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Toward the Trichotomy Method of Reaction Times:
Laying the Foundation of Stochastic Mental Networks

JAMES T. TOWNSEND AND RICHARD SCHWEICKERT

Department of Psychological Sciences, Purdue University

This article and the following one by Schweickert and Townsend develop a theory of
mental architecture and function which leads to an experimental method of identifying that
architecture. Our approach follows the tradition established by F. C. Donders (1868, Archiv
Jur Anatomie und Physiologie, 657-681), W. Wundt (1896, Grundriss der Psychologie, Leipzig:
Engclman) and others in the nincteenth century of postulating a class of architectures that
describe how separate mental processes may be linked together. Then further assumptions are
made about how experimental manipulations can affect those processes. Finally, predictions
are derived that permit conclusions to be drawn about the form of the specific architecture
engaged in a certain task. The first paper establishes terminology, postulates, and the general
approach, and compares these with those of other theories and methods. Certain theoretical
results are developed that set the stage for application. The second paper implements the
theory by proving theorems that state how the experimental results obtained with the
proposed methodology can be used to identify the underlying architecture. Further motivation
and real and imaginary examples will also be presented there. © 1989 Academic Press, Inc.

THEORETICAL FOUNDATIONS: A BRIEF AND INFORMAL HISTORY

Rather than jumping into the detailed terminology too quickly, it may be helpful
to provide some motivation by outlining the primary historical antecedents. This
will be done informally with more exact specification accomplished after the
theoretical framework is set up. Donders (1868) is usually given credit for inventing
the “method of subtraction” (e.g., see Boring, 1957). It is assumed that mental
operations take place in a nonoverlapping series of processing durations so that the
overall reaction time random variable is just the sum of the intervening random
intervals. The average reaction time is then the expected value of the sum. Donders
assumed that by simplifying the mental task the experimenter could ‘subtract’ a
mental process or conversely could make the mental task more complex by ‘adding’
a mental process to the overall set of mental operations. Finally, by subtracting the
average reaction time for the simpler task from that of the more complex task, the
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experimenter could estimate the mental duration required to perform the deleted
operation. Although the assumptions of this method arc indced very strong, the
method continues to be useful in certain circumstances (c.g., McGill, 1963
Sternberg, 1966; Theios, 1973 Ashby, 1982; Ashby & Townsend, 1980; Vorberg,
1981 : Kohfeld, 1969 Kohfeld, Santee, & Wallace, 1981a,b; Gottsdanker & Shragg,
1985; Meyer & Schvaneveldt, 1971; Posner, 1978).

Reaction time continued to be employed over the next 100 years, and is stll a
vital tool in the investigation of elementary cognitive processes (Luce. 1986). The
next major innovation in the tradition of Donders was the “additive factor
method”, introduced by Sternberg (1969). In this method, seriality is asserted just
as in the Donders approach but experimental factors are sought which may affect
separate processes of psychological interest. This notion is known as “selective
influence”. Some technique is used to assess whether the mean reaction times across
the various factorial conditions interact or not. Analysis of variance is a common
way of doing this. If the factors do not interact, they are said to be “additive™ and
it is concluded that the hypothetical psychological processes do indeed exist and are
serially arranged. If the mean reaction times do interact, then it is concluded that
both factors affect the same process or “stage”. Hence, either the two hypothesized
stages do not exist as separate psychological mechanisms, or the wrong experimen-
tal factors have been applied. Although some comments are given by Sternberg
(1969) as to other architectural possibilities the clear target is the class of serial
systems. Thus, seriality is in principle untestable within this method. Of course, the
experimenter could instead, when faced with a factorial interaction, conclude that
seriality failed, having postulated that selective influence holds. The method never
seems to have been applied in that fashion. Observe also that a move has been
made from Donders’ attempt to assess the actual processing time consumed by
certain psychological processes, or at least their averages, to a more qualitative
question concerning the architecture. That is, based on an a priori postulate of
seriality, Sternberg poses the question as to the existence of separate processes that
might be associated with each of the experimental factors. General discussions of
the additive factor method may be found in Theios (1973), Pachella (1974), Taylor
(1976), Pieters (1983), Townsend (1984).

Townsend (1974a) took a somewhat different tack. Accepting the association of
seriality with mean reaction time additivity, he undertook to apply factorial
thinking to parallel processes. This was accomplished by postulating selective
influence in parallel structures and mathematically investigating their behavior. The
result was a prediction of factorial “subadditivity” in the class of independent
parallel models. That is, after one factor was used to prolong reaction times, it was
predicted that the other factor would have a diminished effect in terms of further
prolongation. Recall that in S_Lcmlze_r_g‘s system the two hypotheses were “serial with
the hypothesized stages or processes” vs “the nonexistence of separate psycnoiogical
stages affected by the {wo expenmcntal factors™. The new strategy was “additive
1mpl1es seriality” vs “subadditivity implies parallelity” vs “other architectures or
failure of selective influence”. Thus, the qualitative sphere of identified architectures
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began to be enlarged. The class of parallel models was further extended by
Townsend and Ashby (1983; Chap. 12). The latter work also firmed up the
conditions under which additivity within serial systems could or could not occur.

