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Abstract. —Inferences regarding phylogenetic patterns and constraints on the evolution of characters
often can be derived only from comparisons of extant species. If the phylogeny of these species is
known, then the mean phenotypes of taxa can be partitioned into heritable phylogenetic effects
and nonheritable residual components. Methods are presented for the estimation of phylogeny-
wide means of characters, the variance-covariance structure of the components of taxon-specific
means, and the mean phenotypes of ancestral taxa. These methods, which are largely an extension
of maximum-likelihood techniques used in quantitative genetics, make an efficient use of the data,
are unbiased by phylogenetically uninformative contributions to mean phenotypes, and take into
account fully the nonindependence of data resulting from evolutionary relationships. Statistical
tests are introduced for evaluating the significance of phylogenetic heritability and of correlations
between traits, and expressions are given for the standard errors of ancestral mean phenotype
estimates. It is argued that the covariance structure of phylogenetic effects provides a description
of a macroevolutionary pattern, whereas that for the residual effects, when corrected for sampling
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error, is more closely related to a microevolutionary pattern.
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Due to the inadequacies of the fossil rec-
ord, inferences about patterns of evolution
are often derived from the study of extant
species. Behavioral, physiological, life-his-
torical, and soft-tissue attributes, which do
not fossilize, can be studied only in this way.
Methods for measuring the forces of selec-
tion operating within populations (Lande
and Arnold, 1983) and for evaluating the
genetic properties (components of genetic
variance and covariance) that modify the
response to selection (Falconer, 1981) are
well established. Although their implemen-
tation usually requires large sample sizes
and the fulfillment of several assumptions
(Mitchell-Olds and Rutledge, 1986; Mitch-
ell-Olds and Shaw, 1987), with suitable study
organisms and adequate resources, these dif-
ficulties can be overcome. Thus, an under-
standing of the microevolutionary process
is within reach. However, it remains to be
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seen how useful quantitative genetic anal-
yses within populations will be in inter-
preting the differences that have evolved
among species.

Macroevolutionary patterns (here inter-
preted broadly to include any patterns that
transcend species boundaries) are usually
identified by the comparative study of spe-
cies mean phenotypes. An especially pop-
ular approach is to infer constraints on the
evolutionary process from the study of bi-
variate distributions of characters from dif-
ferent species. Such a treatment can result
in biased estimates of interspecific patterns
when the phylogenetic relationships of taxa
(nonindependence of data) are ignored (Fel-
senstein, 1985). This “degrees of freedom™
issue recently has been the focus of consid-
erable attention (Ridley, 1983; Stearns,
1983; Cheverud et al., 1985; Felsenstein,
1985; Harvey and Clutton-Brock, 1985;
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Huey, 1987; Bell, 1989; Pagel and Harvey,
1988; Martins and Garland, 1991). A suc-
cessful resolution of the problem is neces-
sary to insure that emergent patterns from
comparative analyses reflect true con-
straints on the evolutionary process. Such
constraints may arise from factors internal
or external to the taxa of interest, i.e., from
pleiotropy, or from correlated selection and/
or random genetic drift.

Although the newly proposed method-
ologies have several attractive features, they
also have some shortcomings. First, several
of the methods do not fully account for phy-
logenetic relationships. Nested analysis of
variance (Bell, 1989), for example, ignores
the phylogenetic relationships within dif-
ferent taxonomic levels and ignores the pos-
sibility that the divergence times between
pairs of taxa (species) may differ substan-
tially among higher-order groups (genera).
Second, as emphasized by Cheverud et al.
(1985), there is some uncertainty as to the
biological interpretation of correlations
computed by most comparative methods.
Generally, the observed mean phenotypes
of all taxa are assumed to be fully evolu-
tionarily informative. This ignores the prob-
lem of sampling error, the possible con-
founding of environmental and genetic
effects, and the occurrence of taxon-specific
evolutionary events that are aberrant with
respect to the remainder of the phylogeny.
Finally, it is not clear that any of the meth-
ods utilize the data in a fully efficient man-
ner.

The method proposed herein attempts to
deal simultaneously with all of these issues,
while also providing a formal basis for hy-
pothesis testing. At the outset, credit should
be given to the applied quantitative genet-
icists, in particular the late C. R. Henderson,
who for rather different reasons developed
much of statistical theory to be discussed.

Mixep MODEL METHODOLOGY

We start with the assumption that esti-
mates of phenotypic means are available for
charactersc=1,...,kintaxai=1,...,
n, the phylogeny of which has been estab-
lished from independent data. Such a data
set can be used to address a number of is-
sues. What is the average rate of divergence
of mean phenotypes within the phylogeny,
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and does this differ among various char-
acters and/or among different phylogenetic
lineages? Are there significant correlations
between characters? To what extent are such
correlations due to phylogeny-wide effects
jointly inherited by related species, and to
what extent are they caused by taxon-spe-
cific properties? What are the most likely
mean phenotypes of the unobserved ances-
tral species?

Each observed mean can be written as a
linear function

Zci = Hc + ag; + €ci

0y

where . is the grand mean of the cth char-
acter over the entire phylogeny, a is the
heritable additive value (the phylogenetic
effect of Cheverud et al., 1985) of the char-
acter in the ith taxon (measured as a devi-
ation from the grand mean), and e, is the
residual deviation (the specific effect of
Cheverud et al., 1985) from the predicted
value p. + a, caused by nonadditivity of
genetic effects, by environmental effects, and
by sampling error. All members of the phy-
logeny share u,.. The additive values are
analogous to breeding values employed in
quantitative genetics (Falconer, 1981). Thus,
the quantity u. + a, can be interpreted as
the phylogenetically heritable component of
the mean phenotype of the ith taxon. Stated
in another wayj, it is the expected mean phe-
notype of a taxon descendent from species
i. Although Cheverud et al. (1985) follow a
similar logic in partitioning observed mean
phenotypes, their methodology and inter-
pretation of parameters are rather different
from that developed below.

