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Bayesian Prediction & Estimation
pCy [%,q)

Hypothesized models,
parameterized by g,
map each x value to a
probability distribution
over y values.




Bayesian Prediction & Estimation

| p(y %, q)
SEIY ok p(q)

There Is a distribution
of probabilities
regarding values of g.




Bayesian Prediction & Estimation

p(y | X, q)
P(g)

For a given x, we
predict y by
marginalizing over
parameter values.
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Bayesian Prediction & Estimation

p(y | X, q)
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For a given x,y pair, we
estimate parameters by

\ ?-\ A ]
ﬁ /B Bayed r ul e:

!'
__ ply[x49)p(q)
- % ,/ P12 NP(Y 1x.q) p(g)dg

SSSSSSSSSSSSSSSSSSSS



Bayesian Prediction & Estimation
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pP(Y[X,q)
p(q)
For mal i1 sm do

what it refers to in the
world. Suppose that
X IS a stimulus,

y IS a response, and
g Is a hypothesis.



Bayesian Prediction

Then g, p(g), and

p(y|x,q) are in (or
refer to) the mind.
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Bayesian Estimation = Learning
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Bayesian Cognition

p(y [%.q) p(q)
nP(Yy |x.q)p(g)dq
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p(y [x) =
NP(y [%.q) p(g)dg

=y p(y [ X)dy




Not only cognition by Bayes..

p(y [%.q) p(q)
nP(Yy |x.q)p(g)dq
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p(y [x) =
NP(y [%.q) p(g)dg
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Bayesian cognition by others, too

p(y [%.q) p(q)
nP(Yy |x.q)p(g)dq

Y, X) =

y
p(y|x) =

NP(Y [ X,9) p(g)dg
=y p(y [ X)dy
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Bayesian Cognition?

Iy PYIX@p@
Ap(y |x.9)p(g)dg
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p(y | x,q)
p(g) <

p(y [x) =
nP(Y [x.q) p(g)dg

$£= iy p(y [ x)dy
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Bayesian Cognition?
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Bayesian Cognition?

Py [ X q)p(q)
NP(Y | X,9) p(g)dg

Y, X) =

y
p(y | x) =

o - ) — ﬁp(y | X, C7) p(q)dq

Image from Jacob, Litorco & Lee (2004)

Y Py [X)dy
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Bayesian Cognition?

p(y[x) =
nP(Y [ x.9) p(g)dg

$£= v p(y | x)dy
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Bayesian Cognition?

p(y[x) =
nP(Y [ x.9) p(g)dg

$£= v p(y | x)dy
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Bayesian Cognition?

p(y [%.q) p(q)
nP(Yy |x.q)p(g)dq

p(y [x) =
NP(y [%.q) p(g)dg

=y p(y [ X)dy
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Bayesian Cognition?
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To Ponder:

AFor a Bayesian model
behavior o, what | evel
appropriate?

A If a system is Bayesian at one level of
analysis, Is it Bayesian at other levels?
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Bayesian Cognition?

Marr (1982):
Image Primal > 22D > 3D
Intensity Sketch Sketch Model

Is the overall mapping, from
Image to 3D model, Bayesian?

Is each component Bayesian?



Consider a Chain of Bayesians

Image Primal 2Y2D 3D
Intensity Sketch Sketch Model
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Not Parallel Bayesians
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A Chain of Bayesians




Not lterated Bayesians

PV % @)

P(q)
)(1—> —
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P(Y,: % |G5)
P(g)

Nt

g o= _>g

P(Y3 %5 | G5)

p(g;) y
Xy — X

Y =1T> _>‘E Y, => _>E y=> _>ﬁ

Thomas

Son of
Thomas

Grandson of
Thomas




A Chain of Bayesians




Could Be Generative Bayesians

PV % |q) P(Y2. % |,) P(Ya: X3 | G5)

P(q) P(G) P(g:)
X, ==p Xg=p - Y;

=T
e — Y, _>EJ

Thomasl Thomas?2 ThomasEf

But not pursued here.



A Chain of Bayesians




A Chain of Bayesians

p(Y: 1%, 4,) pY; 1%.,) PY; | %5, G5)

P(q) P(G) P(g:)
X, ==p Xg=p - Y;

S
—_ Y, —; —¥

Thomasl Thomas?2 ThomasEf

The standard approach: The
three heads are conjoined over a
joint parameter space.



The Globally Bayesian Approach
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The Globally Bayesian Approach
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The Locally BayeS|an Approac:h
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Yes, we are all individuals!

Xl—>

P(Y; [ %, q)
P(q)

Thomas
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P(g)
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Locally BayesianPrediction

p(Y: 1%, 4,) pY; 1%.,) PY; | %5, G5)

P(q) P(g) P(gs)
2T J/X3—> _

)(1—> X
Y/
— \: —§ — ¥

Thomas Richard Harold

Each Bayesian agent computes its best

prediction, and propagates it forward.
This process needs integrals over only the individual
parameter spaces.
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Locally BayesianLearning

P(Y; [ %, q)
P(q)
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P(G; | Yar %)

Harold

Y

Update p(gslys,%;) by Bayes
Involves integrating only over the ¢,
parameter space.
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Locally Bayesian Learning

P(Y; [ %, q)
P(q)

Xl—>

Thomas

p(v.|X..a.)

P | Va1 %)

X - y3

Harold

But how should poor Richard update his
beliefs about @,? He needs ay, value to
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learn about!