Schweickert (1978, 1980, 1983a) developed a gencral theory along with a
methodology for dealing with the entire class of so-called PERT networks, again
based on a postulate of selective influence. These will be specified further below but
suffice it to say now that virtually all architectures which assumed feedforward
processing (i.e., no feedback loops) together with nonoverlapping durations of
scquentially arranged processcs were covered by this framework. It was termed
“latent network theory” (Schweickert, 1983b). Its main limitation was that most
results were based on an assumption of determinism: Each process always
consumed exactly the same amount of time from trial to trial, although different
processes could take different times to be completed. Considering stochastic rather
than deterministic networks, Schweickert (1977, 1982) derived estimators and
bounds on their bias of an important quantity in his theory, the coupled slack.
Fisher and Goldstein (1983), Fisher, Saisi, and Goldstein (1985), and Goldstein
and Fisher (in press) have developed algorithms for predicting the moments and
completion time distributions for such -architectures. The latter methods are
especially useful when the individual processing distributions are within the general
gamma family. Vorberg (1988) has recently suggested a new recurrence relation
that facilitates calculations within that family. However, at this point there were still
no general theorems available regarding the type of behavior to be expected with
factorial methods in the context of the more complex latent networks.

Townsend and Schweickert (1985) generalized Townsend’s (1974), Schweickert’s
(1978), and Townsend and Ashby’s (1983) results on parallel and concurrent pro-
cesses, still finding predictions of subadditivity. They also discovered that when two
serial manipulated processes were in parallel with a third process, the prediction
was of superadditivity. That is, it was predicted that after prolongation of reaction
time by one factor, the other would have an enhanced effect on reaction time.
Schweickert, Townsend, and Fisher (1987) further generalized the class of random
latent networks which can be classified by factorial methods and several of their

results are contained in the present paper. Observe that all this work assumes that
selective influence 1s in force.

SOME MOTIVATION FOR THE PRESENT CLASS OF MENTAL NETWORKS

The train of the above research is clearly in the direction of generalizing the
classes of architectures that can be identified by factorial experiments, assuming
selective influence. Of course, the class of networks now covered does not exhaust
all possible kinds of mental architectures or their functioning. As noted above, feed-
back systems are not presently included and networks which permit the temporal
overlap of sequentially arranged processes are also not covered. The latter have
been termed “continuous flow™ systems (e.g., Eriksen & Hoffman, 1972). Taylor
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(1976), McClelland (1979), Meyer, Yantis, Osman, and Smith (1985), and Miller
(1982a, b, 1988) have contributed to the understanding of sequentially arranged.
continuous flow processing systems, but little in the way of general theoretical
results is yet available. For instance, it seems a certainty that. within specified
tolerances, continuous flow networks will mimic the prescnt discrete flow networks
but this remains to be proven rigorously.

Systems based entirely on holographic-like behavior, without any communication
among separate processes, are omitted from our purview. For instance, a single
processor engaged in Fourier analysis or wavelength interference production does
not fall within our theory. However, our results may relate to the global behavior
of a system that posits one or several such processes interacting with other pro-
cessing units.

Basically our stance is that the present theory and related methodology enclose
a broad class of potential mental architectures that seem likely to be of interest to
cognitive and experimental psychologists. Further, it will become clear that the
much studied cases of serial and parallel processing arc special instances of the
present scheme. And these are still ubiquitous in the cognitive and information
processing literature as a scan of the contemporary journals in those disciplines will
document. Also, the networks developed and analyzed in this paper may
approximate other classes of networks as well, as intimated above in the case of
continuous flow systems. The present “theory” is, in a sense, a metatheory which
permits the classification of particular networks within its system of taxonomy. It
will be shown in the sequel, moreover, that there exist ways of testing the entire
theory. That is, empirical results are possible that could falsify all networks within
the present theory (at least for that particular data set).

We also believe that theory and experimentation go hand in hand so that as the
present methodology becomes disseminated, the experimental milieu will grow in
such a fashion as to exploit it. However, there are already a few examples of
application, which will be pointed out in the sequel to this paper.

Basic CONCEPTS OF STOCHASTIC DISCRETE MENTAL NETWORKS

We have been using terms somewhat loosely in order to keep the introduction
simple. We continue to employ words like “architecture” and “system” informally
to denote organizations of cognitive mechanisms and operations. However, we need
to become more formal with terminology that plays a strategic role in the theory
development. We will require definitions of the types of architectures covered here
and various notions that relate the theory to experimentation. The major concepts
will be set aside from the main text but minor items will be defined less formally.
A more complete presentation is available in Schweickert (1978, 1982).