The entire set of k X » equations can be
written more compactly in matrix form. For
example, if k = 2,and Z,, a,, and e, are n X
1 column vectors for the cth character,

<2> ) (tl) 2>(ﬁ> ¥ (:;) + (2;) @

where 1 and 0 in the first matrix on the right
denote n x 1 column vectors of ones and
zeros respectively. Generalizing to an ar-
bitrary number of characters while main-
taining the structure of Equation (2),

z=Xu +a-+e

where X is an nk x k incidence matrix.

3



METHODS FOR ANALYSIS OF COMPARATIVE DATA

The variance-covariance structure of the
nk additive effects is a function of a matrix
of phylogenetic relationships G. The diag-
onal elements of this # X » matrix are all
equal to one, while the off-diagonal ele-
ments are in the range 0 = G; < 1, a zero
implying that species i and j share no evo-
lutionary history within the phylogeny un-
der consideration (complete independence).
For a bivariate analysis, the variance-co-
variance matrix of additive effects is

Go,(1, 2)
G2 ) @

Go3(1)

a ) _
Var(a) = (Gaa(z, 1)

where 02(1) and ¢2(2) are the variances and
a,(1,2)=0,02, 1) the covariances of additive
values among independent branch tips in
the phylogeny. Note that the right side of
Equation (4) is actually a 2n X 2n matrix
(kn x kn in the general case). Letting A be
the matrix of additive variance and covari-
ance terms, the above expression can be
generalized to an arbitrary number of char-
acters,

Vara) =D=AQRG )

where & represents the Kronecker product
function. This expression simply states that
for pairs of taxa 7 and j with relatedness G,
the expected covariance of additive values
of the trait c is G;0%(c) whereas the covari-
ance between traits c and d is Go,(c, d). An
analogous situation arises in quantitative
genetic analysis where G; = 20,;, with §,; be-
ing the coefficient of coancestry. A method
for computing G is presented below.

The variance-covariance structure of the
residual deviations can be expressed in a
similar way. Letting ¢2(1), ¢2(2), (1, 2) =
d.(2, 1) be the variances and covariances of
residual deviations for the bivariate case,

e ) _( Iei(1) IToU(l,2)

Var <e2> <Iae(2, ) K32 ) ©)
where I is an n X n identity matrix. Note
that with this structure, it is assumed that
the residual deviations for different taxa are
distributed independently. This assumption
can be relaxed by substituting a multiplier
matrix with nonzero off-diagonal elements
for I, but it is not obvious how the elements
of such a matrix would be obtained, and for
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the time being we will focus on the simplest
situation. Letting E be the variance-covari-
ance matrix of residual deviations, Equa-
tion (6) can be generalized to an arbitrary
number of characters,

Vare) = R=EQ® L @)

It is assumed here that the elements of a are
uncorrelated with those of e. (See Cheverud
et al., 1985 for a discussion of this matter).

The least-squares solution for the grand
means and additive values is given by the
mixed-model equation,

XTR-!

XTR-!'X Q
R!X R!'+D!'\a

XTR™'Z

- < Rz ) (8)
(Henderson et al., 1959; Henderson, 1963;
Harville, 1977), where 7 denotes transpo-
sition, ~! denotes inversion, and ~ denotes
an estimate. The matrix on the left, which
is known as an information matrix, can be
understood more easily by expanding the
bivariate case,

ne'' ne'? ... 17e"! 17¢'?
ne?*' ne* ... 17! 17¢?2
le! 1e ... Ie' + G-'al Ie + G-'a”
1e?' 1e?? ... Ie*' + G™'a?' Ie*? + G~ 'a*

€))

where e and a“ are the elements of the cth
row and dth column of the inverse matrices
E-'and A-!. In the general case, the upper
left block of the information matrix is a k
x k matrix equal to the inverse of E times
the number of taxa. The lower left block is
a k x k matrix of column vectors, each
consisting of n repetitions of the respective
element of E~!. The upper right block is the
transpose of the lower left block; it consists
of expanded rows of E~!. The lower right
block is a k X k matrix of matrices, each of
these consisting of the sum of a diagonal
matrix of the respective element of E~! plus
the product of G~! and the respective ele-
ment of A~!.

Expression (9) shows that the solution for
the estimates of u and a does not actually
require the inversion of D or R. Only the
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smaller matrices G, A, and E need to be
inverted. Nevertheless, there is still a prac-
tical difficulty with Equation (8). Solution
for the means and additive values requires
that the variance-covariance structures A
and E be known in advance. This is never
the case. The only recourse is to estimate
the variances and covariances from the data
themselves, but this requires estimates of
the fixed effects and additive values. There-
fore, we require an iterative algorithim.

The first step is to assign initial values to
the elements of the variance-covariance
matrices A and E. A simple starting point
is to compute, without regard to the phy-
logenetic relationships, the variances of the
elements of each vector z,, 6%(c, 0). In this
process the initial means g.(0) are also com-
puted. In the absence of any prior infor-
mation, each of these unweighted estimates
ofthe phenotypic variances and covariances
is then partitioned arbitrarily into contri-
butions to A and E (for example, by mul-
tiplying by a random number in the range
of 0 to 1).

Next, the preliminary estimates of the ad-
ditive values and residual deviations are
computed. Returning to Equation (8), it can
be seen that

R Xz + (R + DHa=R"'z. (10)

Rearranging, the estimates of the additive
effects are found to be

i) = R + DH)'Rz — Xa@)], (11)
where ¢ denotes the iteration, and D and R
are evaluated with the current elements of

A and E. By definition, the residual devi-
ations are estimated by

() =1z — Xa(r) — a@). (12)

In all subsequent iterations, the variances
(¢ = d) and covariances (¢ # d) of residual
deviations are estimated by

olc,d t+ 1)

_ el@meLn) + tr[C@)]
P .

(13)

The first term in this expression is the mean
of the cross-products (squares in the case of
variance estimates) of the estimated resid-
ual effects in all species. The second term
corrects for the fact that the first term pro-
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vides a downwardly biased estimate of the
true variance because the additive values
have been estimated from the data. The trace
(tr) of a matrix is the sum of the diagonal
elements. The matrix C<(¢) is the portion
of the inverse of the information matrix (R™!
+ D~1)~! that occupies the rows and col-
umns that pertain to characters ¢ and d. It
contains the sampling variances and covar-
iances of the relevant additive effects esti-
mates.

