable case this manifold has corners, which can be straightened by a standard
process. We shall not concern ourselves with this here.) It is clear how to
make this precise, and we shall not do it. Figure V-2 should suffice to make
the meaning clear,
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N
/

FIGURE V-2

The most important cases are those for which T is a tree (a connected
graph without circuits) and we shall restrict our attention to this case. There
are certain classes of trees which are of primary importance (for reasons
that we shall not enter into) and we illustrate these trees (with their standard
designations) in Figure V-3, where k stands for the number of vertices.
Thus Figure V-1 illustrates P3(A,;) and Figure V-2 illustrates P*(Dy).

Now consider O(n) < O(n + 1) acting on S?, and hence on E(z,) in
the standard way. Let +x, be the two fixed points of O(n) on S”. Then
O(n) acts on the tangent disk at x, and at —x,. The projection of the tangent
disk at x, to S* is obviously equivariant for this action. Thus, for an O(n)-
invariant disk D* about x, in S?, the chart ¢: D* x D* — p~(D") can be
chosen to be O(n)-equivariant, where O(n) acts diagonally on D" X D"
Since u: D* x D* — D* x D" is equivariant for the diagonal action, there
is an induced O(n)-action on the plumbing

P(A,) = E(z,) U, E(7,).

Each of these copies of E(r,) has another fixed point —x, € S* about
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which we may perform further plumbing. Thus we clearly have a natural
O(n)-action on P*(A;) for all k. This does not work for the other graphs
since there are not enough fixed points in §” at which to plumb. However,
the subgroup O(n — 1) has a circle of fixed points on S* so that P?*(T)
has an action of O(n — 1) for any graph T. In general, the order of the
plumbings around the circle of fixed points must be specified, but for the
trees in Figure V-3 this is clearly irrelevant.

Ex{k=6,7,8) 1

FIGURE V-3

In this section we shall be interested mainly in the O(n)-spaces dP?(A;).
First let us show how to compute the homology of 0P**T) for any tree T.
It is clear that the union of the O-sections S* of the disk bundles E(z,) is
a deformation retract of P2(T) and this union has the homotopy type of
the one-point union of k copies of S*, where & is the number of vertices of
T. Thus Hi(P”‘(T)) is free abelian on k generators (the O-sections) for i =n
and is trivial for i = n. For n > 2, P*(T) is simply connected and hence it
is orientable, and P%T) is also obviously orientable. (In fact it is easily
seen that P?(T) is parallelizable.)

More generally, let M?” be a compact oriented 2r-manifold with boundary
B2—1 and assume that H,(M) is free abelian for i = n and is 0 for i 7 .
We wish to show how to compute H,(B). To do this consider the commuta-
tive Poincaré-Lefschetz duality diagram

-~ H{(B) -~ H(M) — H(M,B)—>H;,,(B)—~ ---
|= |= | |=
- — H*—i-Y(B) - H* (M, B) — H* (M) — H* ¥B)— - - -

This shows that H,(B) and H(B) are 0 for i=0, n— 1, n, 2n— L.
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Also we have the diagram

0— Hy(B) — H,(M) 2 H,(M, B)~>H, 1(B)~>0

l: Al:’. Al: l:

0 —H*-(B)—~ H*(M, B)— H"(M) — H"(B) —0.

To compute H,(B) and H,_,(B) it clearly suffices to know the matrix of
the homomorphism j, with respect to any bases of the free abelian groups
H, (M) and H,(M, B) of rank k. Equivalently, it suffices to know the ho-
momorphism

Ajy: H (M) — HY(M).

Since H,(M) is free abelian, the evaluation homomorphism
HY(M) — Hom(H,(M), Z)
is an isomorphism. Recall that this is given by the cap product
oo N (+)

where we are identifying Hy(M) with Z. Thus it suffices to know the ho-
momorphism

y: H,(M)— Hom(H,(M),Z)
given by
P(@)(B) = djx(x) N B

where «, f € H,(M). Now let us recall that A-! is given (in both cases)
by the cap product
A4 Yw) = o N [M]

with the fundamental (orientation) class [M] e H,,(M, B) of M. Recall
that the intersection number « - 8 of o, f € H,(M) is defined to be

a - B =A4"1(A@@) vAB).
Thus
a-f= (4@ vdP) n [M]
=A@ N (4(8) n [M])
=A(@) N B =j*A(@) N B =Aji(@) N B = yp(@)(B).

Therefore, given a basis of the free abelian group H,(M) and the dual basis
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of Hom(H,(M), Z), the matrix of y is just the intersection matrix of M
with respect to this basis of H,(M). Since a - § = (—1)"f - «, this matrix
is symmetric when # is even and is skew-symmetric when »n is odd.

Returning to the manifold M = P*(T), note that we may take the basis
of H,(M) to be the fundamental classes of the 0O-sections of the various
copies of E(z,). Thus, denoting the vertices of T by v, ..., v;, we have
a basis element «; € H,(P*(T)) corresponding to each v;. Now a; - &;
can be computed from E(t,) and this is well known to be 42 [depending
on the choice of orientation of E(t,)] when nis even, and (clearly) a; - «; =0
when n is odd. Now when 7 is even the interchange of factors u: D* x D*
— D" x D" preserves orientation, so that an orientation may be chosen for
P2(T) such that o; - @; = 2 for all i. For i # j it is clear from the geometry
that o; - @; = -+1 if there is an edge of T between v; and v; and ; - a; = 0
otherwise. Now «; - (—a;) = —a; - «;. Thus when 7 is even, and since T
is a tree, it is clear that the «; may be chosen so that

2 if i=,
a; oy =11 if i#£j and (v;,v;) is an edge of T,
0 otherwise.

Thus the intersection matrix for the tree A; is the k X k matrix

2 1 [0 1
1 21 0 -1 0 1 0
1 2 1 —1 01
. , 1
0 21 0 1
1 2] i —~1 0]
(n even) (n odd)

The determinant of this matrix is easily computed to be k 4 1 for n even.
It follows immediately from the exact sequences above, that H,, (0P*(A;))
=0 and H,, ,(0P*(A;)) has order k + 1. Of course one can see much
more than this, but this information is all that we will need for the follow-
ing result.

8.1. Theorem The O(n)-space dP?(A,) is equivalent to the O(n)-space
21 of Chapter 1, Section 1.

Proof let n> 2. The action of O(n) = O(n + 1) on E(z,) is clearly
equivalent to the action on orthogonal 2-frames in R**!. Thus it is clear
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that each isotropy group of O(n) is either a conjugate of O(n — 2) (when
the frame and the fixed basis vector of O(n) on R*+! span a 3-space) or a
conjugate of O(n — 1). From this we conclude that there is a canonical
homeomorphism
F(O(n — 2), 0P™A,))  OP™Ay)
[010)) )

(compare 6.3) with orbits of type O(2)/O(1) corresponding to those of type
Om)/O(m — 1). Also it is clear that there is a canonical equivalence of
0O(2)-spaces

F(O(n — 2), 0P™(A;)) =~ OPY(Ay).