DeriNiTION | A, A directed graph is a nonempty set V of vertices, a set 4 of
arcs disjoint from V, and a mapping m of A into ¥ x V. The mapping m associates
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with cvery arc x in A two vertices {x’, x"), the starting and finishing’ vertices,
respectively, of .v.

B. A path from vertex a to vertex b is an alternating sequence of vertices and
arcs, d, Xy, Uy, X3, Ua, .., X,,. b, where a is the starting vertex of arc x,, b is the
finishing vertex of x,,, and v, i1s the ending vertex of arc x; and also the starting
vertex of arc x,,, for | <i<m. A path may consist of exactly one vertex.

C. A cycle is a path from a vertex a to itself, such that the path has at least
one arc.

D. A directed acyclic network is a directed graph with a variable associated
with each arc and with no cycles.

In pictorial illustrations, the binary relations are represented by directed arcs
between the vertices. An intuitive way to think of a directed network is as a graph
connecting the vertices, with arrows (directed arcs) denoting the direction of
information flow, or the order of processing. This leads to the next definition.

DEerFINITION 2. A mental process is a psychological entity identified with an arc
in the graph of a network.

We shall typically use the simpler term “process”. This term seems preferable in
general contexts to the common term “stages” (cf. Sternberg, 1969) because the
latter typically connotes seriality and it has also been used to denote an epoch
between completions of items (Townsend & Ashby, 1983). Miller (1988)
distinguishes “stages” and “processes” with the former denoting the locus of the
particular mechanism and the latter referring to the actual operations. The present
investigation uses “process” for both, although the locus in the overall architecture
carries the major theoretical force here. The next definition establishes the overall
class of architectures to be studied. Recall that a partial order on a set of objects
A is a binary relation R that is reflexive (if x is in A then x has the relation to itself,
that is xRx), transitive (if x, y, and - are in 4 and if xRy and yR: then also xRz),
and antisymmetric (if x and y are in 4 and both xRy and yRx then x= y).

DEFINITION 3. A stochastic, discrete mental process network is a’partial order on
a set of processes with the properties that

(i) All processes preceding any specific process must be completed before the
specified one begins.

(it) There exists a joint density on the processing times of all processes in the
network.

In a partially ordered set of process can be represented as an arc in a directed,
acychic network. The start of a process x is known as a starting vertex x' and its
terminal vertex is denoted x”. A process x is adjacent to a process v if the terminal
vertex of x is the same as the starting vertex of 1 or vice versa. The duration of a
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process is a nonnegative random variable D(x), assumed to have finite mean, and
a valuce taken on by D(x) is denoted d(.x). The duration of « path is the sum of the
durations of all the processes on the path. Note that a path may consist of exactly
onc vertex, in which casc its duration is 0. Since a path duration is the sum of a
number of random variables, the path duration itself is also a random variable.

It 1s interesting that (i) sets up the discrete flow concept but it also has strongcer
implications of exhaustiveness on the part of preceding processes. One could
equally well define a self-terminating rule which specifies a certain subset of
preceding processes that must be done before the specified one starts. That too
would be a type of discrete flow network. It seems that a theory parallel to the
present one could be constructed based on such notions and, indeed, this may be
desirable for certain kinds of architectures; this lies beyond the present scope.

The joint distribution, of course, establishes the random quality of the mental
networks. For purposes of relating the present work to other results in applied
mathematics and engineering, it should be noted that the above definition specifies
“stochastic PERT networks.” We shall refer simply to “networks™ rather than the
entire term of the above definition for simplicity.

The next concepts are so important that we take special care to delineate them.

DeriNITION 4. A, If there is a path from the finishing vertex of x to the

starting vertex of y, or vice versa, then x and y are sequential. Otherwise they are
concurrent.

B. If x and y are sequential and another process is on a path with y if and
only if it 1s on a path with X, then x and ) are in series.

C. If x and y are concurrent and they have the same starting vertex and the
same terminal vertex, then they are said to be in parallel.

It may seem paradoxical that the definition for “serial” permits x and y to have
other processes before x, between x and y, and after v, yet the definition of
“parallel” does not permit x to be preceded or followed by - with both concurrent
with y. This apparent incongruity is the outcome of the graph theory definitional
structure, which entails that the present serial and parallel structures are duals of
one another.

A “source” is a vertex preceded by no arc, and a “sink” is a vertex followed by
no arc. In a typical psychological task, a stimulus is presented at a source, and a
response is made at a sink. We will assume here that there is one source, o, and one
sink, r. Networks with multiple sources and sinks are discussed in Schweickert
(1978, 1980, 1983b).

