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Bayesian Prediction & Estimation
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Hypothesized models, 
parameterized by q, 
map each x value to a 

probability distribution 
over y values.
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There is a distribution 
of probabilities 
regarding values of q.
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For a given x, we 
predict y by 

marginalizing over 
parameter values.
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For a given x,y pair, we 

estimate parameters by 
Bayesô rule:
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Bayesian Prediction & Estimation
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Formalism doesnôt care 
what it refers to in the 
world. Suppose that
x is a stimulus,
y is a response, and

qis a hypothesis.
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Then q, p(q), and 
p(y|x,q) are in (or 

refer to) the mind. 



Bayesian Estimation = Learning
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Bayesian Cognition

),|( qxyp

)(qp

x
ñ
=

qqq

qq
q

dpxyp

pxyp
xyp

)(),|(

)(),|(
),|(

y

Kruschke, IPAM GSS 2007



ñ

ñ
=

=

dyxypyy

dpxyp

xyp

)|( Ĕ

)(),|(   

)|(

qqq

Not only cognition by Bayes...
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Bayesian cognition by others, too
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Image from Jacob, Litorco & Lee (2004)
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To Ponder:

ÅFor a Bayesian model of ñcognitive 
behaviorò, what level of analysis is 
appropriate?

ÅIf a system is Bayesian at one level of 
analysis, is it Bayesian at other levels?

Kruschke, IPAM GSS 2007



Bayesian Cognition?
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Marr (1982):

Image 
Intensity

Primal 
Sketch

2½D 
Sketch

3D 
Model

Is the overall mapping, from 
image to 3D model, Bayesian?

Is each component Bayesian?



Consider a Chain of Bayesians
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Image 
Intensity

Primal 
Sketch

2½D 
Sketch

3D 
Model



Not Parallel Bayesians
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A Chain of Bayesians
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Not Iterated Bayesians
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A Chain of Bayesians
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Could Be Generative Bayesians

)|,( 111 qxyp
)( 1qp

1x

Kruschke, IPAM GSS 2007

3
Ĕy

)|,( 222 qxyp )|,( 333 qxyp
)( 2qp )( 3qp

1y 2y

2x 3x

Thomas1 Thomas2 Thomas3

3y

But not pursued here.
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A Chain of Bayesians

),|( 111 qxyp
)( 1qp

1x

Kruschke, IPAM GSS 2007

3
Ĕy

),|( 222 qxyp ),|( 333 qxyp
)( 2qp )( 3qp

1y 2y

2x 3x

Thomas1 Thomas2 Thomas3

3y

The standard approach: The 
three heads are conjoined over a 

joint parameter space.



The Globally Bayesian Approach
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The Globally Bayesian Approach
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The Locally Bayesian Approach
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You are all individuals!



Yes, we are all individuals!
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Locally Bayesian Prediction
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Each Bayesian agent computes its best 
prediction, and propagates it forward. 

This process needs integrals over only the individual 
parameter spaces.



Locally Bayesian Learning
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Update p(q3|y3,x3) by Bayesô rule. 
Involves integrating only over the q3 

parameter space. 
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But how should poor Richard update his 
beliefs about q2? He needs a y2 value to 

learn about!

?
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Locally Bayesian Learning
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Harold tells Richard to produce a value that 
is consistent with Haroldôs beliefs!
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Locally Bayesian Learning
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Other updating dynamics are possible.
E.g., first propagate y3 all the way back to the first 

agent, and update p(q1|y1,x1). Then compute 
predicted Ȓ1. Then update p(q2|y2, Ȓ1 ). And so on.
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Each agent is told by its superior to learn a 
datum that is maximally consistent (or 
minimally inconsistent) with the superiorôs 

current beliefs.
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Locally Bayesian Learning
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This process protects the superiorôs beliefs 
from disconfirmation! The inferior will learn to 
ñdistort the dataò to avoid disconfirming the 

superior.
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Locally Bayesian Learning (LBL)
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LBL preserves current beliefs and creates 
ñepicyclesò for new data. Perhaps not perfectly 

optimal, but then, are real systems?



Put your models where your data 
are...

ÅSome real behavior, in the domain of 
associative learning, to which Locally 
Bayesian Learning can be applied.

Kruschke, IPAM GSS 2007



Typical Learning Task

RADIO

OCEAN

Press F, G, H or J.

Stimulus presentation and response collection:



Typical Learning Task

RADIO

OCEAN

[Wrong!/Correct!] The 
correct response is H.

Corrective feedback:
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Phenomena Suggestive of Attention 
in Learning

ÅFewer relevant cues Č faster learning.

ÅIntradimensional shifts are faster than 
extradimensional.

ÅAttenuated learning after blocking.

ÅOvershadowing.

ÅContext-specific attention.

ÅHighlighting.

ÅEt cetera!
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Highlighting:

Early Training: I.PEgE                .

Late Training: I.PEgE    I.PLgL

Testing 
Results:

Ig? (E!) 

PE.PLg? (L!)
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Highlighting:

Early Training: I.PEgE                .

Late Training: I.PEgE    I.PLgL

Testing 
Results:

Ig? (E!) 

PE.PLg? (L!)
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Design: Highlighting

Phase CuesgOutcome

Initial 
Training:

(2x) I1.PE1gE1 (2x) I2.PE2gE2

3:1 base-rate
Training:

(3x) I1.PE1gE1 (3x) I2.PE2gE2

(1x) I1.PL1gL1 (1x) I2.PL2gL2

1:3 base-rate 
Training:

(1x) I1.PE1gE1   (1x) I2.PE2gE2

(3x) I1.PL1gL1   (3x) I2.PL2gL2

Testing: PE.PLg?, etc.
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Phase CuesgOutcome

Initial 
Training:

(2x) I1.PE1gE1   (2x) I2.PE2gE2

3:1 base-rate 
Training:

(3x) I1.PE1gE1   (3x) I2.PE2gE2

(1x) I1.PL1gL1   (1x) I2.PL2gL2

1:3 base-rate 
Training:

(1x) I1.PE1gE1   (1x) I2.PE2gE2
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ñCanonicalò Design: Highlighting

# Blocks CuesgOutcome

N1: (2x) I1.PE1gE1   (2x) I2.PE2gE2

N2:
(3x) I1.PE1gE1   (3x) I2.PE2gE2

(1x) I1.PL1gL1   (1x) I2.PL2gL2

N1+N2:
(1x) I1.PE1gE1   (1x) I2.PE2gE2

(3x) I1.PL1gL1   (3x) I2.PL2gL2

Testing: PE.PLg?, etc.
Frequency of I.PEĄE trials equals
frequency of I.PLĄL trials.



Highlighting: Results I.PE
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Highlighting: Results I.PEo.PLo
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Not just for meaningless associations...

ÅHighlighting also happens in meaningful 
domains...
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I

PE

E

An Application: 
Highlighting while web browsing.