For n > 2 we have H,(0P?(A;)) = 0, as shown above, and it follows from
IV.4.1, IV.8.3, and I1.6.5 (for example), that dP*(A;)/O(n) =~ D? with
the orbits of type O(n)/O(n — 1) corresponding to boundary points. This
also follows for n = 2 from the above remarks. (Of course, it is not hard
to verify these facts directly.) Thus dP**(A,) fits the context of 6.4 and,
since H,(0P%(A;)) has order k + 1, the result follows from 6.4. The case
n=1 also follows by noting that for any n, F(O(n — 1), dP*(A;))
~ 0P*(A;) as O(l)-spaces. J

Remarks 1t follows from 8.1 that H,,,(0P*™(A;)) =~ Z;,,, which is
also easily seen directly. It also follows that dP*™+2(A;) is homeomorphic to
Stm+1 for all m, when k is even. For k = 2 this is the famous Kervaire sphere
and has an exotic differentiable structure for suitable values of m. From the
intersection form of the tree E; one sees that dP*(E,) is homeomorphic to
S4m-1 for m > 2. (For m =1 it is a homology 3-sphere, but it is not simply
connected. In fact it is the Poincaré dodecahedral space SO(3)/1.) This is
an exotic sphere for all m > 2 and is called the “Milnor sphere”. In fact,
the main use of 8.1 is to identify the differentiable structures on the 21,
(Of course, one must prove the Classification Theorem in the smooth
case.) We shall discuss this further in Chapter VI. The present use of plumb-
ing to study transformation groups is due to Hirzebruch and a more exten-
sive treatment of it may be found in Hirzebruch and Mayer [1].

9. ACTIONS ON BRIESKORN VARIETIES

Let k be a nonzero integer, let n > 2 and let W§*! be the space of all
points (z,, z;, ..., 2,) in complex (n + 1)-space which lie on the variety
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Vir defined by the equation
z¥+z24+z2+ - 4+ 2,2=0
and which also lie on the sphere
lzlP=|z*+|z|*+ - + ]z |2 =1

(The case k = 0, where z,* = 1, can also be treated if we set || z |2 = 2,
for example. For k £ 0 the radius has no importance. However, the case
k = 0 requires special arguments and, since it is not of primary interest,
we shall relegate it to Exercise 4.)

It is clear that the origin is the only singularity of Vg% Also, if
z= (24, ..., 2,) € V§"— {0}, then for ¢ > 0,

At 2) = (%2, thz,, ..., thz,)

is a curve on V" with
d| A1, z) |?/dt > 0.

Thus this curve is not tangent to the unit sphere || z |2 = 1, and this implies
that V§* is transverse to the sphere. Thus Wg! is a (2n — 1)-manifold.

Let O(n) act on the coordinates z,, ..., z, as a subgroup of U(n). Then
Wt is invariant under this action. If we put z; = x; 4 iy;, then this
O(n)-action is just the standard actionon (x;, ..., x,)and on (¥, ..., ¥,)-
Thus the O(n)-action on C**! can be thought of as the action on R% X R*
x R” which is trivial on R? and is the standard diagonal action on R” X R";
that is, it is the sum of a trivial 2-dimensional (real) representation and twice
the standard representation. It follows that the isotropy groups of O(n)
on C™1 are the conjugates of O(n), O(m — 1), and O(n — 2). Also
(zo, ..., 2,) is a fixed point iff z;, =z, = -+ = 2z, = 0 and hence fixed
points do not occur in W1

We shall need the following characterization of the orbits of the linear
O(n)-action on C* = R* X R~

9.1. Lemma For the action of O(n) on C" as a subgroup of U(n), n > 2,
the orbit map can be identified with the map

C' e V= ) e R X C| |u] <7}
given by
(z,, ...,Zn)|—>(lzllz—|— coo |z )%z e 2.
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Proof Put z;=x;+ iy;, z2=1(24,...,2,), X=X, ...,%,), and y
= (1> ---»pn)- Then r=| z|*=[x[*+|»][* and

=zt ezt =[x | [F 200 2

are invariants for the action. Moreover, r and u determine || x |, | » |,
and <x, y>. If x’ and y’ are two other vectors in R* with | x" | = || x [,
I 71 =1yl and <x, y"> = <{x, y>, then it is clear from elementary linear
algebra that there is an orthogonal transformation of R™ taking (x', y')
into (x, ). The inequality | | < r is clear and it is also easy to see how
to manipulate the first two coordinates, with the others zero, to achieve
any such inequality.

Consider the map
(p: W’%n—l__,SZn—l
given by
(Z1 -5 Za)

Qo+ o+ |2

P(Zg, o0 2y) =
This is O(n)-equivariant. We claim that it may be regarded as the orbit
map of the Z;-action on W§™-! defined by
(Cl), (ZOS AR ] Zn))H (wZO’ Zyy oens Z‘n)’

where wf = 1. To see this let us first show that ¢ is onto. If (i, ..., u,)
€ S%-1 and if we let u, € C be such that

U = — (@ + -+ +ub),
then the distance from the origin to the point
At u) = (Puy, tFuy, ..., tku,) € C*it

increases from 0 to co with ¢. Thus A(t, ) € W§*-! for some ¢t > 0, and

@(A(t, u)) = (uy, ..., u,). Suppose now that p(z,, ..., z,) = o, - .., V)
for two points z and v of Wt Then for some ¢ > 0 we clearly have v;
= tkz; for 1 <i<<n. Then

b= — (0 e D) = R e 2,2) = rh

so that 2z, = wv, for some kth root of unity w. Since (z,, z;, ..., z;)and
(wvo, V15 ..., 0,) = (22, t*z,, ..., t*z,) = A(t, z) are both in Wi"* and
since || A(t, z) || increases strictly with ¢, we must have ¢ = 1. Thus (z,,
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Zy, o5 Zy) = (wvo, vy, ...,v,) and this proves our contention that ¢
may be regarded as the orbit map of the Z;-action on W1, Now this
Z,-action commutes with the O(n)-action and the only O(n)-orbit taken
into itself by any nontrivial w € Z; is the orbit {(0, z,, ..., z,) € W1}
(This is an orbit by 9.1.)

Thus Z;, has exactly one fixed point on W*1/O(n) and acts freely outside
this point. The diagram

an—l ¢ S2n-1

| l

Wi1/0(n) ——— S1/O(n) ~ D?

is a pull-back diagram since ¢ preserves O(n)-orbit types. By the above
remarks, p may be regarded as the projection for the k-fold cyclic covering
of D? branched at 0 (corresponding to the orbit W3 < S§2*-1). That is,
W-1/0Q(n) =~ D? and y becomes z > z¥ of D? — D2 By 6.3 we have the
equivalences

W%n—l ~ Y’%n—l ~ Z’%n—l

of O(n)-spaces. Thus we have proved the following theorem.

9.2. Theorem The O(n)-space 23" of Chapter I, Section 7 is equivalent
to the O(n)-space W for k £ 0. |

9.3. Corollary For n and k both odd, Wi is homeomorphic to S™.
For neven, H, (W) ~ Z, and H(W§) =0fori#0,n— 1,2n— 1.
Also Wi ~L(k,1). |

Remark The consideration of the W2*1is due to Brieskorn [1] and was
used by him to investigate the topological nature of an isolated singularity
of an algebraic variety. Corollary 9.3 is due to him. The application of trans-
formation groups to this subject, and vice versa, is due to Hirzebruch [2]
(see Hirzebruch and Mayer [1]). A study of a much more general, and
useful, class of varieties with isolated singularities may be found in Milnor

[7].