Important concepts for the analysis of networks are “critical path™ and “slack”
whose definitions follow. Intuitively, the critical path is the longest path through the
network and the slack refers to how much a process needs to be prolonged before
it affects the start time of a process y, or the overall finishing time.

DeFmNITION 5. A, A critical path of a network on a trial is a path from the
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source to the sink whose duration is maximal over all other paths through the
network. The duration of the critical path is the response time for that trial.

B. The slack s(xy') from process x to process y is the longest amount of time
by which x can be prolonged without delaying the onset of y.

C. The rotal slack s(xr) for a process x is the longest amount of time by
which x can be prolonged without delaying the response made at r.

Clearly the response time on any given trial is the sum of times of the arcs in the
critical path on that trial. .

Computationally, the slack from x to y, s(xy’), equals the difference between the
duration of the longest path from the source o to the starting vertex y’ of y and the
duration of the longest path containing x from o to y’. That is, letting d(a, b) stand
for the duration of the longest path from vertex a to vertex b, we find that s(xy’) =
d(o, y')—d(o, x') — d(x)—d(x", y') (Schweickert, 1978). Note that if 4 has one
argument, the duration of a process is denoted, while if d has two arguments, the
duration of a path is denoted.

Similarly, the total slack, s(xr), equals the difference between the duration of
the longest path from o to r, and the duration of the longest path from o to r
containing x. Thus, s(xr)=d(o, r)—d(o, x') —d(x)—d(x", r). It turns out that a
quantity s(yx”) is valuable in theoretical work: s(yx")=s(yr)—s(xr)+s(xy’),
even though x precedes y. It may be thought of as the slack from y to x in the
network derived from the original task network by reversing the directions of
all the arrows. In the new network, y would precede x (for more detail see
Schweickert, 1978).!

When the durations of the processes are random variables, then so are the path
durations and the slacks. If we let the random duration of the longest path from
vertex a to vertex b be denoted D(a, b), then the following random variables are the
slacks of interest. For processes x and y,

S(xr)= D(o, r)— D(o, x') — D(x) — D(x", r)

and
S(yr)=D(o,r)—D(o, y')—D(y)—D(y", r).

If process y follows process x,
S(xy")= Do, y')— D(o, x') — D(x) — D(x", y').

' We define the coupled slack from x to y to be
k(xy)y=s(xr)—s(xy’).

Coupled slack is important in the deterministic situation, where the process durations are real numbers
rather thqn random variables. If the processes are prolonged by amounts which are not too smali. then
the combined cffcct on reaction time of prolonging two sequential processes x and v is the sum of the

eflects of prolonging them individually plus the coupled i
: s pled slack, k{xy). The details are beyond t
of this paper; sce Schweickert (1978). yond the scope
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We have developed the concepts for the architectures. Now we need structure to
implement the factorial eflccts on the response times.

Selective Influence and Pure Insertion

Although this and the following paper are largely concerned with influences of
cxperimental variables on a fixed nciwork, it is important to place our concepts
within a reasonably general framcwork, Previous treatments (our own included)
prove somewhat limited when the province of general mental architectures is
entered. The framework with regard to factorial influences developed here is more
rigorous and general than heretofore, but we do confine it to stochastic discrete
mental networks as defined above. ‘

One topic that requires discussion is the relation of the factorial methods to the
method of subtraction, especially as regards the basic definitions and assumptions.
The method of subtraction postulates the axiom of pure insertion, which ensures
that a process can be added to or deleted from the overall architecture (e.g., Ashby
& Townsend, 1980). The axiom of selective influence, on the other hand. assumes
that a specific experimental variable influences one and only one process.
Definitions given in terms of the concepts of the architecture are required.

DEFINITION 6. Pure insertion is the addition of a process to a network. by either
joining two vertices with an arc or replacing a single arc with two arcs in series.
Thus, the graph of a network is enlarged by a single arc and the specification of the
joint density of processing times by a random vector is incremented by a single
random variable.

Ordinarily the additional arc will have its terminal vertex attached to a vertex
already in the network. Often both its vertices will be attached to vertices of arcs
already in the network. Note that although there is an additional random variable
represented in the network specification, it may or may not have an effect on the
response times. Obviously, the interest of the psychologist is in cases where it does.
The next definition is on selective influence.

DEerINITION 7. Selective influence occurs when an experimental variable (factor)
has a direct effect on the processing time distribution of exactly one process.

Thus, some aspect of the distribution on the processing time random variable
associated with the specific process farc in the network) is altered. This word
“direct” in the preceding sentence is there for good reason. It is possible in a
network which permits stochastic dependencies among its processes that an indirect
influence on process A from an experimental variable which directly affects another
process B could occur. This is referred to as an “indirect nonselective influence”
(Townsend, 1984). It will be returned to below. Note that we herc confine the
notion of selective influence to a single process. Future work may find it useful to
extend this concept to influence of several processes.

