
Extensions to the delta rule for associative learning

John K. Kruschke and Amy L. Bradley
Indiana University

June 12, 1995
The delta rule of associative learning has recently been used in several models of human cate-
gory learning, and applied to categories with different relative frequencies, or base rates. Pre-
vious research has emphasized predictions of the delta rule after extensive learning. Our first
experiment measures the relative acquisition rates of categories with different base rates, and
the delta rule significantly and systematically deviates from the human data. We suggest that
two additional mechanisms are involved, namely, short-term memory and strategic guessing.
Two additional experiments highlight the effects of these mechanisms. The mechanisms are
formalized and combined with the delta rule, and provide good fits to the data from all three
experiments.

Several recent models of category learning in humans in-
corporated the delta rule of associative learning (Rumelhart,
Hinton, & Williams, 1986). The delta rule posits that the
growth in the strength of association between a cue and an
outcome is error driven: The associative strength changes
in magnitude proportionally to the discrepancy, or error, be-
tween the actual magnitude of the outcome and the magni-
tude predicted by the current associative strength.

Gluck and Bower (1988) demonstrated that a form of ap-
parent base rate neglect observed in human learners could
be produced by a simple instantiation of the delta rule.
Gluck and Bower (1988) used a simulated medical diagno-
sis paradigm, in which participants learned which diseases
(categorical outcomes) were associated with which symp-
toms (cues). Apparent base rate neglect is the tendency
to diagnose a particular symptom as a rare disease when
the symptom’s normative, Bayesian diagnosticity is equal
for a common and the rare disease. The effect, and the
model’s ability to reproduce it, have been replicated sev-
eral times (Estes, Campbell, Hatsopoulos, & Hurwitz, 1989;
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Lewandowsky, 1995; Nosofsky, Kruschke, & McKinley,
1992; Shanks, 1990). Kruschke (1995) has shown, however,
that the model cannot account generally for base rate neglect,
and that the delta-rule model must be extended to include
rapid attentional shifts across cues. The delta rule also has
been used in the ALCOVE model of category learning (Kr-
uschke, 1992, 1993b) to build associations between mem-
ory exemplars and categories, and the model can account for
a number of phenomena in human category learning (Choi,
McDaniel, & Busemeyer, 1993; Kruschke, 1993a; Nosofsky,
Gluck, Palmeri, McKinley, & Glauthier, 1994; Nosofsky &
Kruschke, 1992).

Because of the pioneering work of Gluck and Bower
(1988) on category base rates, much of the recent research
involving applications of the delta rule to human category
learning has used differential category base rates (e.g. Estes
et al., 1989; Kruschke, 1995; Lewandowsky, 1995; Mark-
man, 1989; Nosofsky et al., 1992; Shanks, 1990, 1991a,
1991b, 1992). Much of the emphasis has been placed on
predictions of the model after asymptotic learning. A model
of learning, however, should also address the course of learn-
ing. In particular, because of the concentration of research
involving differential base rates, the model should address
the relative learning rates of categories that occur with dif-
ferent relative frequencies. Past research has not addressed
this issue in detail. Recently, Kruschke and Erickson (1994)
found that ALCOVE could not quantitatively reproduce the
learning curves of four exemplars that occurred with rela-
tive frequencies of four, three, two and one. The model did
not learn the high frequency exemplars rapidly enough in the
early learning trials, and it could not learn the low-frequency
exemplars quickly enough in the intermediate trials.

The goal of the research presented in this article is to in-
vestigate the inability of the delta rule to match quantita-
tively the relative acquisition rates of categories that occur
with different relative frequencies. The first experiment mea-
sures relative acquisition rates in human learners for simple
single-cue, single-outcome associations. It is shown that the
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delta rule deviates from the human data significantly and sys-
tematically. We claim that to account for the data, the delta
rule must be extended with at least two additional mecha-
nisms: short-term memory and strategic guessing. Two addi-
tional experiments are presented to demonstrate robustly the
effects of short-term memory and strategic guessing in this
learning paradigm. Finally, the notions of short-term mem-
ory and strategic guessing are formalized and combined with
the delta rule, and the extended model is shown to provide
good fits to the data.

Experiment 1: Frequency Effects

In Experiment 1 we measured learning as a function of
training frequency, for simple, deterministic associations of
single symptoms with single diseases. Each of six symptoms
was a perfect predictor of one of six diseases. One symptom-
disease pair occurred with a relative frequency of six, another
occurred with a relative frequency of five, another with a rel-
ative frequency of four, and so on, down to a relative fre-
quency of one. The goal was to obtain quantitative data to
which the delta rule could be fit, from a minimalist paradigm
in which stimuli consisted of only single symptoms and the
mapping from symptoms to diseases was deterministic, un-
like the multiple-cue, probabilistic designs used in much pre-
vious research.

Method

Participants. Forty-six volunteers participated for partial
credit in an introductory psychology course at Indiana Uni-
versity.

Apparatus. Participants sat in front of a PC-type com-
puter located within individual, sound dampened, dimly
lit, ventilated cubicles. Responses were entered by press-
ing keys on the standard keyboard. The experiments were
programmed using Micro Experimental Laboratory (MEL)
(Schneider, 1988). The same apparatus was used for all ex-
periments reported in this article.