The variances and covariances of addi-
tive values are estimated by

o,(c.,d t+ 1)

_AlG'a() + tr[G=1C(¢)]
n

.(14)

The first term in this expression is the mean
of the cross-products (squares) of the ad-
ditive values of characters ¢ and d in all
possible pairs of species (including self), each
weighted by the appropriate element of the
inverse of the relationship matrix. Note that
if none of the individuals in the phylogeny
share any common ancestry subsequent to
the root of the tree, G = I, and the first term
is simply the average cross-product (square)
of the estimated additive values within taxa.
The inverse of the relationship matrix ac-
counts for the bias in variance component
estimation resulting from nonindependence
of data. The second term in Equation (14)
accounts for the additional bias caused by
the estimation of the grand means and ad-
ditive effects.
The next estimates of the means are ob-
tained with
s _ A
ae+ =20
which is also obtained directly from Equa-
tion (8). Equations (11) to (14) can then be
solved anew. The entire process is iterated
until the elements of 4, 4, A, and E have
reached a satisfactory degree of stability.
This iterative approach to obtaining param-
eter estimates is an EM (expectation-max-
imization) algorithm (Dempster et al., 1977,
Thompson and Shaw, 1990). It is known
that this procedure leads to the joint max-
imum in the likelihood surface for the
means, additive values, and variance-co-
variance components when convergence oc-
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curs. The additive values defined by the
convergent solution to Equation (11) are
analogous to the best linear unbiased pre-
dictors (BLUP) of breeding values com-
monly employed in animal husbandry
(Henderson, 1984a, 1984b).

The EM algorithm usually leads to con-
vergence, but problems do sometimes arise.
With small numbers of taxa, convergence
may fail to occur, and the possibility of mul-
tiple peaks in the likelihood surface cannot
be ruled out. The latter problem can be eval-
vated by simply varying the starting con-
ditions.

In summary, starting with a phylogenetic
tree for n species, the mixed model in con-
junction with the EM algorithm yields a
substantial amount of useful information: k&
estimates of the phylogeny-wide character
means, kn estimates of the additive values
and residual deviations, and the k X k vari-
ance-covariance matrices for additive val-
ues and residual deviations. The elements
of these matrices provide the basis for com-
puting regression coefficients, as outlined
below.

HYPOTHESIS TESTING

Relative to issues regarding parameter es-
timation, little attention has been given to
hypothesis testing in the mixed-model lit-
erature. In animal science, where most ap-
plications of the mixed model have been
made, the emphasis has usually been upon
the aquisition of the best possible estimates
of individual breeding values, with little re-
gard to evaluating hypotheses concerning
the distribution of data. The situation is
quite different in evolutionary biology where
the primary concern is usually with patterns
in comparative analyses. The following test
procedures rely on the assumption that the
data have been scaled appropriately to yield
an asymptotically multivariate normal dis-
tribution.

In the preceding section, the relationship
between the proposed methodology and
procedures in applied quantitative genetics
was emphasized. One interesting analogy
remains. If we take 6% = 62 + 62 to be the
estimated total variance among indepen-
dent phenotypic means in a phylogeny, then
the ratio
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(16)

provides an estimate of phylogenetic heri-
tability. H estimates the degree to which
related taxa provide phenotypic informa-
tion about each other. Since G;H3% is the
expected correlation between mean phe-
notypes of taxa separated by ¢, time units
(where h is the ancestor of { and j), differ-
ences in HZ among characters within a phy-
logeny may provide useful information on
the degree to which different types of traits
are constrained phylogenetically. A low val-
ue of H% implies a high degree of random-
ness in the expression of a character
throughout a phylogeny, i.e., a low degree
of resemblance between related species (or
low phylogenetic inertia). This is not to say
that H?% is a measure of the degree of genetic
determinism, because the residual devia-
tions can be caused largely by nonadditive
genetic factors.

Assuming the sampling errors of ¢2 and
a2 are uncorrelated, an approximate stan-
dard error of the phylogenetic heritability
is given by

562 + 5%
@2 + 52

~2(52
SE(H2) = HZ.,(” ;j“) +

263 )"2
FeT i)

6%(62 + 62

6%(62) and 6%(62), which are the sampling
variances of 62 and 62, can be estimated by
a procedure outlined below. In the case of
a univariate analysis, and under the as-
sumption of multivariate normality, Equa-
tion (17a) reduces to

2H3(1 — H})

Vn

Equations (17a) and (17b) are ““large sample
variance” estimators, i.e., their accuracy in-
creases asymptotically with the sample size.
Thus, these expressions provide some in-
formation about the degree of confidence
one can have in a specific estimate of H3,
but it is difficult to be very explicit on that
matter without knowledge of the form of
the sampling distributions of H% and
SE(H?%). However, a likelihood ratio test for

SE(H2) = (170b)
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goodness-of-fit (Edwards, 1972), which al-
lows a test of the hypothesis that H3? is sig-
nificantly greater than zero, can be con-
structed.

Based on the parameter estimates [, 62,
and 2 (focusing for the time being on a
univariant analysis), the probability density
for the entire set of observed taxon-specific
means is

p = Qm) 2|V |~ 2exp
[—%@ — XR)TV-'z — Xu)] (18)

where V=D + R and | - | denotes a deter-
minant. A more restrictive form of the uni-
variate model can also be evaluated under
the assumption that ¢2 = 0. Since this is
equivalent to the situation when the data
are completely independent, the mean and
variance can be estimated by the usual
methods for these moments, i, = 2Z,/n and
03 = Z(Z; — fig)”(n — 1). The probability
density under the null hypothesis of zero
phylogenetic heritability is then

2 — ﬁo)2>

po= (21r&%)"”2exp<— 2%

1—n
= (27r&(2,)‘”/2exp< > > (19)
The likelihood ratio test statistic
A=2(Inp — In py) (20)

is asymptotically x? distributed with one de-
gree of freedom. Thus, A > 3.84 or 6.64
implies that the null hypothesis of no phy-
logenetic heritability can be rejected at the
5% or 1% level respectively.