We [urther assume that experimental [actors can be chosen so that the process
random variable is lengthened or shortened in some well defined sense. Townsend
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and Ashby (1978; 1983) found that some distributional influences are stronger than
others. Townsend (1986) provided more results along that line and constructed an
implication graph which shows the dominance relations among these. One of the
weakest influences is that the factor orders the means of the processing times of the
individual process. An extremely strong influence is in force if the likelihood ratio
of the density function of the process, under two different values of the factor, is
monotonic (Townsend & Ashby, 1983; Townsend, 1986).

Clearly we wish to have a factorial influence that is sufficiently strong to generate
predictions in complex architectures, but not so strong as to be highly unrealistic.
An intermediate degree of influence is when the factor orders the distribution
functions of the individual processing time random variable (that is, of a single arc).
This implies the ordering of the means but not vice versa. It turns out to be strong
enough to permit the empirical classification of networks through mean response
times that we seek. Schweickert’s latent mental network theory (1978, 1982, 1983b)
assumed that changing a factor simply added a duration to the process to be
influenced. In the present case, where durations are taken to be stochastic, the
increment would itself have to be a random variable. It turns out that these two
modes of influence are basically the same thing: Adding a random variable to a
distribution implies that the distributions are ordered. Furthermore, if two
processing time distributions are ordered (by action of the factor in the present
application) then there exists a positive random variable which can be added to the
random variable of the faster distribution to produce the slower.

More precisely, let the distribution of the duration of process x when the factor
is at level / be denoted F;(¢).

DeFmiTION 8. A factor with n levels is said to selectively influence process x
by ordering its distribution if for all ¢, F;(t) > F;(t) whenever i< j, for I<i<j<n.

Now let Dj(x) be the duration random variable of process x when the factor
affecting x is at level i. Observe that D;(x) has the same marginal distribution as
the original duration random variable for the process x, D;(x). However, D(x)
and U; may not be independent. From here on, we shall often abuse the notation
for simplicity of expression by writing D/(x)=D;(x), that is, dropping the
“prime.” Observe that the following interpretation is manifestly not implied:
P[D,(x)> D;(x)]1=P[D;(x)+ U;>D,(x)] = L.

DerFiNiTION 9. The experimental factor is said to selectively influence process x
by incrementing its duration if for all levels i and j of the factor with 1 <i<j<n,
D;(x)=Di(x)+ U, where U; is a nonnegative random variable and D(x) is a
random variable with the same marginal distribution as D,(x).>

*The use of D,(x) rather than D!(x) seems neither more nor less innocent than the usc of a single

symbol 4o to represent the common regression coefficient in the usual two-factor design with mean values

CE(X,) = A+ (eg, Wilks, 1962). This expression suggests, of course. an additive decomposition of
underlying random variables, X, =X+ X, + X .
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The following theorem shows that these two types of sclective influence are
effectively the same. In this and the subsequent.work, it is not necessary to assume
that the distribution functions are strictly increasing or even continuous. although
it is required that means exist. However, we have decided to present the results

based on the presence of densities for the benefit of a wider audience of behavioral
scientists.”

THEOREM 1. Let the distribution function of the duration of process x when a
factor is at level i be F,(1), for 1 <i<n, and suppose F;' exists for | <i<n. A

!

factor orders the distribution function of process x if and only if it increments the
duration of process x.

Proof. A. Without loss of generality, suppose the levels of the factor are ! and
2. Suppose F,(t)= Fy(t) for all +=0. If T is a random variable with distribution
function F(t), then F(T) is a random variable with the uniform distribution; that
is, P(F(X)<x)=x, where 0 < x< 1. Define

U=F2—1[F1(T1)]“Tl-

Then U is positive because F,(1) > Fy(t) and P(T, + U<t)=P[F; ' (F(T,))<t]=
PLF(T,) < Fy(1)] = F,(1).

? For instance, Hans Colonius has suggested the following proof for part A of Theorem 1. which does
not assume strictly monotonic F's:

Proof of “ordering implies incrementing.” Assume F,(1)< F\(¢) for all 1; dcfine for 0 < v < 1
FU»)=inf{e: F )=y} (i=1,2);
obviously, F;' are nondecreasing functions and
F(F ' (o=

Then y< F;(1,) implies F'(v)< F7YF.(t,)<1, and F7'(y) <1, implies v < FAF (y)) < F.(¢,) for
any real ¢,, ie., ¥y < F,;(1) is equivalent to F,"'(y) < Let Y be uniformly distributed on (0. 1). Then
F7'(Y) are nonnegative random variables and

Pr(F, YY) ) =P{Y<SF(1))=F,(1) for all r.
Moreover, Fy(1) < Fy(t) for all ¢ implies
FIU»MSFTY(y)  forall v
Now set
D, =F]'(Y). D,=F;"(Y)  and Un=F,"(Y)=F, '(Y):
it follows that U, is nonnegative, D} has distribution function F,, and