Note that Wi"* has further symmetry besides the given O(n)- and
Z,-actions. Indeed

(2 (20» 215 - - - » 20)) > (2%20, 2*24, . .., 2F2,)
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defines an action of S! on W#*! which commutes with the given O(n)-
action. Thus we have an action of S! X O(n) on W§*1. The kernel of this
action is just the subgroup of order two generated by (—1, —I). Note that
in the most interesting case, for which n is odd, then (—1, —I) is not in the
identity component of S' X O(n). Thus the inclusion induces an isomor-
phism

S! x O(n)

S! x SO(n) —» 7
2

(n odd),

so that the effective part of this action is an action of the connected group
St x SO(n).

These actions on Wg! yield some interesting examples via standard
constructions and we shall briefly discuss some of these. For the sake of sim-

plicity we shall take k = 3 and n = 3. Let w be a primitive cube root of
unity and let

10 0
=10 1 o|leo0@).
00 —I

Then w and 7 commute and wn has order 6 on W =~ S5 Now
wn(zy, 215 25, 23) = (W2, 2y, Z5, —Z3)
so that the fixed set of wy is
Wl = 0O(2) =~ S + 8.

If we remove an invariant disk about some fixed point of this Zg-action
on S5, we obtain a Zg-action on D?® with fixed set D' 4 S!. Multiplying this
by the trivial action on I gives a Zg-action on D® with fixed point set D?
+(D! x S'); the part in the boundary S® being S! 4 (S°® x S§1) =~ S!
+ St + S
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FIGURE V-5

Now let C, and C, be disjoint 5-cell neighborhoods in S° of two points
in the D% component of the fixed set of this Zg-action on D8. We may regard
D¢ as a cube with C, and C, as opposite faces. An infinite number of copies
of this action on D® may then be pasted together (every other D¢ being re-
flected in the parallel to C, and C,) converging to an ideal point, as indicated
in Figure V-4. This yields a Zg-action on D® with fixed set F being D?
together with a sequence of cylinders D' X S! converging to a point of D?
as indicated in Figure V-5. On the boundary S® the fixed set is a circle to-

FIGURE V-6
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FIGURE V-7

gether with a sequence of circles converging to a point of this circle. If C,
and C, were taken about points of D! x S!, then one would obtain an
action of Z; on D with fixed set F as indicated in Figure V-6. Other possi-
bilities are evident. These actions are locally smooth except at one point.
Wilder actions can be constructed in a similar manner by pasting together
the Zg-actions on D® which are the cones on the original Zg-action on S°
(with 8! 4 S as fixed point set). By doing this one obtains actions of Z,
on D¢ with fixed sets as illustrated in Figure V-7 or as in Figure V-8.

FiGure V-8
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We have given these examples to illustrate how complicated topological
actions (not locally smooth) can be. Also note the actions on the boundary
5-spheres and the actions on S® obtained by doubling the actions on DS.

Let us now briefly consider the general Brieskorn varieties. Thus let
a = (ay, ..., a,) with the g, positive integers, and let W2"-! be the intersec-
tion of the sphere || z | = 1 with the variety in C*+! defined by the equation

ZO“°+"'+Z§"=O-

We shall restrict our attention to the proof of the following result.

9.4, Theorem If a, is relatively prime to each a; for j 50, then ayf = 0
for every element B € H(WZ; Z) with 0 <i<<2n— 1.

Proof Let a=aqa, ---a,. For z=(z,,...,2,) in Wi*? and >0
consider the point
(tv/mz,, ..., 1%%mz) e C",

The norm of this is nonzero and is strictly increasing with ¢. Thus there is
a unique value of ¢ such that this point is in the unit sphere S**~1 < C™
Let

(p: W3n~1 — SZn~l

be the map taking z to this point. As above, some easy calculations show
that ¢ may be identified with the orbit map of the Z, -action

(0, (zo5 - - 2)) > (W20, 245 « - . 5 Z,)
on W21 Now note that there is an S!-action
(z, (205 - - s Z0)) > (2902, ..., z90nz,)

on W21 If w is a primitive goth root of unity, then w®® is also a primitive
a.th root of unity and w*% = 1 for i > 0, since a, is relatively prime to each
a; for i 7 0. Thus this S'-action contains the Z, -action (up to automorphism
of Z,,) and this implies that Z,, acts trivially on H{(Wg*'; Z). Thus, by
I11.(7.1), the composition

H(W2) - H(S™) > H(WE)

of the orbit map for the Z, -action on W2~ with the transfer is just multi-
plication by a,, so that this must vanish for i5=0, 2n — 1. ||
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9.5. Corollary If there are at least two values of i for which a; is relatively
prime to all a; for j 7 i, then W21 is an integral homology (2n — 1)-sphere. ||

Remark This result is a special case of a sharper theorem of Milnor [7].
(Also see Brieskorn [1] and Hirzebruch and Mayer [1]). It can be shown
(see these references) that W21 is simply connected (in fact, (n — 2)-
connected) for n > 3, and hence in the case of 9.5 it is homeomorphic
to S?»-1, Determination of the differentiable structures can also be found
in the above references. In the 3-dimensional case, n = 2, W2 is not gen-
erally simply connected, even in the case of 9.5. For example, it can be
shown that W%, ;. is the Poincaré dodecahedral space SO(3)/I.

10. ACTIONS WITH THREE ORBIT TYPES

To motivate the present section and the next one, let us discuss the
Brieskorn manifold W' defined to be the space of all points (4, v, z;,
Zy, ..., 2Z,) € C**? on the intersection of the sphere

lul? HlvP+ ]2+ +]z]*=1

and the variety
wH+vi+z24+ - +2,2=0,

where p and ¢ are positive integers. (Note that the case ¢ = 2, studied in
Section 9, is included.)

Now O(n) acts on W2 by its action on (z, ..., z,) and, as seen
before, its isotropy types are O(n), O(n — 1), and O(n — 2). Given the
coordinates u, v of a point we see that |z, |2+ -+ + | z,|2=1— (| u|?
+|v|?»and z2 + .-+ 4 2,2 = —(uP + v?) are determined, and it follows
from 9.1 that the map

p: WP C,

W v,zy, ..., 2) > (u,v)

can be identified with the orbit map of this O(n)-action (once we find its
image).
Since

50 9] = [z 4 o 4 g S [l e [t =1 (ul ]2,
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the image of y consists of points (u, v) satisfying the inequality
w2+ v+ ult ] < 1.

It is easy to see that any such (i, v) comes from a point of W21 if n > 2.
Moreover, it is easily seen that this inequality is an equality iff the real and
imaginary parts of (z,, ..., z,) are dependent as vectors in R”; that is,
iff the corresponding O(n)-orbit is nonprincipal [i.e., of isotropy type O(n)
or O(n— 1)).

Now it can be seen that the inequality | u? 4+ v?| 4 |u|?2 4 |v[|2 <1
defines a 4-disk in C% One way to see this is to consider the action of the
multiplicative group R* of positive reals on C2 given by

t(u, v) = (%, tPv).
Since, for (u, v) 7~ (0, 0) fixed,
20| uP 4+ ve| 4 2| u| 4 22| v |?
increases with ¢, it is equal to 1 for exactly one value of ¢. Similarly
[ttt 4 |t 2= u|? 4 2| v |2 =1

for exactly one value of ¢. Thus each trajectory of this flow (except for the
origin) cuts each of the surfaces |w? 4+ v?| + |u|®+|v|*=1 and
|u|?2 4+ | v |2 =1 in a single point. Using this, it is clear how to set up a
homeomorphism of the region defined by

w4 o0 |+ |ult | v[r <]

(i.e., the image of ) with the unit disk |#[2+|v[2 < 1.
Now the space of nonprincipal orbits can be identified with

F(O@n — 1), Wz*)/0Q1)
which is just the orbit space of
Moo= eC| [ult+ o]+ [z =1, woit2=0)

under the involution (u, v, z) > (4, v, —z). Also F(O(n), Wi7it)is identified
with F(O(1), W3 ,). As in Section 9 we see that the map

p: Wi,— S
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which takes the point (4, v, z) € W} , to (¢*u, t*Pv), for that unique value
of ¢t > 0 such that this has norm 1, can be identified with the orbit map of
this involution. Then F = F(O(1), W3 ,), regarded as a subspace of the
orbit space, becomes

{(u,v) € S®| u? 4 v = 0}.