Design and procedure. Each of six single symptoms was
a perfect predictor of one of six diseases. Out of a total of
210 trials, one symptom-disease pair occurred 10 times, an-
other occurred 20 times, another 30 times, and so on, up to
the most frequent pair occurring 60 times. The 210 trials
were randomly permuted so each participant experienced a
different sequence.

At the beginning of the experiment, participants read in-
structions on the computer screen at their own pace. The
instructions did not explicitly specify that there was a one-
to-one correspondence of symptoms and diseases, nor did
they explicitly indicate that the symptoms were perfect (non-
probabilistic) predictors.

For each participant, six symptom labels were randomly
chosen from a list of 22 possible labels (ear aches, skin rash,
back pain, dizziness, sore muscles, stuffy nose, nausea, hair
loss, blurred vision, twitching, fever, wheezing, insomnia,

flatulence, perspiration, fatigue, coughing, palpitation, hali-
tosis, anemia, ennui, incontinence). Disease labels were sin-
gle letters D, F, G, H, J, and K, assigned to symptoms ran-
domly for each participant.

On each trial, a symptom was displayed near the center of
the screen, with a response prompt below it reading, “Diag-
nose as one of D, F, G, H, J, or K.” The participant indicated
his or her diagnosis by pressing the corresponding letter key
on the keyboard. If the participant did not respond within
30 sec, a tone sounded with the word “FASTER” on the
screen. If the participant did respond, the word “CORRECT”
or “WRONG” appeared on the screen, as appropriate. In any
case, the computer then displayed the phrases, “This patient
has disease D/F/G/H/J/K. After you have studied this case
(up to 30 seconds), press the space bar to see the next one.”
If the participant studied the case for more than 30 sec, a
tone sounded with the phrase “You have only 30 seconds to
study each case” on the screen, and the next case appeared
automatically. Unlimited rests were provided after trials 80
and 160. At those points the screen displayed the message,
“You may now rest a few seconds. Press the space bar to
continue.” The experiment lasted about 35 min.

Results and Discussion

Figure 1 plots the proportion correct as a function of five-
trial blocks, with a separate curve for each relative frequency
(1–6). Any given block includes data from five consecutive
trials, in which any single participant saw only a subset of
the diseases. Collapsed across 46 participants, however, even
the low-frequency diseases occurred at least several times in
every block. In order better to reveal the gradual course of
acquisition and the differences between the learning curves,
blocks with relatively few trials had to be used, but the blocks
could not contain too few trials or else the low frequency
diseases would have occurred too rarely in each block for
statistical purposes. As a reasonable compromise, we chose
a block size of five trials. Data are shown only for the first
half of training, because the latter half of training shows only
near-perfect performance on all six diseases.

As one might expect, performance on the more frequent
diseases improves more rapidly than for the relatively infre-
quent diseases. Collapsing across 105 trials, the overall pro-
portion correct increased with the relative frequencies, with
values of 0.768, 0.830, 0.845, 0.865, 0.926, and 0.922 (sic),
respectively. Overall proportion correct on the highest fre-
quency disease was reliably better than that on the lowest
frequency disease, χ2�

1 ��� 52 � 01, p � 0 � 0001. This pattern of
results is the same as that found by Kruschke and Erickson
(1994), where performance on the high-frequency cases rose
extremely rapidly in the very early trials, and performance on
the low-frequency cases rose fairly rapidly soon thereafter.

Fit by the Delta-Rule Model

For purposes of exposition, we envision the delta rule to be
instantiated in a connectionist network, with one input node
per symptom, and one output node per disease (cf. Gluck &
Bower, 1988; Rumelhart et al., 1986). When symptom s is
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Figure 1. Results of Experiment 1. Numerical labels in the legend
indicate the relative frequency of the symptom-disease pair.

present, the corresponding input node has activation as
� 1;

otherwise the input node has zero activation. Activation from
the symptoms can spread to the disease nodes via weighted
connections. The activation strength, ad , of disease d is given
by the sum of the association weights, wds, times symptom
activations, as:

ad
� ∑

s
wdsas � (1)

The activation of category node d reflects the strength with
which the stimulus is thought to be a member of that disease
category. The probability of actually choosing disease D for
the diagnosis is given by a variant of the Luce (1963) choice
rule,

pD
� exp

�
φaD � � ∑

d

exp
�
φad � (2)

where φ is a scaling constant. In previous research, φ was
a freely estimated parameter. In the applications reported in
this article, however, φ is set at a fixed value that yields pD

�
0 � 99 (an arbitrarily chosen limiting value) when aD

� 1 � 0 and
ad
� 0 � 0 for all d �� D. This is done in order to isolate and

contrast the other mechanisms of the models. When there are
six candidate diseases, φ � 6 � 39.

After corrective feedback is supplied, the association
weights are adjusted using the delta rule, so that the change
in weight is given by:

∆wds
� λ
�
td � ad � as (3)

where λ is a learning rate, and td is the teacher for disease d,
given by1

td
��� 1 if d is the correct category

0 otherwise. (5)

The model was trained on the same 41 sequences expe-
rienced by the participants. The model was fit to the 254
frequencies in a three way table generated by crossing 21
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Figure 2. Best fit of the basic delta-rule model to the results of
Experiment 1. Numerical labels in the legend indicate the relative
frequency of the symptom-disease pair.

blocks with 6 disease frequencies and 2 outcomes (correct
or wrong). Because the model was trained on the same se-
quences as the human participants, the marginal frequency
of a particular disease in a particular block is fixed; hence,
there are 126 degrees of freedom in the data. The basic
delta-rule model consumes one degree of freedom with its
single free parameter. The discrepancy of the data from the
model was measured by the log-likelihood statistic G2 �
2∑i fi ln

�
fi 	�
fi � , where fi is the observed frequency in cell

i, 
fi is the predicted frequency in cell i, and the sum is taken
over all cells in the table (Wickens, 1989). The best fit was
determined by a hill-climbing parameter search.