Locally Bayesian Learning

PCY; | %, q) P(Y; %, q,) D(V. IX..a.)
P(q) P(G) P(G; | Va1 X5)
X—T !/xz—> -y, Y,
_pﬁ
Thomas Richard Harold

X)

Let y, = argmax p( Yy,
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Locally Bayesian Learning

PCY; | %, q) P(Y; %, q,) D(V. IX..a.)
P(q) P(G) P(G; | Va1 X5)
Xl—> !/xz—> <y, Y,
_pﬁ
Thomas Richard Harold
Let y, =argmax p(Y; | x;)
X

3

Harold tells Richard to produce a value that
|l S consi stent with



Locally Bayesian Learning

PCY: [ %, 1) PCY: %, @) b(V.1x..a.)

P(q) P(g) P(G; | Va1 X5)
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Thomas Richard Harold

Let y, =argmax p(Y; | X;)
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In practice,don't needto maximize; just
geta valueof y, with p(y, |y,) > p(ys | %)



Locally Bayesian Learning
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p(Vv. | X..q.)

P | Y20 %)
Yy,

Richard

p(v.|X..a.)

P | Va1 %)

™ Y;

Harold

Let y, =argmax p(Y,

X

X)




Locally Bayesian Learning

p(y, IX.aq) p(v. 1%..a.) o(Vv. 1x..a.)

PG | V1, %) P | Y20 %) P(G; | Y5, %5)
="  HVv Y, Y,
Thomas Richard Harold
Let y, =argmax p(y, | X,)

X

Richard tells Thomas to produce a value that
|l S consi stent with



Locally Bayesian Learning

p(y, I x.q) p(v. | x..q.) (V. |x..a.)
P | Y1, %) P | Yz, %) P(a; | Y5, %)
= Y =y, .
_.LE
Thomas Richard Harold

Let y, =argmax p(Yy, | X,)

Xo

In practice,don't needto maximize; just
geta valueof y, with p(y, |y;) > p(Y, | )




Locally Bayesian Learning

p(y, I x.q) p(v. | x..q.) (V. |x..a.)

P | Y1, %) P | Yz, %) P(a; | Y5, %)
X Y <y, Y,

Thomas Richard Harold

Other updating dynamics are possible.
E.g., first propagate y, all the way back to the first
agent, and update p(g|y;,%;). Then compute
predicted R. Then update p(g|y., R). And so on.



Locally Bayesian Learning

p(v. Ix.aq) p(v. 1x..a.) p(V.1X..a.)

P(&: | Y1, %) P(G | Y2, %) P(%; | Y3, %)
X Y <Y, VY,
Thomas Richard Harold
Each agent is told by its superior to learn a

datum that is maximally consistent (or
mi ni mally 1T nconsi sten
current beliefs.



Locally Bayesian Learning

p(y, I x.q) p(Vv.|x.q.) o(Vv.|Xx..a.)

P( | Y1, %) P | Yz, %) P(a; | Y5, %)
W W B <y, Y,

Thomas Richard Harold

Thi s process protects

from disconfirmation! The inferior will learn to

Nndi stort the datao to
superior.
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Locally Bayesian Learning (LBL)

LBL preserves current beliefs and creates
ARepicycleso for new da
optimal, but then, are real systems?

E0 L o
rA I x
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Put your models where your data
are...
A Some real behavior, in the domain of

associative learning, to which Locally
Bayesian Learning can be applied.



Typical Learning Task
Stimulus presentation and response collection:

Press F, G, H or J.




Typical Learning Task
Corrective feedback:

RADIO
OCEAN

[Wrong!/Correct!] The
correct response is H.




Phenomena Suggestive of Attention
In Learning

A Fewer relevant cuesC faster learning.

A Intradimensional shifts are faster than
extradimensional.

A Attenuated learning after blocking.
A Overshadowing.

A Context-specific attention.

A Highlighting.

A Et ceteral



Highlighting:

Early Training:

.PEg E




Highlighting:

Early Training:

.PEg E

Late Training:

.PEg E

.PLg L




Highlighting:

E L

Early Training: |.PEg E é&

Late Training: |.PEQE I|.PLgL




Highlighting:

E L

Early Training: |.PEg E é&

Late Training: |.PEQE I|.PLgL

esting lg ? (E!)
Results: PE.Plg ? (L)




Design

. Highlighting

Phase Cuegy Outcome
Initial
Training: LPEIGE E L
| .PEIg E é’&
Training: | 1.PL'gL
Testing: PE.Plg ?, etc.




Design: Highlighting

Phase Cuegy Outcome
Trlgiirgii?:g: (2X) 11.PE1g E1 (2X) I2.PE2g E2
3:1 base-rate (3x) 11.PE1g E1 (3x) 12.PE2g E2
Training: (1x) I1.PL1g L1 (1x)I2.PL2g L2
1:3 base-rate  (1x) 11.PElg E1 (1x) 12.PE2g E2
Training: (3x) I1.PL1g L1 (3x) 12.PL2g L2

Testing:

PE.Plg ?, etc.
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# Blocks Cuegy Outcome
N1: (2x) 11.PEl1g E1 (2x) 12.PE2g E2
o (3x) 11.PE1g E1 (3x) I2.PE2g E2
| (1x) 11.PL1g L1 (1x)12.PL2g L2
1x) 11.PE1g E1 (1x) I2.PE2g E2
N1+N5- (1) gEL (1x) g
(3x) 11.PL1g L1 (3x)12.PL2g L2

Frequency of |.PEA E trials equals
frequency of I.PLA L trials.
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Highlighting: Results PE.PL
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Highlighting: Results |.PE.PL
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Highlighting: Results |.PEo.PLo

E |.PEo.PLo
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Not just for meaningless associations...

A Highlighting also happens in meaningful
domains...



An Application:
Highlighting while web browsing.

PE