If we change coordinates in S® by multiplying v by a gth root of —1, then
we change this representation of F to

{(u,v) € S*| uP = v9}.

Letting a, b be the unique positive real numbers such that ¢ 4 5 = 1 and
a? = b4, this is

{(ae*z, be*w)y € S*| px = qy + m, me 1},

which is the image under the exponential map R? — S! x S! < S? of the
union of all lines of slope p/q passing through the points (m/p, 0), m € Z,
If p and g are relatively prime, then this consists of exactly one curve which,
in 8?, is the “torus knot” of type (p, gq).

Thus the orbit structure of W34 is that of a 4-disk D%, with interior
points of type O(n)/O(n — 2), and a 1-manifold in its boundary S* con-
sisting of the fixed points [in this case, a torus link of type (p, ¢)], with
the remainder of S® consisting of points of type O(n)/O(n — 1). If one
generalizes this situation and introduces further coordinates on which O(n)
does not act, then it can be seen that one obtains orbit spaces which are
higher-dimensional disks and with the fixed point set consisting of a sub-
manifold of codimension 2 of the boundary.

Before considering this situation in general, let us prove a general fact
which allows us to discard the fixed point set in classifying actions over a
given orbit structure.

10.1. Proposition Let G be a compact Lie group. Let X be a locally com-
pact space with a given orbit structure X — & ¢ and let F be the closed sub-
space of X consisting of fixed points (points having type G|G). Then deletion
of fixed point sets gives a one—one correspondence between equivalence classes
of G-spaces over X and those over X — F,

Proof 1If Y is a G-space over X — F, then the orbit map ¥ — X — F
is proper and hence extends to the one-point compactifications Y,
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— (X — F),. There is also an orbit structure preserving map X — (X — F),
taking F to co. We let W be the G-space over X which is the pull-back

W Y,
| |
X (X — F),.

Conversely, if W’ is any G-space over X, then we may regard F as a subspace
of W' and put Y= W’ — F, a G-space over X — F. It is clear that W’
is equivalent over X to the above pull-back W (see Chapter I, Exercise 10). J]

Remark 1In the differentiable case, 10.1 is generally not true and one must
be careful to consider how a tubular neighborhood of the fixed point set
is attached. Because of this, some of the theorems stated in Hsiang and
Hsiang [4] are false, as was pointed out to us by W.-C. Hsiang.

For the remainder of this section we shall let X™ be a compact contract-
ible m-manifold, m > 4, with oriented boundary B™ 1. Since X is compact,
B is automatically an integral homology sphere. Also let A™3 — B™-1
be an oriented submanifold of dimension m — 3 (possibly wild). Let {4,}
be the components of 4. We endow X™ with the O(n)-orbit structure
(n = 2) which assigns type (O(n)/O(n — 2))to int(X), type (O(n)/O(n — 1))
to B— A and type(O(n)/O(n)) to A. (We are primarily interested in the
case in which X™ = D™ and in which 4 is connected.)

Now B is collared in X and it follows that X — A4 is a contractible (open)
manifold with boundary B — A. Thus by 6.2, the equivalence classes of
O(n)-spaces over X — A (and hence those over X, by 10.1) are in one—one
correspondence with

[B— 4, 0(1) x O(HN\OQ)/7(0(2)) =~ [B— 4, SW/Z,
~ HY (B — A; Z)|ZL,,
where Z, acts on HY(B — A; Z) via the automorphism k + —k of the coef-
ficients Z, and hence takesy € H{(B — A; Z)to —.

Recall that by Poincaré-Lefschetz duality and the homology sequence
of (B™1, A™2%) we have the Alexander duality

HY(B — A) = Hy (B, 4) = H, s(A) =~ H(4) =~ [[ HY(4,) ~ [|Z.

x

Via this isomorphism, let y € H'(B — A) correspond to {y,}, where y,
€ Z =~ H°(A,). Note that a change of the orientation of 4, changes the
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sign of y,; that is, the particular isomorphism H*(B — 4) = [, Z depends
on the choice of orientation of the A4,, but otherwise this choice is unim-
portant. Also note that the Z,-action on H'(B — A) corresponds to the
simultaneous change of sign of the y,.

Now suppose that a € 4, is a point at which A4, is tame; that is, there
is a half disk D™, in X™ giving a local coordinate system about a; viz.

D™= {(x;, ..., %) | ZX2 1, X >0}
with @ at the origin and with

BN D" =D"*'={xeDm"|x, =0},

AN D"‘+ — D™3 — {x e Dm+| Xmo = Xm1 = Xy = 0}

For y € HY(B— A) let M, be the corresponding O(n)-space over X,
which depends only on +4y. By naturality, it is clear that the restriction

H(4,) = H(®™)

takes y, into the corresponding invariant (up to sign) for the O(n)-action
on the part of M, over D™,. Now consider the 2-disk

C={xeD™ |x =" =X 3=0, x% o+ x5+ x,2=1},

and let 2’ be the part of M, lying over C. It is clear that the part of M,
over D™, is equivalent as an O(n)-space to the product of D™ with the
cone over X. Also the restriction

H\(D™! — Dm-3) et HY9C)

clearly preserves the invariants for these actions. Thus X ~ X" by 6.3,
where k = | y, | (regarding y, € Z). If k % 1 and n is even, then X is not
a homology sphere, so that M, is not a manifold near the given pointa € 4,.
Similarly if £ = 1 and n is odd, then 2OV = 223 is not a homology sphere,
so that M2 is not a manifold near a (and thus O(n) does not act locally
smoothly near @). On the other hand, if k = 1 then X is an orthogonal
O(n)-space and thus O(n)-acts locally smoothly on M, near a.

It is clear that A is locally flat if O(n) acts locally smoothly. Thus for locally
smooth actions we must have that each y, = 4 1. Moreover, the signs are
invariants up to a simultaneous change of sign. (Changing orientations of
the A4, merely changes the correspondence between actions and collections
of signs.)
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Let us call an action over X™ amenable if each of the y,is 1. This makes
sense even if A4 is wild everywhere. We have shown the following theorem.

10.2. Theorem Let X™bea compact contractible m-manifold with bound-
ary B™ 1, m > 4, and let A™2 be a closed submanifold of B™! with k com-
ponents. Let X™ have the O(n)-orbit structure defined above. An O(n)-space
M over X™ is locally smooth iff A is locally flat and the action is amenable.
In general, if the action on M is amenable, then it is locally smooth everywhere
except at those points of A near which A is wild (not locally flat). Moreover,
there are exactly 2¥' equivalence classes of amenable actions over (X, B, A).
Thus, if A is locally flat, then there are exactly 2% equivalence classes o,
locally smooth actions over (X, B, A). }

Remark In the smooth case, and with A connected, these results are due
to Hsiang and Hsiang {4] and, independently, to Jinich [1]. See Chapter VI,
Section 7 for that case.