Figure 2 shows the best fitting predictions of the basic
delta-rule model to the results of Experiment 1. The best
fitting learning rate was λ � 0 � 214, yielding G2�

125 
 � 363 � 49,

far exceeding the critical χ2 of 155.93 for a Type I error rate
of .01. The model has two systematic deficiencies. First,
it cannot raise performance on the high-frequency diseases
quickly enough. For example, in the first block, the model
predicts the proportion correct for the highest-frequency dis-
ease to be 0.32, whereas human learners achieved 0.57. A
second deficiency lies in extended poor performance on the
rare diseases over several blocks.2

A careful examination of the training sequences suggests

1 Because of the particular training patterns used in these experi-
ments, identical results are obtained if the teacher values are “hum-
ble,”

td ��� 1̃ � max � 1 � ad � if d is correct
0̃ � min � 0 � ad � otherwise,

(4)

wherein the activation of a node can exceed its target value (either
less than 0.0 or greater than 1.0) without penalty (Kruschke, 1992).

2 When φ is allowed to vary freely, the best fitting parameter val-
ues to the results of Experiment 1 are φ � 4 � 61 and λ � 0 � 465, yield-
ing G2�

124 � � 188 � 34, still far exceeding the critical χ2 of 154.8 for
a Type I error rate of .01. The deficiencies of the model pointed out
in the main text persist.
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why human learners might be able to achieve such rapid in-
creases in performance. For the high-frequency diseases, it is
not uncommon for cases to occur repeatedly on several con-
secutive trials. If participants were using short term memory,
they could easily respond correctly to successive repetitions
of a symptom after seeing the correct diagnosis in the first
trial of the string of repetitions. By contrast, the delta rule
has no form of short-term memory. For the lowest-frequency
disease, on the other hand, we discovered that participants
performed far above chance (1/6) even on their very first case
of that disease. If participants assume that there is a one-to-
one correspondence of symptoms with diseases, then they
might achieve such performance by strategically guessing: If
they encounter a symptom they do not yet know, then they
should choose a disease they have not yet been shown. The
basic delta rule makes no use of strategic guessing. The next
two experiments are designed to highlight those mechanisms
in human performance.

Experiment 2: Massed vs.
Distributed Learning

Experiment 2 is intended to demonstrate the involvement
of short-term memory (STM) in simple associative learning.
As in Experiment 1, participants had to learn six symptom-
disease pairs, but in Experiment 2 the relative frequencies
were equal and the repetition of pairs on successive trials
was directly manipulated. In blocks of 12 trials, three of the
pairs always occurred in successive trials, and the other three
pairs never occurred in successive trials. This arrangement is
analogous to a comparison of massed and distributed prac-
tice, respectively, in recall tasks. We expected that perfor-
mance on the second occurrence of the massed cases would
be excellent, because learners would have just seen the cor-
rect diagnosis on the previous trial and STM would enable
accurate responding to the same case on the subsequent trial.
Performance on the second occurrence of the distributed dis-
eases should not be as high, however, because STM would
not endure as strongly from the previous occurrence several
trials before.

An ancillary prediction was that we might observe a clas-
sic spacing effect (Ebbinghaus, 1885) for the first occurrence
in each block. That is, performance on the first occurrence
of distributed cases might be better than performance on the
first occurrence of the massed cases.

Method

Participants. Thirty volunteers participated for partial
credit in an introductory psychology course at Indiana Uni-
versity.

Design and procedure. Six symptom-disease pairs oc-
curred twice in every block of 12 trials. Three of the pairs
were massed, so that the two occurrences appeared in con-
secutive trials, and the other three pairs were randomly dis-
tributed, so that they never occurred on consecutive trials
(neither within nor across blocks). Distributed cases were
further constrained so that they never appeared immediately

0.00

0.17

0.33

0.50

0.67

0.83

1.00

1 2 3 4 5 6 7 8 9 10

P
ro

po
rti

on
 C

or
re

ct

Block

massed, first
massed, second
distributed, first

distributed, second

Figure 3. Results of Experiment 2.

before and after two massed cases. The massed cases were
separated by two distributed trials, and the massed cases al-
ways appeared in the same order in each block, so that they
would be maximally separated. The first massed case could
occur on trial 1, 2 or 3, determined randomly for each sub-
ject.

An example should clarify these details. Let the three
massed pairs be denoted M1, M2 and M3, and the three dis-
tributed pairs be denoted d1, d2 and d3. For two consecutive
blocks the sequence could be as follows: d1, M1, M1, d3,
d2, M2, M2, d3, d1, M3, M3, d2, d1, M1, M1, d2, d3, M2,
M2, d2, d1, M3, M3, d3.

The instructions were identical to Experiment 1. The only
change in procedure was that no rest breaks were given, be-
cause the study time on each trial provided opportunities for
rest, and because there were fewer trials overall. The experi-
ment lasted about 25 min.