Pr(Dy+ U,.<1)=PaD,<1)=F,(r1).
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B. Now suppose T,=T, + U. Then,

P(T, + U<1t)=P(T, <t~ U)=j CP(T, <t —u|U=u)f(u)du
(4]

<[ P <OU=u) f(u) du= P(T, <0, QED.
0

The above treatment provides a new view of selective influence and pure inser-
tion. Our definition of selective influence combines its locus (each experimental
factor influences a single process; different factors influence different processes) and
its effect (distribution ordering of affected processes) in the presence of experimental
factors. Pure insertion specifies an effect with or without designation of a possible
locus. Ordinarily, the experimenter will have some idea as to the potential networks
and positions into which a process will be purely inserted. However, that may not
always be the case. The experimental effect of a pure insertion is to add a random
variable somewhere in the network. Note that both pure insertion and selective
influence could be generalized to include several processes rather than a single
process. Such a theory and its related methodology would undoubtedly be more
complex than the present one, although novel concepts should not arise in the
simple cases of parallel and serial architectures.

Next, it should be observed that if selective influence is in force at a certain locus
at the level of distribution ordering, then it is equivalent to the pure insertion of a
process just before or just after the selectively influenced process (i.e., at the locus
affected by the experimental factor). There are several things that should be said
about this equivalence.

First, while many purely inserted processes might be expected to be stochastically
independent of the surrounding processes, it seems unlikely that the incrementing
random variable which comes with selective influence at the distribution ordering
level will often be independent of the random variable representing the initial
process duration. However, if an inserted process uses important information
from the preceding process, or feeds such information into the subsequent process,
then a stochastic dependence may result. It seems likely that most experimental
situations will make it clear whether a pure insertion or a selective influence is more
probable.

Nevertheless, there do exist some cases where specification of which type of effect
is occurring may be impossible in principle. It appears that these arc mostly of
philosophical interest in that it does not seem to matter much which one is present.
Thus, consider the situation when a process is selectively influenced by increasing
the number of items it has to process, or some analogous operation. Each new item
leads to a new random variable representing the processing time of the item by the
original process. Obviously, there is a perfectly equivalent system-—that is,
equivalent both mathematically and with regard to the experimental milieu—which
purely inserts a new process for each additional item. Each process works only on
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a single item for which it is responsible. Note that not only can the mathematical
description of the two systems be equivalent, but it is questionable if any factorial
manipulation can discriminate them. Any factor that influences the process in the
first system would presumably influence all the processes in the second system in
the same way. The usual short term memory search and brief visual display search
cxperiments are of this type, of course (Sternberg, 1966: Atkinson, Holmgren, &
Juola, 1969; Townsend & Roos, 1973). In any case, in most systems there appears
to be little danger from a lack of discriminability and in the latter example, it is not
clear that any harm comes from the indicriminability, as long as we are aware of it.

Interactions of Factors and Marginal Selectivity

Let x and y be two processes in a directed, acyclic network. Suppose that
experimental factor 1 affects process x and experimental factor 2 affects process y
in the following way.

Let the duration of a process z when both factors are at their lowest levels be a
random variable D(z). A value taken by D(z) will be denoted d(z). Suppose when
factor 1 is at level 2, the duration of process x is D(x)+ U, where U is a non-
negative random variable (see Footnote 2). Suppose the random variable
corresponding to every process duration except that of x is unchanged when the
level of factor 1 is changed. Suppose when factor 2 is at level 2, the duration of
process y is D(y)+ V, where D(y) is as defined before and V' is a nonnegative
random variable. Suppose the random variable corresponding to the duration of
every process except y is unchanged when the level of factor 2 is changed. That is,
direct selective influence is assumed.

Let the random variable T; be the time to complete the task when factor 1 is at
level i and factor 2 is at level j.

Now the statistic of concern in a 2x 2 factorial experiment is the difference of
mean differences or contrast in terms of the sample means T,

AT= Tzz— TZI - le+ T”.
This corresponds to the second order theoretical difference of expected values
AE(Ty) = E(Ty,) — E(T,,) — [E(T») — E(T,,) ].

This important quantity will be the main focus of the sequel to this paper,
because upon it rests the trichotomy method of classifying mental networks. Of
course, if factors fail to act selectively in the intended manner then matters can go
seriously awry. Even if the experimenter acts to directly affect the targeted
processes, and in fact succeeds in this goal, stochastic dependencies in the network
could cause an indirect nonselective influence as pointed out earlier. In order to
forestall this from happening, certain conditions need to be imposed. These must be
in the form of a further postulate on the distributions of the networks. The condi-
tion is weaker than the assertion of independence of the separate processes, along
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with certain distributional invariances, although that would be a special case of
interest. Obviously if a system does not obey the postulate, then the predictions do
not go through. Although dependencies are extremely important in processing
networks, very little is known about how to identify them or show they may affect
the results of psychological experiments. Some progress has recently been made by
Colonius (1988) on this dimension for a certain class of experiments.