The above procedure can be generalized
to test for the significance of any variance
or covariance component (or set of such
components) in the model. The likelihood
ratio test statistic is always equal to twice
the difference between the log likelihoods
under the more parameter rich and less pa-
rameter rich models, and this statistic is as-
ymptotically x? distributed with degrees of
freedom equal to the difference in the num-
ber of parameters estimated under the two
models (Edwards, 1972; Kendall and Stu-
art, 1979).

Consider, for example, the hypothesis that
the observed mean phenotypes of two char-
acters are uncorrelated at either the addi-
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tive-value or residual-deviation levels. For
a bivariate analysis, the probability density
under the complete model is identical to
Equation (18) with #n substituted for the ex-
ponent #n/2. Under the null hypothesis, o,(1,
2) = 6,(2, 1) and o¢.(1, 2) = 0.2, 1) are set
equal to zero, such that D and R are block-
diagonal matrices. Letting fi, be the vector
of means and V, the total variance-covari-
ance matrix estimated under the more re-
strictive model,

Po = (2m) ™| Vo| exp_ )
[z — X)) Vo '@ — Xio)l. (21)

The likelihood ratio test statistic is again
given by Equation (20), but in this case it
is evaluated against a x? distribution with
two degrees of freedom (the critical points
for significance at the 5% and 1% levels be-
ing 5.99 and 9.21).

In a similar manner, one can test for a
significant correlation of additive (or resid-
ual) effects alone by performing an analysis
with only o,(1, 2) = ¢,(2, 1), or only ¢.(1,
2) = 0,2, 1), constrained to be zero. Equa-
tions (21) and (20) are again employed, but
A is treated as x2 distributed with one degree
of freedom. It should be noted that signif-
icant covariance can exist at the subsidiary
levels but not at the phenotypic level if the
additive- and residual-effects covariances
are of opposite sign.

A more quantitative statement about the
dependence between two characters can be
achieved by use of the regression of char-
acter 2 on character 1, b = 6(1, 2)/6%(1),
which can be estimated at both the levels
of additive and residual effects. The stan-
dard error of b can be estimated by using
the first-order Taylor approximation for the
large-sample variance of a ratio,

SE(b)
i a’la(1, 2)]  26[6%(1), 6(1, 2)]
O\, 2) 6(1)-6(1, 2)
52r52(1 172

where %[a(1, 2)] is the sampling variance of
the covariance of characters 1 and 2,
a[6%(1), 6(1, 2)] is the sampling covariance
of the variance of character 1 and the co-
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variance of the two traits, and 6%[6%(1)] is
the sampling variance of the variance of
character 1.

The standard errors for the variance and
covariance components can be estimated by
solving for the elements of the matrix of
second-order partial derivatives of the log-
likelihood with respect to the parameter
estimates (Searle, 1970). The sampling var-
iances and covariances of the parameter es-
timates are approximated by the negative
of the elements of the inverse of this matrix.
For the bivariate case, the sampling vari-
ance-covariance matrix for the variance of
character 1, the covariance of 1 and 2, and
the variance of 2 can be shown as in Equa-
tion (23) below where § = ¢%(1)0?(2) — o*(1,
2). This expression can be applied sepa-
rately to the elements of A and E, substi-
tuting observed for expected values. The di-
agonal elements (top left to lower right) of
the solution to (23) are the estimates of
2[6%(1)], 62[6(1, 2)], and 6%[6*(2)]. The off-
diagonal elements of the solution are the
sampling covariances between these three
variance-covariance estimates; they have
nonzero expectations unless the two char-
acters are uncorrelated.

The asymptotic sampling variances and
covariances of the estimated means and ad-
ditive values are obtained by substituting
fitted for expected values in the information
matrix given in (9) and inverting. The square
roots of the diagonal elements of this matrix
provide estimates of the standard errors of
the parameter estimates—the first k for the
means, the next » for the additive values of
the first character, etc.

Finally, we come to the problem of pre-
dicting the phenotypes of ancestral species.
A nodal taxon in a phylogenetic tree rep-
resents an evolutionary bifurcation. Thus,
the additive value of such a taxon can be
estimated by a weighted average of the ad-
ditive values of its two descendent lineages.
Under the assumption that the expected
variance of additive values increases lin-
early with time, the weights are taken to be
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the inverses of the times (¢) between the
node and the descendent taxa (Felsenstein,
1985). The mean phenotypes of all nodal
taxa leading to two branch tips are com-
puted first. For example, if /4 is the imme-
diate ancestor of branch-tip species i and j,
the predicted additive value of character
cis

dch — whiaci + whjaq (24)

Wy T Wy,

where w,; = 1/t;,. The predicted mean phe-
notypeis Z,, = fi, + d.,. Once the most distal
nodal taxa have been characterized, the more
remote ancestral nodes-can be dealt with
progressively, until the root of the tree has
been predicted. Equation (24) is utilized
throughout this process. However, if i rep-
resents a node rather than a branch-tip tax-
on, the weight is not 1/¢,, but [¢,, + (w;, +
w») 17! where 1 and 2 represent the taxa
from which the prediction for / was derived
(Felsenstein, 1985). The decreased weights
for nodal taxa account for the sampling er-
ror of their estimated additive values. If
Equation (24) is to yield unbiased estimates
of ancestral additive values, “parallel” evo-
lution in daughter taxa should occur no more
often than expected by chance. This is dif-
ficult to verify if data are only available for
extant species.

Note that in following this procedure, the
residual deviations in the daughter lineages
do not contribute to the predicted mean
phenotypes of their ancestors. This is a de-
parture from the approaches of Kluge and
Farris (1969), Felsenstein (1985), and Huey
and Bennett (1987). It is, however, consis-
tent with the treatment of additive values
as the phylogenetically inherited portions of
the taxon-specific mean phenotypes.