Results and Discussion

Figure 3 plots the proportion correct for each occurrence
of the massed or distributed cases as a function of train-
ing block. Performance on the second occurrence of the
massed cases was nearly perfect, and reliably better than per-
formance on the second occurrence of the distributed cases
(collapsed across the 10 blocks, χ2�

1 ��� 70 � 70, p � 0 � 0001).
We interpret this outcome to arise from the selective benefit
of STM for the massed cases. We also found a trend toward
an effect analogous to the classic spacing effect, with perfor-
mance on the first occurrence of the distributed cases being
somewhat (but not reliably) better than performance on the
first occurrence of the massed cases (collapsing across 10
blocks, proportion correct of .829 vs. .803, χ2�

1 � � 1 � 96, n.s.).

Fit by the Delta-Rule Model

The model was trained on the same 30 sequences experi-
enced by the participants. The model was fit to the 80 fre-
quencies in a four way table generated by crossing 10 blocks
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Figure 4. Best fit of the basic delta-rule model to the results of
Experiment 2.

with 2 spacings (massed or distributed) and 2 occurrences
(first or second) and 2 outcomes (correct or wrong). The
marginal frequencies of each spacing and occurrence were
fixed by the design; hence, there are only 40 degrees of
freedom in the data. The basic delta-rule model uses one
free parameter, yielding 39 degrees of freedom for the log-
likelihood fit statistic.

Figure 4 shows the best fitting predictions of the ba-
sic delta-rule model. The best fitting parameter value was
λ � 0 � 145, yielding G2�

39 � � 349 � 41, far exceeding the critical

χ2 of 62.43 for a Type I error rate of .01. The model cannot
show any effect of spacing; it predicts identical performance
for the massed and distributed cases.3

Experiment 3: Phased Learning

Experiment 2 demonstrated robust effects of massed vs.
distributed training, which we interpreted in that context as
the effect of STM. The delta-rule model could not account
for that effect. In explaining the results of Experiment 1
we hypothesized a second mechanism, namely, a guessing
strategy based on an assumption that there was a one-to-one
correspondence of symptoms to diseases. Experiment 3 is
designed to provide additional evidence for the existence of
that strategy.

Experiment 3 retained the same relative frequencies of
the symptom-disease pairs as Experiment 1, but distributed
their occurrence such that diseases were phased in, over the
course of training. The first phase of 10 trials consisted of
repeated practice on one symptom-disease pair, then the next
phase of 20 trials included 10 occurrences of the initial pair
plus 10 occurrences of a second pair, randomly intermixed.
The third phase consisted of 30 trials, and included 10 oc-
currences each of the first two pairs, plus 10 occurrences of a
new third pair (randomly intermixed), and so on, until the last
phase included 60 trials, 10 trials of each of six symptom-
disease pairs. If learners apply a response strategy as sug-
gested previously, then performance on the first occurrence

of the symptom-disease pairs in the later phases should be
well above chance (1/6). Indeed, perfect application of the
strategy would yield perfect performance on the first occur-
rence of the disease introduced in the sixth phase.

Method

Participants. Forty-one volunteers participated for partial
credit in an introductory psychology course at Indiana Uni-
versity.

Design and procedure. The first phase of training con-
sisted of 10 trials of symptom-disease pair 1. The second
phase consisted of 10 trials of pair 1 plus 10 trials of pair 2,
randomly interspersed. The third phase consisted of 10 trials
each of pairs 1 and 2, plus 10 trials of pair 3, randomly in-
termixed, and so on, through six phases. There were a total
of 210 trials. Phase boundaries were not marked in any way;
the participant experienced a continuous stream of 210 trials.
There were no marked rest breaks. The procedure was iden-
tical to Experiments 1 and 2. In particular, the instructions
were identical, so participants had no explicit indication that
the six cases would be phased in across training. The exper-
iment lasted about 30 min.

Results and Discussion

As expected, performance on the first occurrence of a
symptom-disease pair was higher for later phases, as shown
in Figure 5. For the sixth pair, performance on the first occur-
rence was nearly perfect (proportion correct = 0.93). Bino-
mial tests indicate that performance was above chance (1/6)
for the fourth-, fifth- and sixth-phase pairs (the critical pro-
portion correct is 0.281, for a null hypothesis of p � 1 � 6,
N � 41, and one-tailed Type I error rate of .01). We inter-
pret this result as indicating that participants used a guessing
strategy: Upon encountering a symptom they did not know,
they tended to select one of the diseases they had not yet
seen.

After the third occurrence of each disease, performance
was nearly perfect throughout the remainder of training, even
when new symptom-disease pairs were introduced in later
phases. Therefore, those data are not shown in Figure 5, and
are not fit in subsequent model fits.

The data also show that performance on the first trial (first
occurrence of the first pair) was significantly worse than
chance (only 1 of 41 responses was correct). This outcome
may be merely an unusual sample from an underlying pop-
ulation with true probability at chance (1/6), or it might in-
dicate that participants had a systematic prior bias to press
particular keys more than others, and the pseudo-random as-
signment of disease labels (keys) to diseases happened not

3 When φ is allowed to vary freely, the best fitting parameter val-
ues are φ � 4 � 53 and λ � 0 � 311, yielding G2�

38 � � 252 � 29, still far

exceeding the critical χ2 of 61.16 for a Type I error rate of .01. The
fundamental deficiency persists: The model cannot show any effect
of spacing and predicts identical performance for the massed and
distributed cases.
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Figure 5. Results of Experiment 3. The legend indicates the phase
of learning.

to average out that bias. Finally, the data show an inversion
in the anticipated rise in proportion correct with phase, in
that participants performed somewhat, but not significantly,
better on the first occurrence of the fourth disease than of the
fifth disease (.537 vs. .341, χ2�

1 ��� 3 � 17, n.s.).