Definitions 7, 8, 9 and Theorem | state the positive side of selective influence.
That is, we assume that direct selective influence via incrementing of durations
occurs, and further, that no direct nonselective influence occurs. However, it is
necessary to be explicit about what kinds of indirect nonselective influence are ruled
out.

Our postulate that performs this duty appears to be the weakest required under
the present circumstances. Except for T,,, the reaction times for the different
conditions turn out to be linear combinations of s(xr), s( vr), s(xyv), ¢, u, v whenever
they are nonzero. The random variable T',,, on the other hand, is a slightly more
complex function (see sequel to this paper).

Because the various prolongation conditions can, in principle, lead to distinct
marginal distributions, we affix a subscript (i, j) to the joint density function (/=1
or 2 and similarly for ;) indicating whether or not x and y have been prolonged
respectively. Thus, f\,(s(xr), s( yr), s(xy), v, t) indicates that y but not x has been
prolonged and that this function may not in general (i.e.,, before imposition of the
postulate given in Definition 10) equal

JI faa(s(xr), s(vr), s(xv), u, v, t) du.
=0

u

This would in turn mean that E(V|(1, 2)) might not equal E(V|(2, 2)), violating
selective influence. Moreover, even if only V and not D(y) were dependent on
whether or not u was present, still untoward consequences erupt.

To put the latter verbally, these facts plus properties of expectations suggest that
the weakest way to exclude indirect nonselective influence is to postulate that the
densities for T (i, j= 1, 2) integrate to the same thing when we integrate over u
or v.

A simple example of how matters can go awry in the absence of regularity condi-
tions is found in serial processing with x followed by y, the only processes in the
network. Here, s(xy)=s(xr)=s(yr)=0 identically and T, =7, T, =T+ U,
Tho=T+V, Ty,=T+U+V.

Let D(x), D(y) be distributed exponentially when unprolonged, but suppose that
both D(y) and V are conditionally dependent on D(x) and U in a manner to be
made explicit momentarily. Suppose also that when either is prolonged, an
exponential random variable is added. We should like our theorems to produce
additivity in E(T ;) for serial systems but this may fail unless precautions are taken.

First, observe that even T,,=T may be distributed differently in the various
conditions, because 7= D(x)+ D(y) and possibly f(d(v)|d(x)+u)# [(d(v)}d(x))
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in general. Therefore, E(T;) would be expected to differ across conditions and

would not cancel out when 4E(T), the contrast, is computed. -

Next we examine indirect selective influence of U on V i more detail. Let V
depend on the overall duration of the first stage,

Fia(ol0) = fiz(vld(x), d(y))=f(v]d(x))=e"Ipe =",

and under condition (2, 2), as in the following definition,

f(U‘d(x), u)=ed(x)+"be“"d""”bz-.

In both cases V is stochastically speeded up when the first stage is long and vice
versa, causing a negative dependence. By assumption, both d(x) and u are
distributed exponentially with, say, parameters a,, a,, respectively. Therefore, it

follows that

1 !
E(VI(1,2) =5 T
_a,a, 1 1 _ a,a;
EVI(2,2) == [(arax)(al«r1)+(ai~azxaz+1)}"btax+1>(az+”'

Because these two expressions differ, they will not cancel out in £(T), the contrast.
The effect is to disturb the otherwise generically serial behavior of the network.
This example and others like it are precluded by postulating the following

definition.

DermNiTioN 10.  In 2 x 2 factorial experiment with direct selective influence at

the incrementing level, let

Lo fas(xr), s(yr), s(xy'), u, v, 1)

= density for condition (2, 2)
2' flz(s(xr)) S( yr )s S(xyl)a v, t)

= density for condition (1, 2)
3. fuls(er), s(yr), s(xy'), u, )

= density for condition (2, 1)

4. fi(s(xr), s(yr), s(xy'), )
= density for condition (1, 1)

Then marginal selectivity holds if and only if

(both x, y incremented),
(only y incremented),

(only x incremented ),

(neither x, y incremented).

5 a LOO Saals(xr), s(yr), s{xy'), u, v, t) du= f,,(s(xr), s( yr), s{xy ) v, 1),
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o J, Sl ) sty 0) o= o) 0 ) )
o [ 7 Faalston 10 s st) v, 1) e o= £ (s(er), ) sCey), 1),
6. [ Sualsxr), styr), stx') o, 1) do= Fualstr). s(yr), stoy') 1),

T [ fster) sy, sy, 1) = fu(s(xr), o) s(xy), 1),

Note that 5. ¢ is superfluous in the presence of parts 2 and 3 but is included for
the reader’s convenience. This definition therefore ensures that (1) The density f5,
integrates over u to f,,, over v to f5,, and over both u, v to f,,. (2) The density f5,
integrates over u« to f,. (3) The density f,, integrates over v to f;,. A useful
outcome of Definition 10 for the succeeding paper is that one may start, say, with
/1, and augment it with a dummy v to reach f,, and so on.