The standard error of a predicted nodal
phenotype can be estimated by use of the
formula for the variance of a sum,

6HZeh) = 6%(fae) + 6%(den) + 26(he, den) (25)

where as noted above %(ii,) is obtained from
the inverse of the information matrix,

52 0%(2)/2

m\ &1, 2)2

—a(1, 2)0%(2)
—| —o(1, 2)6%(2) o*(1)a*(2) + 0%(1, 2)
—o2(1)o(1, 2)

-1

(1, 2)/2
—o*(1)a(1, 2)
a*(1)/2

(23)
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w%n&z(dci) + w%y&z(dq) + 2whiwhj&(dci’ dcj)

MICHAEL LYNCH

62(d,,) = , 26
0%(dcer) (Wit + W) (26)
and
ArA A w t&(ﬁc, dci) +w &(ﬁc, dc)
O.(l"'ca ach) = z 4 4 . . (27)
Whi T Wy,

The sampling variances and covariances on
the right sides of Equations (26) and (27)
are taken directly from the inverse of the
information matrix in the case of branch-
tip species. For nodal species, they must be
progressively computed using expressions
for the variance and covariance of linear
functions, as demonstrated in the example
provided below.

A WORKED EXAMPLE

To clarify some of the practical aspects
of the application of the mixed model, a
small data set will now be analyzed. The
data to be examined, mean adult weight (kg)
and maximum longevity (years) in five spe-
cies of primates (Fig. 1), were obtained from
Appendices 2 and 3 in Eisenberg (1981),
and these were natural-log transformed pri-

or to analysis. The phylogenetic tree (Fig.
1) is based on evidence from the fossil rec-
ord (Fig. 2 in Gingerich, 1984). Data are
available for many more species than pre-
sented here, so no special significance should
be attached to this analysis, which is pro-
vided solely for heuristic purposes.

First, consider the results that would be
obtained if an analysis were performed on
the basis of the observed mean phenotypes
without regard to the underlying phyloge-
netic relationships. The mean adult weight
(character 1) and mean longevity (character
2) for the five members of the phylogeny
are 2.13 = 0.87 and 3.33 =+ 0.36 on the
logarithmic scale. The estimated variances
of the two traits are 4.77 and 0.81 respec-
tively, while their covariance is 1.63. On
this basis, the allometric regression of lon-

Mean Maximum
Weight Longevity
(ke) (years)
r_ Homo sapiens 60.0 115
4
I——— Pongo pygmaeus 37.0 28
—3
9 Macaca mulatta 10.7 29
1 Ateles geoffroyi 7.6 18
Galago senegalensis 0.23 10
] 1 i 1
60 ] 20 0
108 years

FiG. 1.

An evolutionary tree for five species of primates based on data from Gingerich (1984). The associated

body weights and longevities are taken from Eisenberg (1981).
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gevity on body weight is 0.34 = 0.10 (Fig.
2). However, ignoring the nonindependence
of the data, there would be three degrees of
freedom, and the correlation (r = 0.83) falls
just short of 0.88, which is the requirement
for significance at the 5% level.

As noted above, the mixed model ac-
counts for the nonindependence of data
through the use of the relationship matrix,
G. There are numerous ways to assign val-
ues to the elements of G. Cheverud et al.
(1985), for example, proposed the use of a
phylogenetic connectivity matrix that em-
ploys rather arbitrary weights to contrasts
at different taxonomic levels (species, gen-
era, families, etc.). In the following analysis,
each element of G is taken to be the fraction
of evolutionary time from the base of the
phylogeny that is shared by species i and j,

T_thi

T

where T is the age of the taxon at the base
of the tree and ¢,,(=1,,) is the time separating
i and j from their most recent common an-
cestor A. For example, since the root of the
tree in Figure 1 is placed at 58 MYA and a
split between Homo and Pongo is denoted
at 13 MYA, the element Gpis (58 — 13)/
58 = 0.78. Galago is an out-group with re-
spect to the remaining four species, so its
relationship to each of the latter (internal to
the phylogeny) is equal to zero. The com-
plete relationship matrix and its inverse are
shown below. Under the assumption that
the expected variance of additive values
among independent taxa increases linearly
with time, which is the case under a com-
monly employed neutral model (Lande,
1979; Lynch, 1991) and under certain forms

§=

G
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Maximum Longevity (years)

10.0

Mean Weight (kg)

100.0

FiG. 2. The regression of longevity on body size in
five primates. Open points are the observed mean phe-
notypes, while the solid points are the estimated total
evolutionary values. The dashed line is the regression
for the unweighted analysis. The solid line takes into
account the phylogenetic relationships among species
and is uninfluenced by the nonadditive contributions
to the observed means. The letters refer to the genera
given in Figure 1.

of fluctuating selection (Felsenstein, 1988a),
each element of G is equivalent to the ex-
pected correlation between additive values
of pairs of taxa separated (7" — ¢,,) time units
from the base of the phylogeny. In principle,
this method for computing the elements of
G can be performed in the absence of an
absolute time scale for the phylogeny, pro-
vided the units of branch length are pro-
portional to time.

To start the analysis, random numbers
were drawn from a uniform distribution with
a range of 0 to +1 and multiplied by the
unweighted variances of the observed means
of the respective characters (given above) to
obtain the diagonal elements of the initial
additive-value variance-covariance matrix.

GHP
GPP
GMP
Gur
G GP

GHA
G P4
Gra
Gau
G GA

Gre
GPG
GMG
Gy
GGG

GHM
GPM
GMM
G
Gom

2.67 —1.79
—-1.79 2.67
—0.40 —0.40
—0.18 —0.18

0.00 0.00

G =

1.00 0.78 0.53
0.78 1.00 0.53
0.53 0.53 1.00
0.38 0.38 0.38
0.00 0.00 0.00

0.38 0.00
0.38 0.00
0.38 0.00 |,
1.00 0.00
0.00 1.00

—0.40 —0.18 0.00
—0.40 —0.18 0.00
1.54 —0.28 0.00
—0.28 1.24 0.00
0.00 0.00 1.00
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The initial residual-deviation variances were taken to be the remaining portion of the
unweighted variances. The starting values for both types of covariance were set equal to
zero. Thus, for ¢ = 1, 62(1, 1) = 3.390, 6,(1, 2, 1) = 0.000, 62(2, 1) = 0.693, 62(1, 1) =
1.380, 6.(1, 2, 1) = 0.000, and 62(2, 1) = 0.120. These starting values, which are the
elements of the matrices A(l) and E(l), lead to the preliminary inverses