Fit by the Delta-Rule Model

The model was trained on the same 41 sequences experi-
enced by the participants. The model was fit to the 36 fre-
quencies in a three way table generated by crossing 3 oc-
currences with 6 phases and 2 outcomes (correct or wrong).
The marginal frequencies of each phase and occurrence were
fixed by the design; hence, there are only 18 degrees of
freedom in the data. The basic delta-rule model uses one
free parameter, yielding 17 degrees of freedom for the log-
likelihood fit statistic.

Figure 6 shows the best fitting predictions of the ba-
sic delta-rule model. The best fitting parameter value was
λ � 0 � 835, yielding G2�

17 ��� 173 � 33, far exceeding the crit-

ical χ2 of 33.41 for a Type I error rate of .01. The model
cannot show any effect of learning phase; it predicts chance
performance (1/6) for the first occurrence of every phase’s
new disease.4

An Extended Model

Three experiments have shown the inadequacy of the
delta-rule model to account for simple association learning
in humans. We suggested that humans use at least two mech-
anisms not reflected in the delta-rule model, namely, short
term memory and strategic guessing. Experiments 2 and 3
were designed to show robust empirical evidence for those
mechanisms at work. In the remainder of the article we de-
scribe a candidate formalization of those mechanisms, and
its fit to the data from the three experiments.

The goal is not to argue for the adequacy of this particu-
lar formalization, but to argue that (1) adding mechanisms
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Figure 6. Best fit of the basic delta-rule model to the results of
Experiment 3. The legend indicates the phase of learning. All six
curves are superimposed

of short term memory and strategic guessing to the basic
delta rule is important for modeling human learning, and that
(2) insofar as the extended model better fits the data, mech-
anisms of STM and strategic guessing are indeed at work in
human performance.

Short Term Memory

Short term memory (STM) is implemented simply as an-
other set of association weights vds between symptom s and
disease d. When a symptom-disease pair occurs, the corre-
sponding STM weight is set to 1.0. The STM weight de-
creases as a function of number of trials since last occur-
rence, the assumption being that successive trials retroac-
tively interfere with STM.

In order to quantify that decreasing function, we appealed
to the classic data reported by Waugh and Norman (1965).
In their experiment, participants heard a list of 16 single-digit
numbers, the last of which had occurred only once previously
in the list. The participant’s task was to recall the number in
the list that immediately followed the previous occurrence
of the last number. There were two important independent
variables: (1) the number of interfering items between the
last number and its previous occurrence, and (2) the temporal
rate at which the lists were presented. Waugh and Norman
(1965) found that the temporal rate had no reliable effect on
recall performance, and concluded that the dominant cause
of forgetting in STM is retroactive interference and not time-
based, spontaneous decay. For our purposes, we are more
interested in the effect of the number of interfering items.
Waugh and Norman (1965) instructed their participants to
rehearse only the digit just presented, and not to rehearse any

4 When φ is allowed to vary freely, the best fitting parameter val-
ues are φ � 6 � 49 and λ � 0 � 822, yielding G2�

16 	 � 173 � 27, far ex-

ceeding the critical χ2 of 32.0 for a Type I error rate of .01. The
same deficiency persists.
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Figure 7. Data from Waugh and Norman (1965) and best fit by a
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digits previously presented. It could be assumed, therefore,
that there was no rehearsal of successive pairs of numbers,
so that recall of the number succeeding the probe was based
purely on STM. The proportion of correct recall, corrected
for guessing, appears in Figure 7 (adapted from Figure 1C,
p.91, of Waugh and Norman (1965)).

Visual examination of the data suggests that they can be
described as a slow exponential drop for a few trials, fol-
lowed by a rapid decline to a lower exponential tail. We
therefore fit the data with a sigmoidal mixture of exponen-
tials, so that the STM strength, vds

�
n � , as a function of the

number of interfering trials, n, is given by

vds
�
n ����� 1� sig

�
n � γ � ω � � exp

� � n 	 σ1 �

sig
�
n � γ � ω � exp

� � n 	 σ2 � (6)

where σ1, σ2, γ, and ω, are freely estimated constants, and
where the mixing coefficient sig

�
n � γ � ω � is the sigmoidal

function

sig
�
n � γ � ω ��� 1 � 0 � 1 � 0 	 � 1 � 0 
 exp� � γ

�
n � ω � � � � (7)

The constant, ω, specifies the trial at which the curve will
drop rapidly from the high level to the low level. The con-
stant, γ, controls the steepness of the drop. The constant, σ1,
determines the height of the early trials, prior to the drop,
and the constant, σ2, determines the height of the later trials,
after the drop.

The best fitting curve is shown in Figure 7, and has param-
eter values γ � 3 � 14, ω � 3 � 64, σ1 � 16 � 8 and σ2 � 4 � 90. Vi-
sual inspection suggests that the fit is excellent. If we assume
that all 400 observations contributing to each datum were
independent, then the model can be rejected, G2


5 � � 18 � 55,
p ��� 005. Assuming smaller values for the number of effec-
tively independent observations per datum yields acceptable
values of G2.