The reader can verify that the earlier serial example does not obey the foregoing
conditions of marginal selectivity. Obviously marginal selectivity trivially precludes
contamination by way of indirect nonselective influence. Moreover, there are two
special cases of interest that fulfill marginal selectivity. First, we define densiry
invariance to hold whenever two or more joint density functions of the same
variables appearing in the various experimental (i, j) conditions are identical.

THEOREM 2. A. If u and v are conditionally independent of one another, accom-
panied by invariance of densities, then marginal selectivity is satisfied. That is,

Lo Sals(xr), s(yr), s(xy'), w0, ) = fls(xr), s(yr), s(xp’), 0) - fuls(xr), s(yr),
s(xy'), 1) - flo)s(xr), s(yr), s(xp'), 1);

2. fuls(xr), s(yr), s(xy'), v, t) = fls(xr), s(yr), s(xp'), 1) - flols(xr), s(yr),
s(xy’), £):

3.0 fals(xr), s(yr), s(xpy'), u 1) = f(s(xr), s(yr), s(xy'), 1) - fluls(xr), s(yr),
s(xy’), 1);

4. fi(s(xr), s(yr), s(xy'), t)= f(s(xr), s(yr), s(xy’), ().

B. If all processes in the network are independent of one another and direct
selective influence by incrementing on d(x) and d( y) are the only influences across the
(i, j) conditions, then marginal selectivity is satisfied.

Proof. Part A follows simply from integrating to the marginals. If B holds, then
s(xr), s(yr), s(xy"), and ¢ are all unaffected by prolongation of d(x) or d( y) or both.
Furthermore, because v and v are ‘placed’ in distinct processes, they cannot interact
with one another and neither affects the other random variables. These constraints
permit the decomposition of part A. Q.ED.
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Observe that the conditions of A, B of Theorem 2 are definitely stronger than the
imposition of marginal selectivity per sc. The latter only requires that after integra-
tion, the various joint densities f;; somehow turn out to be invariant. Theorem 2
gives strong but psychologically interesting sufficient conditions {or this to be so.

What happens when factorial selectivity fails? The fact that the theorems showing
the possibility of network identification do not go through does not in itself indicate
whether matters are dire. There are no general theorems available showing specifi-
cally how absence of factorial selectivity could make, say, a parallel system look
serial and so on. However, hints appear in Townsend and Ashby (1983,
pp. 367-371 & 374-378) and in- Townsend (1984, pp. 371-372 & 376-378). Also.
Example 1 given earlier showed how the f{ailure of selectivity through a stochastic
dependency across processes could lead to nonadditivity in a serial system, contrary
to expectation. Of course, direct nonselective influence could also cause problems.
Nevertheless, investigation of how different types of nonselective influence can make
systems mimic each other may be a first step in developing tests of. say. classes of
the selective influence networks against possible mimicking nonselective influence
networks. This will be the subject of a future paper.

A more global problem is the question of whether any of the postulates under-
pinning the present networks are testable. We imagine that few investigators
would oppose the stochastic assumption. As stated earlier, the exhaustive proces-
sing at each node is relatively innocuous although it is of interest to develop
theory/methodologies for, say, self-terminating networks or mixtures of exhaustive
and other types. The discrete aspect of the processing postulates is definitely of
psychological interest. We have little to add here about that issue but refer the
reader to papers by Miller (1988), Proctor and Reeve (1985), Meyer e¢r al. (1985),
and Schweickert (in press). The partial ordering assumption seems sufficiently
general that it is not at all obvious how one would go about testing it. To be sure,
it would be nice to include the possibility of feedback loops, the main systemic
lacuna of partially ordered networks. Finally, the selective influence postulate,
as observed above, is critical and experimental tests would be of considerable
strategic value. The employment of an (1 x m) factorial experiment would check
whether selective influence holds. As we have previously shown (Schweickert,
Townsend & Fisher, 1987), the contrast sign (plus or minus) should be invariant
over levels of the factor because it should depend only on the network structure.
This result will be reviewed in the succeeding paper. Such an experiment should
be useful to confirm or falsify our overall theory, including the postulate that the
actual psychological system is a stochastic discrete mental network (i.e., the graph
specifies PERT structure, etc.). If the sign changes in a strong manner, then any
of the postulates (except stochasticity) may be at fault. In our opinion, empirical
tests of sclective influence will likely be tied closely to scparation of selective {rom
nonselective systems.

The requisite theoretical machinery is now assembled and the major classification
theorems can proceed in the next paper.
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