0.000 1.443
f-11 = (0725 0.000
0.000 8.333)

The inverse for the 1n1t1al variance-covariance matrix of additive values is then (to two
decimal places) D-1(1) = A~ (1) ® G~ =

A1) = (0.295 0.000>’

f

0.80 —0.54 —-0.12 —0.05 0.00 0.00 0.00 0.00 0.00 0.00 \
—0.54 0.80 —0.12 —0.05 0.00 0.00 0.00 0.00 0.00 0.00
—-0.12 -0.12 0.45 —0.08 0.00 0.00 0.00 0.00 0.00 0.00
—0.05 —-0.05 —-0.08 0.37 0.00 0.00 0.00 0.00 0.00 0.00

0.00 0.00 0.00 0.00 0.30 0.00 0.00 0.00 0.00 0.00

0.00 0.00 0.00 0.00 0.00 391 —2.65 —0.57 —0.26 0.00 |’

0.00 0.00 0.00 0.00 0.00 -—-2.65 391 —-0.57 —0.26 0.00

0.00 0.00 0.00 0.00 0.00 -0.57 —-0.57 2.20 —0.40 0.00

0.00 0.00 0.00 0.00 0.00 -0.26 —0.26 —0.40 1.80 0.00

0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 1.44

and for residual effects is R-1(1) = E- (1) ® I =

0.72 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
0.00 0.72 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
0.00 0.00 0.72 0.00 0.00 0.00 0.00 0.00 0.00 0.00
0.00 0.00 0.00 0.72 0.00 0.00 0.00 0.00 0.00 0.00
0.00 0.00 0.00 0.00 0.72 0.00 0.00 0.00 0.00 0.00
0.00 0.00 0.00 0.00 0.00 8.33 0.00 0.00 0.00 0.00
0.00 0.00 0.00 0.00 0.00 0.00 8.33 0.00 0.00 0.00
0.00 0.00 0.00 0.00 0.00 0.00 .0.00 8.33 0.00 0.00
0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 8.33 0.00
0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 8.33

\ 7

The preliminary estimates for the additive values and residual effects are obtained by
use of Equations (11) and (12), substituting R=!(1) and D~!(1) from above, Z from the
values in Figure 1 (log transformed), i7(1) = [2.13, 3.33] from the initial estimates of the
means, and
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0 00O0O0O

XT=<1 111
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1 00000
1 111 1)

To obtain estimates of the additive values, the information matrix must first be inverted

0.78
0.28
0.11
0.06
0.00
0.00
0.00
0.00
0.00
0.00

0.28
0.77
0.11
0.06
0.00 0.00
0.00 0.00
0.00 0.00
0.00 0.00
0.00 0.00
0.00 0.00

0.11
0.11
0.88
0.08

[R-!(1) + D7(D]! =

\

The initial estimates are then found to be

1.41
1.24
0.42
0.10
—2.56

a,()=

0.55
0.24
—0.18
—0.20
—1.04

&)=

The next round of estimates for the vari-
ance-covariance matrices of additive values
and residual effects are obtained by substi-
tuting the preceding vectors into Equations
(13) and (14). The additional terms involv-
ing traces require the use of [R7'(1) +
D-!(1)]"!. For example, in estimating the
residual-effects variance for the first char-
acter,

tr[C'!(1)] = 0.767 + 0.767 + 0.878
+ 0.928 + 0.981 = 4.321.

The elements of A(z) and E(z) for t = 2
and later iterations are given in Table 1. All
of the parameter estimates are stable to two
decimal places after a few hundred itera-
tions, and the same results were obtained

0.06
0.06
0.08
0.93
0.00
0.00
0.00
0.00
0.00
0.00

\
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.10

0.00
0.00
0.00
0.00
0.98
0.00
0.00
0.00
0.00
0.00

0.00
0.00
0.00
0.00
0.00
0.09
0.02
0.01
0.00
0.00

0.00
0.00
0.00
0.00
0.00
0.02
0.09
0.01
0.00
0.00

0.00
0.00
0.00
0.00
0.00
0.01
0.01
0.10
0.00
0.00

0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.10
0.00

7

1.01
0.22
0.09
—-0.32
—0.87

a1) =

0.41
—0.21
—0.05
—0.11
—0.15

&(1) =

regardless of the starting conditions. Note
also the progressive increase in the log like-
lihood en route to the asymptotic solution.

The final estimates for the means and ad-
ditive values are

a7 =(1.19 £ 1.07 3.03 = 0.41),

af(l) = (2.55 =+ 1.06 2.63 = 1.06
1.20 = 1.06 1.02 *= 1.06
—2.72 = 1.06),

a7(1) = (0.81 £ 0.34 0.84 + 0.34

0.38 = 0.34 0.32 + 0.34
—0.87 = 0.34),

where the standard errors are the square
roots of the respective diagonal elements of
the inverse of the full information matrix,
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( 1.13 0.38 —1.12 —1.12 —1.12 —1.12
0.38 0.17 —0.36 —0.36 —0.36 —0.36

—-1.12-0.36 1.12 1.12 1.12 1.12
—-1.12-0.36 1.12 1.12 1.12 1.12
—1.12-0.36 1.12 1.12 1.12 1.12
—-1.12-0.36 1.12 1.12 1.12 1.12
—-1.12-0.36 1.12 1.12 1.12 1.12
—0.36 —0.11 0.36 036 0.36 0.36
—0.36 —0.11 0.36 036 0.36 0.36
—0.36 —0.11 0.36 0.36 0.36 0.36
—0.36 —0.11 0.36 0.36 0.36 0.36
—0.36 —0.11 0.36 0.36 0.36 0.36

\

This matrix is obtained by inverting (9) after
substituting the elements of the inverses of
the final variance-covariance matrices from
Table 1.