Our goal in fitting the data from Waugh and Norman
(1965) is merely to obtain some reasonable curve describing

the reduction of STM strength as a function of the number
of interfering trials. This exercise in curve fitting is mute
regarding the underlying mechanisms of interference. The
best fitting curve is henceforth fixed, and incorporated di-
rectly into the extended model of category learning described
below. Thus, the value of an STM weight is computed using
Equation 6, with n set to zero whenever the corresponding
symptom-disease pair occurs, and otherwise incremented on
every trial. The utilization of the STM weights in diagnosis
and learning is described later.

Strategic Guessing

We have provided evidence that participants use a guess-
ing strategy for symptoms they do not yet know, so that they
tend to choose diseases they do not yet know. To formalize
this idea, we must formalize what it is not to know a symp-
tom, and we must formalize how to choose previously un-
learned diseases.

Lack of knowledge about a stimulus can be formalized
as the degree of uncertainty in diagnosis. Uncertainty can
be measured as the normalized entropy, S, of the probability
distribution across the candidate diseases:

S � N

∑
d

pd log pd

�
log
�
1 	 N � (8)

where pd is the probability of disease d, and N is the num-
ber of candidate diseases (N � 6 in the experiments reported
here). The normalized entropy is 1.0 when the diseases are
all equally probable, and is 0.0 when when one disease has
probability 1.0 and the others have probability 0.0.

To the extent that there is uncertainty in the diagnosis,
we want to suppress previously learned diseases. A straight-
forward means by which to suppress previously learned dis-
eases is to apply negative activation to all symptoms absent
from the stimulus, and propagate that inhibition via the as-
sociations to the disease nodes. Those diseases with strong
(positive) association weights from absent symptoms will be
inhibited. Those diseases not yet learned, that is, with zero
or small association weights, will not be suppressed because
the inhibition is not propagated to them. We therefore set the
symptom activations as follows:

as ��� 1 if symptom s is present
µS if symptom s is absent (9)

where µ � 0 is a freely-estimated constant representing the
maximum possible inhibition applied to the symptom nodes,
and S is the normalized entropy defined previously in Equa-
tion 8.

Combining STM and Strategic Guessing with the
Delta Rule

With STM and strategic guessing formalized, we must
now specify how they interact with each other and with the
delta rule. We will describe these interactions by explaining
the sequence of processing during a single trial.
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When a stimulus is presented at the beginning of a trial,
the input nodes corresponding to presented symptoms are
activated (as

� 1 for s present), and the other input nodes
remain inactive (as

� 0 for s absent).
The presentation of a stimulus also causes interference

in STM, so that the STM weights decrease. This is imple-
mented by incrementing the trial counters of all the STM
weights, and setting new STM values according to Equa-
tion 6.

Activation is then propagated to the disease nodes, using
both the long-term and short-term associations. The total ac-
tivation, bd , of disease node b, is given by

bd
� ∑

s
wdsas

� σ
�
∑

s
vdsas � ∑

s
wdsas ∑

s
vdsas � (10)

where wds is the long-term association weight from symp-
tom s to disease d, vds is the short-term weight, and σ is a
freely estimated mixing constant. Equation 10 is motivated
by considering the long-term and short-term activations to
be loosely analogous to probabilities of recall from long-
term and short-term memories, respectively, and considering
the mixed probability to be the probability of recall from ei-
ther LTM or STM [p � LTM or STM � � p � LTM � �

p � STM � �
p � LTM � p � STM � ; cf. Waugh and Norman, 1965, p.93].

The probability of choosing disease D is then determined
from the total activations, and is computed analogously to
Equation 2,

pD
� exp � φbD � � ∑

d

exp � φbd � (11)

where φ is a scaling constant. As described previously, φ is
set at the fixed value (6.39 for N � 6) that yields pD

� 0 � 99
when bD

� 1 � 0 and bd
� 0 � 0 for all d 	� D.

With the disease probabilities determined, the uncertainty
of the diagnosis is measured by computing the normalized
entropy, using Equation 8. For example, when all diseases
have equal probability (1/6), the normalized entropy, S, is
1.0. At another example, when one disease has probability
0.99 and the others have probability 0.002, the normalized
entropy, S, is 0.04.

The guessing strategy is then applied, to the extent that
there is uncertainty from the initial diagnosis. This is done by
applying negative activation to the input nodes of the absent
symptoms, according to Equation 9, and then propagating
activation once again to the disease nodes using Equation 10.
Choice probabilities for each disease are re-computed using
Equation 11. It is these probabilities, which combine both
STM and the guessing strategy, that are taken as the models’
predictions for the trial.

At this point in the trial, corrective feedback is supplied,
and the short-term and long-term weights are adjusted. For
short-term weights, connections from any present symptom
to the correct disease are set to 1.0. In the experiments re-
ported here, every trial has only one symptom, consequently
only one short-term weight is set to 1.0.

Long-term weights wds are adjusted on the basis of er-
ror computed only from long-term weights. That is, weights
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Figure 8. Best fit of the extended model to the results of Exper-
iment 1. Numbers in the legend indicate the relative frequency of
the symptom-disease pair.

are adjusted using Equation 3, wherein ad is computed from
Equation 1. Thus, STM affects only the response probabili-
ties in the short term, but does not affect long-term learning.