Let us now briefly consider the case m = 3 which was excluded above.
Here A is a finite set of k points in B2 = X3 (and hence is locally flat).
The invariant y is now in

HY(B— A) =~ Hy(B, A) ~ Hy(4)

and corresponds to a collection of k integers y, € Hy(4,) with ¥y, =0
{(determined only up to simultaneous change of sign). Again the action is
locally smooth iff each y, = +1 and k must be even since 3y, = 0. Thus a
locally smooth action is classified over X by the partition of A (given by
the signs) into two subsets of k/2 elements each. Since any two such par-
titions can be taken into one another by a homeomorphism of (X3, B2, 4)
it follows that (given k) all these O(n)-spaces are equivalent (not over X).
Thus we have the following theorem.

10.3. Theorem Let X3 be a compact contractible 3-manifold with boundary
B? and let A be a set of k > 0 points in B% Let X? have the O(n)-orbit structure
defined above. There are exactly (§3) equivalence classes over X of locally
smooth O(n)-spaces over X if k is even, and all of them are equivalent as
O(n)-spaces (not over X). For k odd, there are no locally smooth O(n)-
spaces over X. |

It is of interest to consider a similar situation in which X3 is now D3,
= {(x,y,z) e D*| z>0}, B>=D?_N S% and A consists of k points in
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the interior of the 2-disk B2 Let D? = {(x, y,0) € D?,}. We endow D?,
with the usual O(n)-orbit structure; that is, isotropy types O(n), O(n — 1),
O(n—2) on A, B— A, D®_ — B, respectively. Then a locally smooth
O(n)-space over D?, will be a manifold with boundary, which is the part
over D% As has been remarked, the general discussion applies to this case.
Now an O(n)-space W over this orbit structure is determined by an in-
variant (up to sign)

y € H(B— A) ~ H,(B, A U S) =~ H,(4 U SY,

where 8! = 0B = gD2. Thus y corresponds to a set of integers y, € Hy(4,)
and 6 € Hy,(S') with
6= _z%z

and which is determined only up to simultaneous change of sign of the
Yo and 6. Again y, = -1 for locally smooth actions. Also | 8| is clearly
the invariant for the O(n)-space W (the part of W over D?); that is,

oW ~ i

as an O(n)-space. If we are given 6 = —Y», and k then 6 = k_ — k_,
where &, and k_ are the numbers of + and — signs among the y,. If we
allow arbitrary equivalences [i.e., over homeomorphisms of (D3, B2, A4)],
then | 6| and k are clearly the only invariants. Moreover k > | 8| and
k — 0 is even. Thus we have the following theorem.

10.4. Theorem Consider O(n)-spaces over (D3, B%, A) as above where
A consists of k >0 points in int B%. Let 6 >0 be an integer. If k =6,
with k — & even, then there is a unique (not over D3.) locally smooth O(n)-
space over (D3, B% A) with boundary equivalent to the O(n)-space 231,
Ifk < 0, 0rifk — disodd, then there is no such locally smooth O(n)-space. |]

Remarks Note that 10.4 gives another characterization of the O(n)-
spaces 23" ! over D2 The reader can verify that an example of the case
k = 6 = 0 of 10.4 is given by the O(n)-action on the space in C**! defined
by

Z¥ d 2P 4 e 2,2 =1,

2P+ -+ |z <2

Also, for k = § = 2itis given by the O(n)-action on the plumbing P?*(A;_,).
It is not hard to construct explicit examples for all k > ¢ with £ — & even.
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11. KNOT MANIFOLDS

Let X* — S*¥+2 be a connected orientable submanifold (possibly wild)
of the (k 4 2)-sphere and let n > 2. Then by 10.2 there is a unique (to
equivalence over D¥t3) amenable O(n)-space M2*+*(X*) over D*+3 [with
the orbit structure as in Section 10; that is, the isotropy types are O(n)
on 2% O(n— 1) on S¥2 — X% and O(n — 2) on int(D*+3)]. Also recall
from 10.2 that if 2 is locally flat, then M2*+¥(X¥) is the unique locally smooth
O(n)-manifold over (D*+3, S*¥+2 3*) Tn this section we address ourselves
to the study of this space M>+*¥(2¥) with emphasis on finding conditions
under which it is a sphere.

Although we are primarily interested in the locally smooth case it will
be mildly interesting (and will not present much more difficulty) to also
consider some matters in the wild case. Thus let W < X* be the (closed)
set of wild points; that is, the set of points at which X% is not locally flat.
For convenience in the homology calculations we shall assume that W £ X%
although this is not really necessary.

When the data are understood we put M = M=+¥(X*) and we also

regard 2% as the subspace MO of M. We let C denote the part of M over
Skt2,

11.1. Theorem If W £ X% then M — W is simply connected.

Proof For future use, we remark that we shall prove this without the as-
sumption that 2* is connected. Now M — W is a manifold of dimension
2n 4+ k>4 + k and X* — W is a k-dimensional locally flat submanifold.
It follows that m;(M — X)) — n;(M — W) is onto. (In fact it is an isomor-
phism.) Now C — X (being an S*~!-bundle over §*¥+2 — X) is a locally flat
(n + k + 1)-manifold in M — 2. If n >3, then @n + k)— (n + k + 1)
=n— 12> 2 so that n,(M — C) »> n,(M — X)) is onto. However, M — C
is an O(n)/O(n — 2)-bundle over R*+3 and thus =,(O(n)/O(n— 2))
—m,(M — W) is onto (via inclusion of any principal orbit). However,
there is a principal orbit in a linear disk in M about any point of 2 — W
so that this inclusion clearly is trivial on the fundamental group.
Now consider the case n = 2. Note that

M — C =~ R¥ x O(2) ~ (R¥3 x S) + (R¥*3 x S).

Also C— X is an O(2)/O(1)-bundle over S*¥+2 — X* The projection
0(2) > 0(2)/O(1) = S' is a homeomorphism on each of the two compo-
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nents of O(2). It follows that the closures X; and X, in M — 2 of the two
components of M — C are manifolds, each of which has interior homeo-
morphic to R¥3 x S! and with common boundary C — 2. Since C — X,
being an S'-bundle over the connected set S¥+2 — X% s connected, it fol-
lows from the Van Kampen Theorem that =,(M — X) is generated by
the images of the two copies of 7;(R*¥+* x S!') =~ =, (S'). Since these cir-
cles are the components of a principal orbit O(2) it follows as before that
this fundamental group goes trivially into =,(M — W). |

11.2. Theorem Assume that W 5= Z*. If X% is a mod 2 (Cech) cohomology
sphere, then M?*+¥(X¥*) js g mod 2 cohomology sphere. If X* is an integral
cohomology sphere and n is even, then M*+¥(X*) is an integral cohomology
sphere.

Proof To simplify notation we shall use cohomology with compact sup-
ports. Thus, for a locally compact space U, H*(U) = H*(U,, co), and
this may also be defined directly by using Alexander—Spanier cohomology
or sheaf cohomology; see Spanier [1] and Bredon [13]. For a compact pair
(X, A) there is a canonical isomorphism H*(X, A) ~ H*(X — A). The
coeflicients will be understood to be in Z, for the first case of the theorem
and in Z for the second case.