The mixed-model estimates of u; and u,
are rather different from the standard means
(2.13 and 3.33) due to the unequal weighting
of the five taxa. In addition, the standard
errors of i, and fi, are increased above the
unweighted estimates due to the loss of “de-
grees of freedom™ in the weighted analysis.
Since the additive values are estimated as
deviations from the estimated means, their
standard errors are of the same order of
magnitude as those of the latter. However,
due to the negative sampling covariance be-
tween the means and additive effects (first
two rows and columns in the inverse of the
information matrix), the standard errors of
the total evolutionary values (i, + d,) are
substantially smaller than that of i, and 4.
For example, from the elements of the in-
verse of the information matrix, the stan-

MICHAEL LYNCH

—1.12 —0.36 —0.36 —0.36 —0.36 —0.36
—0.36 —0.11 —0.11 —0.11 —0.11 —0.11
1.12 036 036 036 0.36 0.36
1.12 036 0.36 0.36 0.36 0.36
1.12 036 0.36 0.36 0.36 0.36
1.12 036 036 036 0.36 0.36
1.12 036 0.36 0.36 0.36 0.36
0.36 0.11 0.11 0.11 0.11 0.11
0.36 0.11 0.11 0.11 0.11 0.11
0.36 0.11 0.11 0.11 0.11 0.11
0.36 0.11 0.11 0.11 0.11 0.11
0.36 0.11 0.11 0.11 0.11 o0.11

dard error of the total evolutionary value of
adult weight in Homo sapeins is

SE(i, + dig) = [6%(y) + 26(iy, G1z)
+ 6%(4,x)]"
=[1.132 — (2 x 1.124)
+ 1.124]%
= 0.089.

From the elements of the variance-co-
variance matrices (Table 1) and Equation
(17a), the phylogenetic heritabilities and
their standard errors are found to be H? =
0.99 =+ 0.01 for In(adult weight) and H? =
0.54 = 0.15 for In(longevity). A univariate
analysis gave essentially the same result for
adult weight, but converged to H3 = 0.00
for longevity. The likelihood ratio test sta-
tistics for both characters, computed from
the univariate analyses, are 2.57 and 0.12.
Neither of these is statistically significant,
but this is not surprising for such a small
data set.

TaBLE 1. The elements of the variance-covariance matrices and the log-likelihood as a function of iteration
number.
t 524(1) §4(1,2) 524(2) 524(1) 6d1,2) 5242) Inp
2 3.060 0.771 0.764 1.168 0.072 0.144 —16.839
4 3.227 1.218 0.724 0.748 0.122 0.183 —14.605
6 3.192 1.208 0.604 0.555 0.141 0.228 —13.804
11 3.012 1.084 0.437 0.366 0.169 0.285 —12.990
21 3.071 1.016 0.359 0.224 0.155 0.287 —12.580
51 3.043 0.980 0.323 0.113 0.126 0.276 —12.352
101 3.031 0.970 0.314 0.075 0.115 0.272 —12.283
201 3.025 0.966 0.310 0.057 0.109 0.269 —12.251
501 3.021 0.963 0.308 0.047 0.106 0.268 —12.233
1,001 3.020 0.963 0.307 0.044 0.105 0.268 —12.227
5,001 3.019 0.962 0.307 0.041 0.104 0.267 —12.222
25,001 3.019 0.962 0.307 0.040 0.104 0.267 —12.221
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The slope of the additive-value regression
of longevity on adult weight is estimated to
be b = 0.962/3.019 = 0.32, which is very
similar to the value obtained by unweighted
least-squares analysis. The residual-devia-
tion regression is substantially higher, 2.57.
The correlations at both levels converged to
1.00. Since this singularity results in 6 = 0O,
it precludes the estimation of standard er-
rors of the regression coeflicients with Equa-
tion (22). The likelihood ratio test statistics
are 2.65 for the additive-value and 0.20 for
the residual-deviation regressions, neither
of which is significant.

At this point, it is worth emphasizing that
the perfect correlation between the additive
values of both traits in this example is a
consequence of the small number of taxa
(relative to numbers of parameters esti-
mated). It is not a general feature of mixed-
model analysis. Nor is such a high concor-
dance between weighted and unweighted
regression coefficients generally expected.
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To illustrate the prediction of mean phe-
notypes of nodal taxa, we will consider adult
weight in taxa 4 and 3. The predicted ad-
ditive value for nodal species 4 is

Go = Wagdig + Wapdip
14 Wag T Wyp
2.55 2.63
13 13
=—=2159
1.1
13 13

where 13 (MYA) is the evolutionary time
from taxon 4 to both Homo (H) and Pongo
(P). The predicted mean phenotype is there-
fore Z,, = fi; + djs = 1.19 + 2.59 = 3.78.
The sampling variance of Z,, is

0%(214) = 6%(1y) + 6%(d1a) + 26(iy, d14)

where 6%(ii;) = 1.132 from the inverse of the
information matrix,

Wik 82(d,1p) + WipdHd,p) + 2Wapy Wapb (A g, 41p)

6%(da) =

(Wagr + Wap)?

_(0.0772-1.124) + (0.077>-1.124) + (2-0.077-0.077-1.124) _

=1.124

(0.077 + 0.077)?

also substituting from the inverse of the information matrix, and

War0(fiy, d1p) + Wapo(ily, dyp)

(i, d1a) =

Wag T Wap

_(0.077-—1.124) + (0.077-—1.124) _

—1.124.

0.077 + 0.077

Summing up terms, ¢%(Z,,) = 0.008, which
yields a standard error of Z,, equal to \/0.008
= 0.09.

The prediction of the mean phenotype of
taxon 3 is a little more involved. First, we

“ _ W34d14 + W3MdlM — (0.049'2.59) + (0.037' 1.20)

need the weights w;,, = 1/27 = 0.037 and
ws, = [14 + (0.077 + 0.077)"'17! = 0.049.
Using these and the value of 4,, derived
above, we obtain

a;
Wi, + Wiy,

0.049 + 0.037 = 1.9

which leads to the predicted mean phenotype Z,5; = 4, + d,; = 3.18. The sampling vari-

ance of 7,5 is

0%(213) = 6%(,) + 6%(d3) + 26(@y, dy3)

where

Wir02(d1a0) + W3i02(d14) + 2W3pW346(d1as, G1a)

0%(d3) =

(W3pr + W3a)?
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with
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Wapy0(dipp Gig) T Wapd(ding, Gip)

0(d o Gra) =

Wag T Wyp

and

3

oy, dy3) =

Wir @1, Giad) + W3a0(fhy, d1a)

Wapr T Wiy

Summing up terms, 6%(Z,3) = 0.008, yielding
a standard error of Z,; equal to 0.09.

