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1 Intro duction

Progressis usually judged by its achievemerts, and this alsoappliesto mathe-
matics. Therefore, the simplicity of a newideais frequertly well hidden under
technical ballast which is necessaryto pressnew results out of the idea.

| feelthis is true in particular for the °at structures on surfaceswhich Mik e
Wolf and myself have beenusing to solve high-dimensional period problems
for minimal surfaces([WwW98, WW, WWO01, Web99 WHWO01]).

| would liketo takethis opportunit y to apply our method to a simple class
of exampleswhich desenesmore attention: Karcher's twisted saddletowers.
We will seethat the relatively harmless1-dimensional period problem which
onehasto solve heredisappears completely if oneusesthe right °at coordinate
system.

Moreover, for theseexamples,we don't needto talk about °at structures
at all, euclideanpolygonswill do.

The only prerequisitesfor this paper are familiarit y with the Weierstra¥ae-
presertation and knowledge of the classical Schwarz-Christo®elformula.

We begin now with an informal description of the original untwisted sur-
faces The classicalsingly periodic Scherk surfaceis invariant under a vertical
translation, soit is natural to do all computations and argumerts on the quo-
tient surface. This is a spherewith four punctures which represen the four
orthogonal cylindrical ends.

There is a simple variation of this: For every integerk , 2, thereis a singly
periodic minimal surfaceSy, invariant under a vertical translation, sud that
the quotient surfaceis a spherewith 2k cylindrical ends. Here, consecutive
endsmake an angle Y&k (see gure 1). S; is then the original Scherk surface.

Onecanin fact deform thesesurfacesby changing the anglesbetweenthe
ends,but this doesn't concernus here, we are interestedin another deforma-
tion of this most symmetric case.
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Fig. 1. Singly periodic Scherk surface S4 with eight ends

To describe this twist deformation, x someinteger k , 2. For any twist
parameter 0 < A < Y&k, there is an embeddedsingly periodic minimal surface
K Sk.a, invariant under a vertical screw motion, whoserotational part is by
angle 2¢A, sud that the quotient surfaceis a spherewith 2k helicoidal ends.
If we normalize the vertical translation to be of amount 1, the surfacesK Sy.4
convergeto Sy for Al 0.

In [Kar88], the existence of these surfacesis showvn for any k , 2 and
0 < A < ¥rk in two di®erert ways: First, using a Plateau construction
with barriers, and secondly using the Weierstra¥aepreseration. While the
the Plateau construction is elegant and non-computational, it uses non-
elemertary machinery. On the other hand, the Weierstra¥s represertation
approad requires the solution of a period problem. Neither method shaws
that the constructed surfacescomein a smooth family.

We will give a simple proof of this existenceresult, using the Weierstrass
represernation enriched by the usageof euclideangeometry As a byproduct,
we will obtain the smoothnessof the family K S.4 in A

These surfacesare signi cant for at least two reasons:

For one, they werethe rst and still are the simplest examplesof screw-
motion invariant minimal surfaces.Sincethen, many other such surfaceshave
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been found ([WF88, Lyn93, CHK93, HKW93, HKW99, Web0Q WHWO01,
TWO01]).

In general, such screw-motion invariant surfacesare hard to describe by
the usual Weierstra¥aepresenation approac, becausethe Gau¥smap is not
single valued on the quotient surface.Karcher's way to overcomethis wasto
usethe logarithmic derivative of the Gau¥smap, which is well-de ned on the
quotient, but this made the period problem a little bit more dixcult as it
requires an additional integration.

Fig. 2. A twisted Karcher-Scherk surface with eight helicoidal ends

For two, the K Sy.4 surfacesshow a surprising phenomenonwhich has
changedfrom its status asa curiosity into a focus of current researti: When
the twist parameter A approadesits limit Y&k, the minimal surface will
degenerate.This degeneration can be made visible in two interesting ways
by rescaling: First, one can obtain a single helicoid in k di®eren ways, one
for ead pair of opposite helicoidal ends of K Si.4. Secondly one can obtain
a minimal limit foliation by horizontal planesin the senseof Colding and
Minicozzi.
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This foliation will have k singular vertical lines through the & roots of
unity. These correspond to the & collapsed helicoids from the rst caseof
limits.

This meansthat closeto the limit ¢ = =/k, the surface will look like
k copiesof a helicoid glued together. Once this is obsened, one can obtain
many new examplesby “glueing together helicoids', appropriately positioned
and in a suitable way, see[TWO01].

2 The Weierstrass Representation a la Euclid

In this section, we review the Weierstra¥aepresenation for all relevant sur-
facesand relate it to the Schwarz-Christo®elformula.

2.1 Singly periodic Scherk surfaces with k-fold dihedral symmetry

We will discussbrie®y the Weierstra¥aepresertation of the singly periodic
Sderk surfacesSy with k-fold dihedral symmetry.

We do this on the quotient surface Yy obtained by dividing Sk by a
minimal vertical translation. This is a conformal sphere, punctured at 2k
point at the (2k)" roots of unity. The points 0 and 1 are umbilic points
with vertical normal.