Let x€ 2* — W and let U be an open (2n + k)-disk neighborhood
in M of x on which O(n) acts orthogonally. Let U* < D*+3 be the orbit
space of U. Then U* is a open half disk neighborhood of x* € ¥ — W
c Sk+2 = gD#+3 jn D*+3,

Now U — Cis an O(n)/O(n — 2)-bundle over U* — S*+2 =~ R*+3 con-
tained in the O(n)/O(n — 2)-bundle M — C over D*+3 — Sk+2 ~ R¥+3,
Since these are trivial bundles it is clear that the inclusion induces an iso-
morphism

H*U— C) = H¥(M — C)
since, by Poincaré duality, this is equivalent to the homomorphism
H(U—C)— H,M— O)

induced by the inclusion U — C <« M — C (which is a homotopy equi-
valence). Let y € X' be another point, and assume, as we may, that y ¢ U.
Since U N X* is an open k-cell and since X* —{y} is acyclic, we have that

HXU N Z) = HXE — ().
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Now C— 2 is an $*! = O(n)/O(n — 1)-bundle over S¥+2 — X' with
structure group O(1) =~ N(O(n — 1))/O(n — 1) which acts on S*? via
the antipodal map. If # is even, then the antipodal map preserves orienta-
tion on S™! so that this is an orientable bundle, and when coefficients are
in Z, it is orientable in the sense of cohomology for arbitrary n. (We re-
mark for later reference that this is the only use of the assumption that n
is even when coefficients are in Z.) In the neighborhood of x we have the
subbundle

Um C_ 2_’ U* la) Sk+2_2z Rk+2_ Rk

of this, and the inclusion gives a map of Gysin sequences

oo — Hi(R¥M2 — RY) > Hi(U N C — X)— Hi+(R¥2 — RF) — ...

l l

e o BiSH — Z) — BI(C — ) —— Hi(SH — 5) -

The homomorphism H,*(R¥2 — R¥) — H *(S¥2 — X) is an isomor-
phism by Poincaré-Alexander duality, and hence
H*U N C— )= BHC— D)

by the 5-lemma.
Putting these facts together, we see from the diagram

* _’ﬁci(Um C_E)_’ ﬁci(Um C) - Hci(Um Z) e
|= l =
o — H(C— 2) — HI(C— ) > HI(Z — {ph — -
that
HXU N C)— HXC— {y)).
Similarly, the diagram

e ﬁci(U'— O) ﬁcl(U) ﬁci(U N C) e

= ~

e Hci(M'— (6] _’Hei(M_ {y}) g ﬁci(c_ {y})_’ cee

shows that
H*(U) = H*(M — {»}).

However, U =~ R>+* and it follows that H*(M) =~ H*(S*+%). ||

As a converse to this result we note the following fact.
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11.3. Theorem If M*+¥(Z*) is g mod 2 cohomology sphere then X*
is @ mod 2 cohomology sphere. If n is even and M**+*(X*) is an integral co-
homology sphere, then X* is an integral cohomology sphere.

Proof Let Tbe a maximal torus of O(n). If n is even, then T'is not conjugate
to a subgroup of O(n — 1), so that MO™ = MT. For arbitrary n, let
L=0()%x 01) X --- x O(1y € O(n) be the subgroup of diagonal
matrices (the Z,-maximal torus). Then L is not conjugate to a subgroup
of O(n — 1), so that MO®W = ML The result follows from I11.10.2 and
IL7.11. |}

11.4. Theorem Let n be even and assume that X* is an integral cohomology
k-sphere with at most one wild point in S¥+2 (or with finitely many wild points
when k = 1). Then M +5(X¥) =~ Stk

Proof 1If there are no wild points, then this follows from 11.1, 11.2, and
the generalized Poincaré conjecture (see Connell [1]) since 2n + k = 5.
Thus assume that w € X* is the unique wild point. By 11.1 we have
(M — {w}) = 1. Moreover, the proof of 11.1 shows that the part of
M — {w} over U — {w*} is simply connected, where U is any disk neigh-
borhood of w* in D*¥+3 (since connectivity of 2* was not used in the proof
of 11.1). Thus by 11.1, and 11.2, M — {w} is a contractible open manifold
which is simply connected at infinity. Thus M — {w} = R*+* by a theorem
of Siebenmann [1}, and it follows that M = S2+*¥_If k = 1 and there are
finitely many wild points of 2’ it clearly suffices to show that M is a manifold
about each of these points w. However, 2 can obviously be altered, without
changing it near a given point w, so that it is wild only at w. This changes
M only away from w, so that the result follows. ||

For example, there is an O(2)-action on S® corresponding to the wild
knot illustrated in Figure V-9. We remark that for wild knots which are
infinite sums of tame knots, such as that in Figure V-10, the corresponding
O(n)-spaces are infinite connected sums of locally smooth O(n)-spaces.
For example, the cloverleaf knot [which is the torus knot (3,2)] corresponds
by Section 10 to the O(n)-manifold X3+ ~ W31 (see 9.2), where O(n)
acts as the standard subgroup of O(n + 1). Clearly the wild knot in Figure
V-10 corresponds to an infinite equivariant connected sum, about fixed
points, of XZ#+1, If n = 2, then it is of interest to note that the subgroup
SO(2) acts linearly on 2 (see Exercise 2) and has the same fixed set as
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FIGURE V-9

does O(2). The infinite connected sum is still a linear SO(2)-action on S&.
It is easily seen that for this O(2)-action on S* (corresponding to Figure
V-10), we have that S5/SO(2) ~ S* and is just the double of S3/0(2) ~ D*.
Thus the wild knot 2 of Figure V-10 is tame in S4, since it corresponds to
the fixed set, in the orbit space, of a linear SO(2)-action on S°. (Of course,
the tameness of 2 in S* could easily be seen directly.)

Now we turn our attention to the computation of the cohomology of
M +1(X1) when nis odd and X' = X'is a tame knot in S? < D%, Let M3(X)
denote the double covering of S? branched at X. (This is an O(1)-space
over S* and not over D%.)

11.5. Theorem Let n be odd and k = 1. Assume that X is tame. Then
Hi(M™Y(X); Z)=0 for i 0, n + 1, and 2n + 1. Also

H A (M>4(Z); Z) ~ HA(M¥Z); Z).

Proof We first remark that, by 11.2, H*(M?>*+(X); Z)is finite, so that
the result will imply that

H,(M(Z); Z) ~ H (M7 (2); ) ~ HX(M*(2); Z) ~ H,(M*(); Z).

FIGURE V-10
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Also, the order of this group is known to be 4(—1), where A(¢) is the
Alexander polynomial of the knot X.

To do the computation we first follow the lines of the proof of 11.2.
The only place at which we used the hypothesis that #n was even was the
fact that the S*l-bundle C — X over S® — X' is orientable for n even.
Thus the Gysin sequence with ordinary coefficients could be used in that
case. For odd n this bundle is nonorientable, but we still have a Gysin se-
quence diagram

— H(R® — R!; Z7) » Hi+(R® — RY) — Hi*(U N C — X) — Hi'((R® — RY; Z7)

1 1 1 1

— HJ(S* — 55 Z7) — Hin(S — ) — Hin(C — ) — HiS — T3 29—,

where Z7 denotes twisted integer coefficients and elsewhere the coefficients
are in Z. (The twisting is clearly via the homomorphism =,(S?— 2X)
S H(S— 2, 2) 2 7> Z, ~ Auwt(Z).)