Various theories of human STM might suggest modifica-
tion of this assumption. For example, STM might be used
for rehearsal and strengthening of corresponding LTM as-
sociations. On the other hand, STM might have the oppo-
site effect: STM improves performance, thereby reducing er-
ror, consequently impeding learning that is exclusively error-
driven as in the delta rule. This is analogous to the inattention
hypothesis for explaining poorer learning in massed trials
(e.g., Hintzman, 1976): In massed trials, STM can be used to
reduce error and hence reduce the “attention” devoted to that
trial. For our present purposes, however, we will assume that
STM and strategic guessing are used only for diagnosis, and
do not affect learning. This is consistent with a major point
of this article, that the delta rule might be retained, intact, as
long as other mechanisms are included for STM and guessing
strategies.

In summary, the extended model retains the learning rate
λ from the basic delta-rule model, and adds two parameters.
The influence of STM in diagnosis is governed by the mix-
ture coefficient σ (Equation 10). In particular, when σ � 0,
there is no effect of STM. Application of strategic guessing
involves one free parameter, µ, which specifies the maxi-
mal amount of inhibition applied to absent symptoms (Equa-
tion 9). In particular, when µ � 0, there is no effect of the
guessing strategy. When both σ � 0 and µ � 0, the extended
model becomes the basic delta-rule model.

Fit to Frequency Effects

The best fit of the extended model to the data from Ex-
periment 1 is shown in Figure 8. Best fitting parameter val-
ues were λ � 0 � 0503, µ � � 0 � 699, and σ � 0 � 526, yielding
G2


123 � � 115 � 76. This is an excellent fit to the data, and the
model cannot be rejected statistically. In the extended model,
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Figure 9. Best fit of the extended model to the results of Experi-
ment 2.

STM raises performance on the high-frequency diseases in
the early trials, and strategic guessing raises performance on
the initial exposures to the low-frequency diseases.

Fit to Massed vs. Distributed Learning

The best fit of the extended model to the data from Ex-
periment 2 is shown in Figure 9. Best fitting parameter
values were λ � 0 � 0649, µ ��� 0 � 234, σ � 0 � 602, yielding
G2�

37 �
� 45 � 09. The model cannot be rejected statistically,

p � 0 � 10.
The model is able to show a large difference between

massed and distributed training because of its use of short
term memory. The second occurrence of massed pairs is far
better than the second occurrence of the distributed pairs be-
cause STM remains strong for a few trials.

The model also shows the analogue of the classic spacing
effect, yielding somewhat better performance on the first oc-
currence of the distributed pairs than on the first occurrence
of the massed pairs. It is able to show that effect also by dint
of STM: The first occurrence of a distributed pair was pre-
ceded by the same pair six trials earlier, on average. The first
occurrence of a massed pair was preceded by the same pair
eleven trials earlier. Hence STM benefits the first occurrence
of the distributed pairs more than the first occurrence of the
massed pairs. Whereas the STM mechanism can reproduce
the spacing effect in this context, it is probably not the correct
explanation of classic spacing effects for free recall tasks, in
which the test trials come long after STM is presumably act-
ing. Therefore, we place more emphasis on the ability of the
model to show an advantage for performance on the second
occurrence of the massed pair, and put less emphasis on the
ability of the model to show an advantage for the first occur-
rence of the distributed pair.

Fit to Phased Learning

The best fit of the extended model to the data from Ex-
periment 3 is shown in Figure 10. Best fitting parameter
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Figure 10. Best fit of the extended model to the results of Experi-
ment 3. The legend indicates the phase of learning.

values were λ � 0 � 792, µ ��� 0 � 649, and σ � 0 � 0, yield-
ing G2�

15 �
� 30 � 72. Qualitatively and quantitatively this is

a far better fit than the basic delta-rule model, but the model
can be statistically rejected, marginally exceeding the criti-
cal χ2 value at the .01 level. One reason the model has a
large fit statistic is because it cannot show performance worse
than chance for the first trial, as the human data do. Elimi-
nating this single datum reduces the fit statistic by 8.77 to
G2�

14 �
� 21 � 95, for which p ��� 05.

The model shows a dramatic improvement in fit relative
to the basic delta-rule model because of its use of strategic
guessing. The extended model shows a rise in performance
on the first occurrence of the new disease in each phase, just
as human learners do.

The best fitting parameters values for phased learning in-
cluded a very high learning rate and no use of STM. The
reason for the large learning rate is that STM, as formalized,
is not strong enough for the later-phase diseases. For ex-
ample, in the fifth phase, the second occurrence of the fifth
disease typically does not immediately follow the first occur-
rence; instead the two occurrences are separated from each
other by several trials. The model’s STM strength for the
fifth disease has decreased significantly by its second occur-
rence, but people show extremely high accuracy. The model
can accommodate the high performance to some extent by
using its strategic guessing mechanism, but the extremely
good performance can be gained only by setting the learn-
ing rate to a large value. Why STM is reduced to zero is
less clear. Indeed, if the STM parameter σ is fixed at a value
of 0.55 —comparable to the best fitting values for Experi-
ments 1 and 2— and φ and µ are allowed to vary, the best
fit is not significantly worse: G2�

16 �
� 32 � 37 for λ � 0 � 694

and µ ��� 0 � 468 (the increase in G2 is 1.65, which is not
significant for an increase of 1 degree of freedom).
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General Discussion

We have shown that the basic delta-rule model cannot fit
quantitatively human learning curves for associations that oc-
cur with different relative frequencies, despite the recent ap-
plication of the model to several experiments involving dif-
ferential base rates. We suggested that at least two mech-
anisms are involved in human performance that are not re-
flected in the basic delta-rule model, namely, short-term
memory and strategic guessing. Two experiments showed
robust effects attributable to STM and strategic guessing, re-
spectively. An extended model formalized the notions of
STM and strategic guessing, and provided much better fits
to the data.