Furthermore, the 2k linest 7! ted ¥k~ j=0,...,2kj 1 are mappedto
straight lines on X.

Here is the Weierstra¥aepresettation for Sk, see[Kar89, Kar88] for a
detailed discussion. The choices of the signs makes the formula consisten
with later formulas.

G(w) = i qw'i? 1)
ki Tdw
dh = i — 5% )

All claims made about the surfacesso far may be chedked directly using
these formulas. For our purposesit is important to note that the vertical
translation of the surfacesis represered by a cycle around one puncture.

More concretely, a curve starting at 0, going once around one puncture
and then bad to O, will be mappedto a curve connecting two umbilic points
which are above ead other. To ched this, one has to compute period in-
tegrals involving the Weierstra¥il-forms Gdh, édh and dh. For the explicit
computation, we again refer to [Kar88], but it should be clear that suc a
computation is simple, as periods of meromorphic 1-forms on a sphereare
just residues.
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2.2 The twisted Karc her-Scherk surfaces

The twisted Karcher-Sderk surfaces K Sk.4 are invariant under a vertical
screwmotion with twist angle 2¢. We write ¢ = ar.

These surfacesexist for 0 < a < %

The quotient surface X.4 is again a 2k-punctured sphere.A slight com-
plication arisesbecauseit is not possibleto have the punctures at the roots
of unity. Using an additional parameter r, one placesthe punctures at the
roots of wk = 7* and w* = j 1/7%.

The straight lines of Sk survive the deformation as straight lines, this is
what made the Plateau construction possible.

Fig. 3. Twisted Karcher-Scherk surface with four helicoidal ends

The real parameter r is to be determined so that a horizontal period
condition is satis ed. This again requires the evaluation of period integrals.
While the height di®erettial is still quite simple, the Gaussmap is much more
complicated then for Si. Here is the formula from [Kar88]:

Ta
K wk

rkwk + 1

Gw) = jiwkite 3)
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,L‘wki 1

d
(r* i wk)(rkwk + 1) v

dh = 4)
For a = O and r = 1, we obtain the classicalScerk surfacesSi, see(1).

The Gau¥zmap has the unpleasari feature that it is not anymore single
valued on the quotient surface.

In fact, the multi-v aluednessmeasuresprecisely the twist angle: If we
analytically cortinue G(z) around a puncture, the value G(z) changesto
e2®% sothat 2¢ = 2ma is the twist angle.

2.3 Towards the Schwarz-Christo®el form ula

The rst step in simplifying the Weierstra¥aepresernation is to exploit the
k-fold symmetries. This is done by a simple coordinate change:
Write z = w¥ and R = rX. Then, up to constart real factors,
W Ta
1 7

Rz+1

G(z) = jizti ¥* ¢
_ idz
" (Ri 2)(Rz+1)

Gdh = 24 E(Rj 2)* Y(Rz+ 1) ¥ 1dz
1

adh =i 2P YR 2)i @ YRz+ 1) Lz

The key obsenation now is that the 1-forms Gdh and édh are single-
valued in the upper half plane and represent integrands in the Schwarz-
Christo®el formula for the Riemann map from the upper half plane to eu-
clidean polygons. Let us pausefor a minute to review this formula.

dh

De nition 1. A euclideanpolygon is a simply connected region in the plane
such that all boundary components consist of straight lines and segments,
meeting in a discrete set of vertices.

That is, we allow for unboundedpolygonsbut excludedomainswith holes.

By the Riemann mapping theorem, there is a biholomorphic map f from
the upper half plane to any suc euclideanpolygon. This map extends corti-
nously and one-to-oneto the (extended) real axes.Let us denote the preim-
agesof the vertices by ¢;, this will be a nite subsetof the (extended) real
line.

Denoteby «; = (aj i 1) the interior angle of the polygonat f(¢;). Then
we have

Theorem 1 (Schwarz-Christo®el form ula). Given a euclidean polygon
as alove, there are constants C;, C> and wg such that
Zyvy
f(z)= Ci+ Cs (21 )% dz

Wo i



8 Matthias Weber

Now badk to Gdh and & dh. R

We conclude from theorem 1 that the map z 7!~ Gdh maps the upper
half plane to an open euclideanquadrilateral such that the points O, R, R 1
are mfﬁ)ped to verticeswith angles(2 i k)7r am,j am, k7r Similarly, the map
z 7' Gdh maps the upper half plane to an open euclidean quadrilat-
eral such that the points O, R 1 are mapped to vertices with angles

1 1 )i R 3
KT amam, (2§ ).

2.4 The period condition

This is a quite remarkably simple interpretation of Gdh and 2 & dh, but what
does it help? We still have to determine the parameter R = 7% in the
WeierstraVaepreseniation such that a certain period condition is satis ed.
We will now make this condition explicit:

Consider two closedcycles:y; commencingat 0, and looping around R
bad to 0, and v, commencingat 0 and around j 1/R in the z-plane. These
will be mapped to curves on the surface which represen a purely vertical
translation. The verticality is taken care of by the de nition of dh, but we
haven't argued why the two endpoints of image curveslie strictly above each
other. This is the content the horizontal period condition which can be stated
as 7 Z T

. Gdh = . Gdh (5)

But, in terms of our understanding of Gdh and édh as integrands of
Schwarz-Christo®el integrals, this boils down to a pair of geometric condi-
tions on the euclideanimage quadrilaterals. We will exhibit this geometric
condition in the next section.