Now HL(R?® — R!; Z7) ~ 0 ~ HO(S® — X; Z*) since these are the sec-
tions with compact support of the bundle Z* of coefficients. Also, by Poin-
caré duality (see Bredon [13]),

HIR® — RY; Z7) = Hy(R® — RY; Z7) = Hy(S'; Z*) = 0.

Thus H,!(R® — R!; Z*) - H}(S® — X, Z") is at least a monomorphism.

Using the 5-lemma on the above Gysin diagram, we obtain that
HI(UN C— X)— HJ(C— %) is an isomorphism for j <n and is a
monomorphism for j = n.

From the diagrams used in the proof of 11.2 we obtain that H/(U n C)
— HJ(C — {y}) is an isomorphism for j < n and is a monomorphism for
j = n. Similarly we conclude that H/(U) — H7(M — {y}) is an isomorphism
for j < n, and hence that H/(M) = 0 for 0 < j < n. By Poincaré duality,
and the Universal Coefficient Theorem, it follows that H/(M) = 0 for
j#0,n,n+1,2n+ 1. By 11.2, M is a mod 2 cohomology sphere, so that
this group must be finite of odd order for j = n, n + 1. Again the Universal
Coefficient Theorem and Poincaré duality imply that it must vanish for
j = n. Let x, y be two distinct points in 2. Then we have that

(M — () {x)=0 for j#n+]1,

and it remains to find this group for j = n + 1.
Now let T be the circle subgroup of O(n) which is the diagonal of
1 X SOQ2) x SO@2) X -+ X SOQ2) = O(1) x O2) X --- X O(2)
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< O(n) [(n — 1)/2 copies of SO(2)]. By considering the action of this on
the Stiefel manifold O(n)/O(n — 2) of 2-frames in R” and on the (n — 1)-
sphere O(n)/O(n — 1), we see that T acts semifreely on each O(n)-orbit
in M and hence semifreely on M. Also, T has no fixed points on principal
orbits and exactly two fixed points (antipodal) on S*! which are inter-
changed by the action of O(1) on M7. It follows that MT ~ M?3(2). Also,
since T acts semifreely, there is the Smith-Gysin sequence with integral
coefficients

oo = Hi(X*, XT) — H(X, {x}) - H-'(X*, XT) @ H{(XT, {x})
. H“'I(X*, XT)—> e

(see 1IL.(10.6)), where X = M — {y} and X* = X/T. As we have seen,
Hi(X, {x}) vanishes except for i=n -+ 1, and similarly H(X7, {x})
= Hi(M*Z) — {y}, {x}) =0 for i 2. Thus, an obvious induction,
using the Smith—Gysin sequence, provides the isomorphisms

Hv (X, {x}) = Hr(X*, XT) <~ Hr2(X*, XT)<— ...
S HRX*, XT) < HAXE, {x})

and this gives the desired isomorphism H*(M*+1(2)) =~ H*(M3(Z)).

Remarks This relationship between knots and O(n)-manifolds was first
studied by Jidnich [1] and by Hsiang and Hsiang [4] in the differentiable
case. The homology computations for k = 1 were done by Hirzebruch
[2] by a different method. Hirzebruch [2] also determined the differentiable
structure of M#+1(21) when n is even and X' is smooth. For the case k > 1
see Bredon [26].

EXERCISES FOR CHAPTER V

1. Consider O(n)-spaces over D? x S! with isotropy type O(n — 1)
on 82 x S! and O(n — 2) on the interior. Show that there are precisely
four such actions, up to equivalence over D® x S?, and that they are distin-
guished from one another by the triviality or nontriviality of the regular
and singular bundles g and . Also show, however, that the set =, '(n | B,),
as in 6.1, of homotopy classes of reductions of the structure group of g | B,
to N(O(n — 2)) n N(O(n — 1))/O(n — 2) is infinite.
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2. Consider the O(3)-spaces X;® of Chapter I, Section 7 (recall that
25~ WS of 9.2) for k odd. Show that the subgroup SO(3) is transitive
on each O(3)-orbit and hence that its orbit space is the same as that of
O(3) (which is D?). Show, however, that all of these SO(3)-actions are
equivalent to the linear action of SO(3) on 2% = S5. Readers familiar with
the exceptional Lie group G, should similarly show that the action of
G, < O(7) on X}J3 for k odd has the same orbits as does O(7), but is equi-
valent to the linear action on 2} =~ S'3, (In particular, this shows that
25 ~ S5 and 23 =~ S for k odd without use of the generalized Poincaré
“conjecture.”)

3. Let A™ 3 be a submanifold of S™-1. Consider O(n)-spaces W over
D™ with isotropy types O(n) on A™3, O(n — 1) on S™ 1 — A™3 and
O(n — 2) on D™ — S™ 1 If 4™ is nonorientable, show that no such
O(n)-space is locally smooth.

4. Consider the O(n)-space WZ*! defined to be the space of all points
(z4, 21, ..., 2,) € C™! on the variety

l4z2+ - 4+22=0
and on the sphere
| zol* + [z ]2+ - + [z |2 =2

Put z;=x; 4+ dy;, x=(x,...,x,)€R* and y=(,...,y,) € R
Show that the map (zy, x, y)+> (1,0, y/| ¥ |) defines an equivariant re-
traction of WZ*! onto an orbit. Conclude that

Wir1 = O(n) X g1 S"

as O(n)-spaces, where O(n — 1) acts on S” through the inclusion in O(n + 1).
Also show that W31 =~ S*1 x S* = 221 as O(n)-spaces, where O(n)
acts diagonally on S*1 x S~

5. Verify the statements following Theorem 10.4.

6. Let X™ be a contractible compact manifold with boundary B™-1,
Let 2™—4 be a locally flat submanifold of A7~ which is an integral homology
sphere. Show that there is a unique locally smooth U(n)-space over X™ with
isotropy types U(n) on 2™, U(n — 1) on B™!— Xm4 and U(n— 2)
on X™ — B™1 Also prove the corresponding result for Sp(n)-spaces over
X™ where now the fixed point set is an integral homology sphere 2™
in B™1. (These results would be false in the smooth case.)
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7. Consider the O(n -+ 1)-spaces X; = O(n + 1) X gum 22", where
231 is the O(n)-space defined in Chapter I, Section 7. Show that the
X, are mutually equivalent for all odd k (respectively, for all even k). In
particular, show that X; =~ S* x §*-1 for k odd.

8. Let G=0(m-+1), K=0(n—1), and H=0(n—2), n>2.
Consider G-spaces over D¥+! with orbit type G/K over S* and G/H over
int D¥+1. For k > 3 show that such G-spaces over D**! are classified by
the elements of m;(S?), while for k = 2 they are classified by Z+. If X is
any such G-space for k > 2, show that the O(n -+ 2)-space O(n + 2)
X owmsn X Is equivalent to O@® + 2) Xgp1 S***1, where O(m — 1)
acts on S"tF-1 < Rtk = R"1 x R¥! via the standard representation
plus a trivial one.

9. For n > 2 consider the diagonal action of U(n) on S! < C* X C*,
which has D? as orbit space. Show that the equivariant homotopy classes
over D? of self-equivalences of this U(n)-space are in one-one correspondence
with ny(U(2)) =~ Z.