Inadequacies of the Formalization

As stated earlier, the primary goals of the modeling are to
show that the delta-rule model can be greatly improved by
adding mechanisms of STM and strategic guessing, and —
by virtue of the extended model fitting the human data —
to provide further evidence that those additional mechanisms
are being used by human learners. We make no claims that
the particular formalisms that we employed are necessary.
Indeed, the formalisms suffer some inadequacies.

One deficiency is that the model specifies no mechanism,
connectionist or otherwise, for interference in STM. Spec-
ifying this mechanism might greatly enhance the scope of
the model. In particular, Experiment 3, on phased learning,
showed that the rigid decrease in STM was inappropriate,
and had to be compensated by a large learning rate for long-
term associations. It may be the case that the limited capacity
of STM is strategically managed, so that STM is used more
actively for those associations that are not yet strong in long-
term memory, but STM suffers relatively little interference
from exposure to items already strong in long-term memory.

The mechanism for strategic guessing suffers at least two
problems. First, the guessing strategy is applied, full force,
beginning with the very first trial. Humans, however, may
instead apply the strategy only after experiencing a few tri-
als and inducing and verifying the underlying assumption of
the strategy, namely, that there is a one-to-one correspon-
dence between symptoms and diseases. Non-deterministic
or many-to-one mappings might extinguish the strategy. The
problem is that the model has no meta-learning mechanism
that invents guessing strategies in response to experience,
as people do. A second problem is that the model incurs
no penalty in capacity or learning for applying the guessing
strategy, but there probably is a cost for human learners. The
cost of application was reflected in the model by applying the
guessing strategy only to the extent that there was uncertainty
(entropy) in the initial prediction.

Ramifications

The Rescorla-Wagner model of associative conditioning
in animals is formally equivalent to the delta rule for weight
changes5 and that equivalence was an important motivation

for the research of Gluck and Bower (1988). The Rescorla-
Wagner model has been used to address a variety of findings
in animal learning, with mixed success (For recent reviews,
see Miller, Barnet, & Grahame, 1995; Pearce, 1994). It is
natural to ask, therefore, whether animals show the same
effects of STM and strategic guessing as adult humans, or
whether the basic delta rule is adequate to describe animal
performance in situations comparable to the experiments re-
ported here.

We have assumed that strategic guessing is based on
a meta-cognitive strategy, through which the learner uses
knowledge of the one-to-one correspondence of symptoms
and diseases to infer that unknown symptoms should map to
unknown diseases. Other mechanisms might lead to the same
effect, however. For example, it might be that there is a bias
to choose novel responses for novel stimuli, regardless of any
assumptions about one-to-one correspondences. Future re-
search could try to distinguish the hypotheses by indepen-
dently manipulating novelty and the mapping of symptoms
to diseases. Another approach might be to measure the per-
formance of young children, whose meta-knowledge skills
are less developed than adults (e.g., Lovett & Flavell, 1990).

Previous researchers have noted that learning may be
driven in part by the perceived novelty of the stimuli. Shanks
(1992) formalized the ideas of Wagner (1978) so that cues
that occurred less often, i.e., cues with greater novelty, devel-
oped larger learning rates than frequent cues. That might re-
flect a real process in human and animal learning, but it does
not help account for the results of the experiments reported
here. The modification cannot improve performance on the
first exposure to rare cues, because it affects only the learn-
ing rate and not the choice in the absence of knowledge. And
contrary to STM, the modification works against improve-
ments in performance on repeated consecutive exposures by
reducing the learning rate for frequently occurring cues.

Mechanisms of STM and strategic guessing were almost
certainly used by participants in previously published exper-
iments. In studies of the inverse base-rate effect, Kruschke
(1995) found that human learners performed significantly
above chance on their first exposure to a rare symptom, sug-
gesting that strategic guessing was employed. In a study
of frequency effects on stimuli that varied on two contin-
uous dimensions, Kruschke and Erickson (1994) found re-
sults much like those of Experiment 1 in this article: Early
performance on the high-frequency stimuli, and intermediate
performance on the low-frequency stimuli, rose much faster
than predicted by the delta rule. Future work will test the
adequacy of the modeling formalisms to account for those
data. A goal for the near future is to combine the princi-
ples of STM and strategic guessing described in this article,
with the principles of rapid attention shifts and base-rate bias
described by Kruschke (1995), along with the principles of

5 The Rescorla-Wagner model does not use the Luce choice rule
to map response strengths to choice probabilities, unlike the delta-
rule model used in this article, and the Rescorla-Wagner model was
designed to apply to stimuli with multiple cues, unlike the single-
cue stimuli used in the experiments reported in this article.
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error-driven learning and exemplar-based representation (Kr-
uschke, 1992, 1993b), into a more comprehensive model that
addresses thoroughly both the learning and transfer phases of
category learning.
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