Moreover, if we can nd a pair of image quadrilaterals which are confor-
mally equivalert (as they must both be conformal to the upper half plane
guadrilateral with vertices at O, R,1 ,j R) have the correct angles, and
satisfy the geometric conditions, we can de ne Gdh and dh as Schwarz-
Christo®el integrands for these quadrilaterals, without usrng any formulas.
This is our next goal, so we will forget about minimal surfacesand the
WeierstraVaepresenation for a little while.

3 A geometric construction of the Weierstra¥s data

We begin with an elemenary construction:
For0 < a < % construct an acute triangle with angles m, br = (2 i
2k i 3)mandcr = (2 i + &) In honor of the casek = 2, we call the

edgeopposﬂe to the vertex Wlth angle & ™ the hypothenuseof the triangle.
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o *

Fig. 4. Construction of the quadrilaterals

Obsenethat this construction is possibleif and only if 0 < a < % because
we will needthe initial triangle to be acute.

Remark 1. To be precise,the construction is also possiblefor all a with 0 <
a < % modulo 2. This leadsto branchel polygonsand overtwisted Karcher-
Sdherk surfaceswhich are not embeddedany longer.

Re’ ect the triangle at its hypothenuse and extend all edgesto in nit y.
Mark the edgesasindicated asdotted and dashel. Obsere that the anglear
in the “gure is implied by the construction.

Separatethe dashedand dotted polygons,and re° ect the dashedpolygon
at the x-axes. These polygons form now two unbounded quadrilaterals @,
and @, in two di®eren euclidean planes. Label the vertices (including the
vertex at in nit y) with the symbols O, R,j 1/R,1 asindicated.
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Fig. 5. Separation in dashed and dotted domains Q; and Q2

De ne maps f1 and f, from the upper half plane to the dashedand dotted
domains (@, and ), sothat labelsare mappedto labels. This de nes uniquely
the real value of R asthe location of the symbol on the real axes.

That the same R works for both domains follows from the fact that both
domains are congruert and have the samemodulus. We will seethis shortly
also by a simple computation.

Fig. 6. The Schwarz-Christo®el maps

If we now de ne
Gdh = df1(z) = f(z)dz

édh = dfa(2) = fA2)dz
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then the Schwarz-Christo®elformula implies that, up to rotation and scaling,

Gdh= 2% ¥ (R 2)% YRz + 1) *i 1
1
G

This is exactly the kind of formula we were aiming for.

To verify that these formulas are correct without rotating or scaling,
we need to chedqqthat the i@gage domains )1 and ), under the Schwarz-
Christo®elmaps Gdh and 1/Gdh are congruent and correctly aligned as
in the ~gure.

For the correct alignment, obsene that the integrand Gdh (resp. édh) is
positive (resp. negative) in the interval (0, R), sothat this interval is mapped
to horizontal lines with the correct orientation asin the gure.

For the congruence we usethe automorphism «(z) = j 2 of the upper half

plane (which permutes the vertices0, R,1 and i 1/R) ani:i compute that

dh= i 251 YR 2)i 3 Y(Rz+ 1)¥ 2

o ﬂl-LIJ. ﬂa'l M ﬂ'l'a
171K 1A i i d
°Gdh = = R+ T e 1y I =
z z z z
!
= " Zdh
e

for somereal number 6. This meansthat @; and @, di®erby a rotation (and
not by a scalefactor).

We now verify that the horizontal period conditions are satis ed. Let's
beginwith the condition on thg,cycle y1 whigh encirclesR. The condition re-
quiresto compute the periods ., Gdh and o édh. The cycle~; commences
at 0, runs in the upper half plane to some point on the segmen (R,1 ),
and then cortinuesbadk (say by rg3ection at the real axes)in the lower half
plane to 0. Thus, the vector u; = o Gdh can be made visible in the image
quadrilateral ) asthe vector from 0 to the mirror igage of 0 at the straight
segmen [R,1 ]. The samestatemert holds for v, = o édh in Qs.

Similarly, recall that ~, is a cycle commencingat O, crossingthe segmen
(i1 ,h%) and going badk to 0. Thus the period vector u, = ., Gdh (resp.

v2 = . édh) is the vector from O to the mirror image of O at the edge
(il.igl



12 Matthias Weber

-UR

Fig. 7. Conjugacy of the period vectors

By the geometric construction of the quadrilaterals, the period vectors
Uy,v1 and uy, vy are complex conjugate. This shows that that the period
condition (5) is satis ed.

This "nishes the construction of the twisted Karcher-Scerk surface for
any £, 2and0< ¢ < w/k. As the domains @1 and @ vary smoothly with
¢, so do the the 1-forms Gdh and édh, and we obtain that the family of
surfacesis smooth in ¢ asa byproduct.
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