DiscuUSSION

The methods introduced in this paper take
the approach that each member of a phy-
logeny provides some information about all
the others. Common to all members of the
phylogeny are the phylogenetic means. The
deviations of individual taxa from these
means are partitioned into a phylogeneti-
cally heritable portion, responsible for the
resemblance between related taxa within the
phylogeny, and a residual deviation that is
phylogenetically uninformative. This dis-
tinction between additive evolutionary val-
ues and residual deviations is analogous to
the distinction made between genotypic val-
ues and environmental deviations in quan-
titative genetic analysis. Contrary to pre-
vious approaches to predicting ancestral
phenotypes and to estimating the variances
and covariances of characters among taxa,
the residual deviations are removed in the
course of the analysis. This minimizes the
bias in the prediction of ancestral pheno-
types that can be caused by branch-tip phe-
notypes that are greatly modified by envi-
ronmental effects, by measurement error, or
by evolutionary processes that are exagger-
ated with respect to the remainder of the
phylogeny. It also helps insure that the es-
timated variances and covariances of char-
acters are those that are relevant to mac-
roevolutionary patterns. However, a bias can
occur in this sort of analysis if closely related
species occupy similar environments that
modify phenotypic expression in a parallel
fashion (as in quantitative genetics, when
sibs are exposed to a common familial en-
vironment).

Another advantage to the proposed tech-
nique is the utilization of the relationship
matrix, which allows an efficient and si-
multaneous use of all of the data to obtain

the set of parameter estimates that is at or
close to the maximum in the likelihood sur-
face. This avoids the necessity of computing
and standardizing the independent con-
trasts suggested by Felsenstein (1985), and
is an advance over the methods employed
in Lynch (1988, 1991) and Bell (1989) to
estimate the divergence rates of characters
within phylogenies. In a multivariate anal-
ysis, the use of the relationship matrix also
takes advantage of the fact that correlated
characters provide information about each
other. Provided their phylogenetic affinity
is known, fossil taxa can readily be incor-
porated into the relationship matrix and in-
cluded in the analysis.

Perhaps the most useful aspect of the
mixed model in comparative analysis is its
utility in hypothesis testing. Log-likelihood
procedures provide a sound basis for testing
hypotheses regarding components of vari-
ance and covariance, regression coefficients,
etc. However, as noted in the preceding ex-
ample, the power of likelihood tests may be
rather low with the small number of taxa
that are usually employed in comparative
analyses. It would be worthwhile to explore
this issue in future studies. Small numbers
of taxa, as well as the complex variance-
covariance structure, normally will also pre-
clude powerful tests of the multivariate nor-
mality assumption upon which likelihood
tests are based. Nevertheless, investigators
would be wise to explore whether various
scale transformations for the phenotypic
means or for divergence times can signifi-
cantly improve the likelihood of the model.
In Lynch (1991), for example, it is suggested
that the interspecific variance in mamma-
lian skeletal traits increases with the square
root of time, unlike the linear scaling ex-
pected under the neutral model.

A major limitation of all comparative
methods is the need for an accurate phy-
logenetic tree. Methods of molecular anal-
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ysis are rapidly improving our ability to ad-
dress phylogenetic issues. However, when
more than a few taxa are involved, as is
often the case in comparative studies of
quantitative traits, the likelihood of recov-
ering the correct topology is extremely low
even with very large sets of molecular data
(Nei, 1987; Felsenstein, 19885). Felsenstein
(19884, 19885b) has discussed the possibility
of using resampling procedures to produce
multiple trees from the same data set. Fol-
lowing this approach, each tree could be used
to construct a relationship matrix that could
then be applied to the mixed model. Such
a procedure would be computationally in-
tense, but the variances and covariances of
parameter estimates derived from the dif-
ferent analyses could be used to account for
the uncertainty in the phylogeny. Such sam-
pling variances and covariances would need
to be added to those described above. We
will never know phylogenies with absolute
certainty, but recent work (Martins and
Garland, 1991) indicates that the applica-
tion of even crude phylogenies is substan-
tially superior to the reliance on the inde-
pendence assumption in comparative
analysis.

In the models given above, the sampling
errors of the phenotypic means were as-
sumed to be zero. This will often not be true
since species-specific means are usually
based on a small number of individuals from
one or a few populations, and individual
variation will generally be present within
and between populations. If the sampling
variances and covariances of the means are
available, they should be subtracted from
the respective elements of the final residual
effects variance-covariance matrix E to re-
move the bias in the elements of E caused
by measurement error.

Cheverud et al. (1985) have argued that
correlations between residual deviations (&)
provide evidence of coadaptation of char-
acters. This interpretation may be mislead-
ing for two reasons. First, such correlations
can arise in the absence of selection via ran-
dom genetic drift of genes with pleiotropic
effects (Lande, 1979; Lynch and Hill, 1986).
Second, unless sampling error has been ac-
counted for properly, the variances and co-
variances of residual effects will be biased
to an unknown degree by environmental ef-
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fects and measurement error. If the latter
problem cannot be eliminated, correlations
at the level of residual deviations should be
interpreted with caution.

For situations in which the contribution
from_sampling error can be eliminated, E
and A may be viewed as estimates of pattern
on the microevolutionary (taxon-specific)
and macroevolutionary (phylogeny-wide)
time scales. A comparison of these two vari-
ance-covariance matrices can indicate
whether the constraints on multivariate
evolution are consistent across evolutionary
time scales. For instance, in the preceding
example, the regression between additive ef-
fects was much less substantial than that
between residual effects.

In closing, it should be emphasized that
the techniques outlined above provide only
a descriptive analysis of phylogenetic pat-
terns. Identification of the genetic and eco-
logical factors responsible for such patterns
is a matter of empirical investigation.
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