CHAPTER VI

SMOOTH ACTIONS

In this chapter we assume a knowledge of elementary differential geometry.
Some of the needed material is reviewed in Section 1 in order to set up
terminology and notation, but this material is not intended as a self-con-
tained introduction to differential geometry.

In the first four sections we prove some basic facts concerning the dif-
ferential topology of smooth, compact, Lie group actions. For example,
we prove an existence and uniqueness theorem for invariant tubular neigh-
borhoods in Section 2. A general theorem is proved in Section 3 which allows
certain types of isotopies to be replaced by equivariant ones. In Section 4
we prove a smooth equivariant embedding theorem, due to Palais and
Mostow, and we apply it to prove a smooth equivariant approximation
theorem for continuous equivariant maps and homotopies.

In Section 5 the induced functional structure on a very simple type of
orbit space is studied in detail. This is used in Section 6 to prove a smooth
version of the classification theorem for actions over a manifold with bound-
ary, studied in Chapter V, Sections 5-7 in the topological case. This
is applied in Section 7 to obtain the results of Jdnich on knot manifolds,
the topological case of which was discussed in Chapter V, Sections 10 and 11.

In the last four sections we assume considerably more background in
differential topology. Involutions on spheres are studied in Section 8 using
the Eells-Kuiper invariant, the results of Section 7, and an invariant of
Browder and Petrie (of which we construct a modified version). Some
results on semifree circle actions on spheres and disks are proved in Section
9. Equivariant K-theory is used in Sections 10 and 11 to compare represen-
tations at two fixed points in a smooth action.

1. FUNCTIONAL STRUCTURES AND SMOOTH ACTIONS

In this section we shall review some elementary definitions and a few
facts from differential geometry. We assume that the reader is already
familiar with this material and it is given here only to maintain continuity,
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to establish notation, and to single out some special items of importance
to us. Many proofs and explanatory material will be omitted, so that the
reader should understand that this section is not intended as an introduction
to differential geometry or differential topology.

Following Hochschild [1] we define a functional structure on a topological
space X to be a function &y which assigns to each open set U < X a subal-
gebra Z;(U) of the algebra of all continuous real-valued functions on U
and which satisfies the following conditions:

(1) The subalgebra & (U) contains the constant functions on U.

(2) If ¥ < U, then the restriction of a function fe &% (U) to V is in
Zx(V).

(3) If U= U, is an arbitrary union of open sets, then a function
f: U— R is in &% (U) iff the restriction of f to each U, is in $x(U,).

In other words, & x is a subsheaf of algebras of the sheaf of germs of
continuous real-valued functions on X containing the constant subsheaf.

A functionally structured space (X, Zx) is a space X together with a
functional structure %x on X. A morphism ¢: (X, &%) — (Y, %) be-
tween functionally structured spaces is a map ¢: X — Y such that compo-
sition

S>fop

with @ carries 23(U) into Px(¢*U) for each open U < Y. An isomorphism
is, of course, a morphism having an inverse which is a morphism.

If p: X— Y is a map and & is a functional structure on X, then we
may define a functional structure g% on Y by letting (.2 )(U) consist
of all those continuous functions f: U— R such that fop e & (p1U).
This structure ¢, % is called the “functional structure on Y induced by ¢
from &.” Clearly ¢: (X, &) — (Y, %) is a morphism.

If p: X — Yis a map and .7 is a functional structure on ¥, then we can
define a functional structure p*.2 on X by letting (¢* 7 )(U) consist of those
functions f: U — R such that f is locally the composition of ¢ with a member
of 7. (That is, for each x € U there is a neighborhood U, < U of x, an
open set ¥V < Y containing @(U,), and a member g € Z(V) such that
f=gopon U,) Then¢: (X, *7) — (¥, ) is a morphism. We call p*7
the “functional structure on X induced by ¢ from 7. Of main interest to
us will be the case of a subspace. If 4 = Xis a subspace and & is a func-
tional structure on X, then we let &7 denote i*% where i: 4 — X is the
inclusion. Thus for U = X open, &%, (A4 N U) consists of those functions
f: AN U— R such that, for each a € 4 n U, there is a neighborhood
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V of a in X and an extension of f| 4 N V to a member of Z (V). If 4 is
open, then (4 N U) =Z (4 N U), so that F, is the restriction of &
to open sets of U.

The C* functional structure on R” assigns to U < R~ the algebra of C*
real-valued functions on U. A C* n-manifold (or a smooth n-manifold)
is a paracompact Hausdorff space M™ together with a functional structure
& such that (M*, &) is locally isomorphic to (R®, C*); that is, each point
x € M has an open neighborhood U such that (U, £%) is isomorphic to
(V, Cp™) where ¥V < R”is some open set. A map ¢: U — V realizing such
an isomorphism is called a chart, and & is called a C*> structure on M.
For smooth manifolds M™ and N™ a morphism ¢: M — N of their given
Ce° structures is called simply a smooth map (or a C* map; or a differentia-
ble map). An isomorphism ¢ is called a diffeomorphism.

Consider the half space R", = {(x;,...,x,) € R*|x;, >0}. As a
subspace of R”?, R™, inherits a functional structure from C*, which will also
be denoted by C*. Then a C> manifold with boundary is a functionally
structured paracompact HausdorfT space (M, &) which is locally isomor-
phic to (R”,, C*). The boundary (possibly empty) consists of those points
that are taken by charts to points on the hyperplane x, =0, and this is a
smooth (n — l)-manifold with the induced structure. Unless otherwise
specified in this chapter, the word “manifold” will refer to a C* manifold
without boundary.

If M™ and N™ are C* manifolds (without boundary), then there is a
unique C* structure on M X N such that ¢ X y: U X ¥V — R™* is a chart
of M x N whenever ¢: U— R™ and y: V' — R" are charts of M and N,
respectively. This structure is understood when products of smooth man-
ifolds are considered.

Recall that a Lie group G has a unique C* structure for which the map
G X G— G taking (g, h)+>gh™' is smooth. By a smooth action of a
Lie group G on a smooth manifold M we mean an action

O.GXM->M

which is a smooth map. (Actually it suffices that each 6,: M — M is smooth,
but this is difficult to prove and we shall not consider this question; see
Montgomery and Zippin [4].)

Of course, the basic example of a smooth action is the canonical action
of the general linear group Gl(n) on R". Now GI(r) is an open subset of
R™ (all n X n matrices over R) and inherits its C* structure therefrom.
Smoothness of @: Gl(n) X R* — R" is clear. A homomorphism of Lie
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groups is automatically smooth (Chapter 0, Section 5) and it follows that
the action G X R” — R" given by any representation G — Gl(#n) is smooth.
Other examples are found in earlier chapters. For instance, the actions of
O(n) given in Chapter I, Section 7 and those on the Brieskorn varieties
in Chapter V, Section 9 are smooth.

A C fiber bundle is defined as in Chapter II, Section 1, where now the
base B and fiber F are C* manifolds, the structure group K is a Lie group
(this may sometimes be weakened) acting smoothly on F, and the transi-
tion functions U — K are required to be smooth. In this case, the total space
X of the bundle has a canonical C* structure defined by requiring the charts
g: Fx U— p~}(U) to be isomorphisms of functional structures.

If y: R— M is a smooth curve in the manifold M with y(0) = p, and
if fis a C* function defined on an open neighborhood of p, then we can
define the directional derivative of f at p along ¢ to be

D) = o F(O)cos

where D, is also called the tang